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PREFACE 


HLftCiw ills 

Ultrc L 
10. IZ.SH- 

ieb 3 


The analysis of a given control system is mathematically identical to 
the analysis of a mechanical shock mount or an electric circuit. Each 
system can be described by a set of linear differential equations. These 
equations can be solved by a direct routine for the steady-state response 
to a sinusoidal input or for the transient response to a step input. The 
control-system problem differs, however, in that only part of the system 
is given; the rest of the system must be selected so that the desired 
response is obtained. This reverse process requires a clear understanding 
of the problem and many special calculation tricks to be efficient. The 
purpose of this book is to present these calculation procedures, including 
the root-locus method developed by the author, to permit the reader to 
select the best method for his problem. Moreover, the hope is that some 
of the ideas will help the engineer whose problem is sufficiently compli¬ 
cated that any solution by any method would be welcome. 

A book on this subject may be expected to serve both as a textbook for 
college courses and as a reference text for practicing engineers who want 
to learn this new field. The book is therefore written so that the reader 
can start with any of the first seven chapters, depending upon his previous 
knowledge. Summary statements are given in italics at the beginning 
of each article to permit more precise selection of topics. This simple 
option for the reader to omit topics gave the author greater freedom to 
include physi c al explanations of concepts w hich many readers would 
prefer to accept simply as mathematical facts. Thus Chap. 3 on funda¬ 
mentals goes all the way back to the reason for the choice of e in expressing 
a transient as e*‘. Chapter 4 develops the meaning of transfer functions 
from close study of the classical solution of simple differential equations 
rather than by the Laplace transform. Calculations with complex 
values of s for the root-locus plots in Chap. 7 are then a simple extension 
of frequency-response concepts. Th6venin’s theorem is extended in 
Chap. 9 to permit isolation of the effect of any system parameter. The 
conversion from block diagrams to determinants is a gradual one between 
Chap. 9 and Chap. 10. Finally a proof of Routh’s criterion and an 
explanation of the significance of an autocorrelation function in noise 
theory are given in the appendixes. 

The book contains so many explanations of basic topics, credit is hard 
to assign. The author is grateful to Profs. Roy S. Glasgow and Frank W. 
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VI 


PREFACE 


Digitized 


Bubb, both formerly of Washington University in St. Louis, for their 
emphasis on understanding rather than superficial ko nwledgy, The 
General Electric Advanced Engineering Program continued this empha¬ 
sis, furnished extensive practice in the solution of problems, and provided 
association with such fellow students as G. E. Walter. At North 
American Aviation, where the root-locus method was developed, W. D. 
Mullins gave the initial encouragement by applying the method to auto¬ 
pilot problems immediately. K. R. Jackson, R. M. Osborn, and A. J. 
Grant provided valuable criticism of the original notes on the subject. 
J. R. Moore frequently pointed out a need for a more direct approach, 
which led to many improvements in the method. J. F. Schmidt devel¬ 
oped the ideas for a Spirule into the first plastic model. N. F. Parker 
and D. B. Duncan explained the mathematical theory of noise. C. J. 
Triska read the manuscript completely and provided valuable criticisms. 
In justice to some of those mentioned above, the author should point out 
that this book does not necessarily represent the manner in which they 
would have presented the same material. Mrs. Frank L. Wiley typed 
most of the manuscript, a task whose importance any author will 
appreciate. 

Specific references are given where they are known, as to the basic 
paper by Paul Profos on conformal mapping to find roots. No attempt 
is made to list the literature on the frequency-response method, because 
the texts cited do this. Undoubtedly many of the ideas in the chapters 
on circuit theory and multicoupled systems appear elsewhere, in literature 
with which the author is not familiar. Apologies are made to the original 
authors of these ideas, with the explanation that the subjects were investi¬ 
gated independently as required by problems under study. 

Walter R. Evans 
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TERMINOLOGY 


Terms are listed below in the order in which the terms arise in the 
book. Definition usually limits the meaning of a word in the sense used 
in this book; thus a “differential equation” here is always a linear, 
ordinary differential equation. A physical picture of transfer functions 
is presented in this book, and therefore some definitions are different in 
concept from formal Laplace transform theory but have the same mean¬ 
ing. Typical symbols are given, which are consistent with common 
usage. 1 Additional comments regarding choice of symbols are made 
after the following list of terms. 

CONTROL SYSTEM 

An assembly of devices capable of forcing one quantity to follow the 
variations of another quantity. 

SIGNAL 6, f, V 

A variable quantity in a system, such as a voltage, a force, or an 
angle. 

INPUT 6 iy fi, Vi 

The arbitrary signal which is impressed on a system, the independent 
variable. 
output d 0 , f 0 , v 0 

The signal produced by the system. Often it duplicates the input 
signal as closely as can be achieved. 

ERROR 6 e , fo, Vo 

Often the difference between the input and the output signal; in 
general, the error is the difference between the actual output and the 
desired output. 

FREQUENCY RESPONSE 

The characteristic of a system described by the transmission of 
sinusoidal signals of various frequencies. 

TRANSIENT RESPONSE 

The natural response of a system due to any disturbance such as a 
sudden change in the input. 

1 In this book the abbreviation "log,” rather than “In,” is used for the natural 
logarithm to the base e. Where any other base is used, it is specified, as in logio. 
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TERMINOLOGY 


. . - 1 A , „ d\ dd 0 

DIFFERENTIAL EQUATION 0<= ^ ^ 

An equation relating signals and their rates of change. In all 
differential equations treated in this book, the coefficients of all 
terms are constant. 

\linear system 

A system whose characteristics are independent of the amplitude 
of the signal or of time. 
exponential solution 0 = 9e" 

A universal form of solution for a linear ordinary differential equa¬ 
tion, because de“/dt = se". 

CHARACTERISTIC EQUATION 0 = 1 + (1 + Ts)s = 1 + 

An algebraic equation obtained by substitution of a solution of the 
form e tl into the differential equation of the system. 
root ri, r 2 

A value of s which satisfies the characteristic equation. 

IMAGINARY NUMBER S = jw 

A number which arises in the solution of the equation s 2 + o» 2 = 0. 

COMPLEX NUMBER S = <T ± ju 

Numbers which arise in the solution of the equation 

(s - <r) 2 + w 2 = 0 

VECTOR S = |«|/V 

A complex number treated in terms of its magnitude |s| and its 
angle t rather than as its real and imaginary components. 

BLOCK DIAGRAM 

A diagram, used to describe a system, which identifies components 
in blocks and shows signal paths between blocks. A block should 
include a logical portion of the system such as motor and load; if 
these are separated, then shaft torque must be shown as a signal. 


TRANSFER FUNCTION 


I <•>■ | <•>. £: <•> 


The description of a component as the ratio of output to input of 
that component for the case of an exponential signal e*‘ being trans¬ 
mitted. The transfer function is obtained from the differential 
equation by substitution of s for the operation d/dt. It may also 
be used to find the transient response of the component. 

UNIT STEP 

A sudden change, in a signal, of unit magnitude. 

UNIT IMPULSE 

A large signal acting for a short time so that the integral of the signal 
with respect to time is unity. 
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TERMINOLOGY 


xm 


TRANSFORM 0„($), F,(s) 

The transfer function needed to create a given signal from a unit 
impulse. This definition includes initial conditions, just as does 
the formal definition by the Laplace transform integral. 

CONFORMAL MAPPING 

A plot of a function of s versus a grid of values of the variable a. 
The Prof os method of finding roots is to sketch a curvilinear grid 
based upon the vector plot of the frequency response. 

ROOT LOCUS 

For a system whose characteristic equation is KG(s) + 1=0, the 
root locus is a plot in the s plane of the values of s which make G(s) 
a negative real number. A point along the locus is a root if the 
gain K is selected to make if|(j(s)| = 1. 
zero qi, 92 

A value of s which makes a given function, usually G(s), zero. On 
root-locus plots, a zero is denoted by a small circle o. 
pole pi, p 2 

A value of s which makes a given function, usually G(s), infinite. 
On root-locus plots, a pole is denoted by a cross x. 

MULTILOOP SYSTEM 

A system whose block diagram has several loops so that simplifica¬ 
tion can be achieved by successively replacing a loop with single 
block. 

MULTICOUPLED SYSTEM 

A system in which the signal paths on the block diagram are inter- 
coupled to the extent that direct simplification is not possible. 
Determinants are advantageous for such systems. 

DETERMINANT 

An array of coefficients of a set of simultaneous equations; the 
solution can be expressed in terms of the determinant by a convenient 
set of rules. 

CONVOLUTION 

The process of finding the total response of a system as the sum of the 
responses to individual impulses. 

NOISE 

An unwanted or false input signal. 

MEAN-SQUARE VALUE 

The average of a square of a variable._ 

AUTOCORRELATION FUNCTION <f>{T) = + T) 

The average value of a function multiplied by the same function 
after it has been offset by a given time, the average value being 
expressed as a function of this offset time. 
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TERMINOLOGY 


The choice of 6„ for output angle and v e for error voltage allows symbols 
which are firmly established in various fields to be used with the sub¬ 
scripts to identify the significance of the variables in a control-system 
sense. The transfer-function symbol (0 o /V',)(s) identifies both variables 
exactly and is convenient in multiplication of transfer functions; thus 
(9 0 / V e )(s)(V f /e 0 )(s) = (Vf/V e )(s). The transfer function (0 o /F«)(s) is 
equal to the ratio of the transforms of the variables 0 o (s)/F»(s) only for 
the special case of initial conditions being zero. 

For root-locus plots the terms zero and pole refer to the function (?(s) 
in the characteristic equation KG(s) = — 1; the position of the roots 
along the locus is then a function of K. Roots are denoted by a solid 
dot • for specific values of K. 
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CHAPTER 1 


THE DYNAMICS PROBLEM 


The purpose of this chapter is to outline in general terms the problem 
of designing a control system to operate quickly and accurately under 
many different conditions. A gun-turret control system, for example, 
must make the turret follow the position specified by a computing gun 
sight for various target motions. The sight is moved suddenly through 
a large angle when a new target is located, and the gun turret must swing 
into this new position as quickly as possible. During the interval of 
tracking the target, the motion of the sight is very uniform, and the 
error between the computed gun position and the actual gun position 
must be very small. This gun position must also be held in space in 
spite of wind forces on the turret and rolling motion of the airplane or 
ship on which the turret is mounted.- 

If the system were completely specified and the problem were merely 
to determine its response under given conditions, books on the subject 
would not be necessary; the standard method of setting up differential 
equations and solving them would be sufficient. Actually, however, 
only part of the system is given; the part which controls the turret 
motor is free to be selected. The problem is to select this control element 
in order to minimize errors. 

A seemingly universal solution to this problem would be to amplify 
the error signal, i.e., an input signal proportional to the difference between 
actual and computed gun positions, to whatever extent is necessary 
to produce full motor action with an acceptable error. Unfortunately 
such a control might cause the turret to oscillate back and forth past 
the neutral position, with an amplitude limited only by the maximum 
outputs of the amplifier and motor. Such a system is said to be unstable 
and is unsatisfactory because of errors, excessive heating, and possible 
overstressing of parts. 

The desired solution, which will permit low errors while avoiding 
instability, must involve not only the instantaneous present value of 
error, but also its past history and its predicted future value. This 
type of solution requires a very clear picture of the original system and 
of the control elements. Two useful approaches to the solution, the fre- 
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CONTROL-SYSTEM DYNAMICS 


quency-response method and the root-locus method, are described quali¬ 
tatively at the end of this chapter, after a closer study of the nature of the 
problem and the simplifications which are common to both methods. 

1.1. Basic Form of Control System 

An automatic control system drives its output primarily as a 
function of the measured error between an input signal and the 
actual output. The advantage of the system is that the device pro¬ 
viding the input signal is not disturbed, while the output is driven 
with the power of its actuator and the accuracy of the measuring 
system. \ 

A simple gun-turret system is a good example of an automatic control 
system because the basic elements are clear-cut. The input to the system 
is the angle of the sight set by the gunner; the output is the angle of 
the gun turret. The error, i.e., the difference, between angles of sight 
and turret is measured, amplified, and used to drive the turret into 
alignment with the sight. The advantage of the system is that the 
gunner can move the sight easily, while the turret is being driven with 
the power of its own actuator and with the accuracy of the measuring 
system. The term “servomechanism” or simply “ servo” is used to 
describe a control system whose function is to make A snaft position 
follow the variations of a low-power signal. 

A regulator is a control system whose principal function is to maintain 
a quantity constant in spite of various disturbances. A voltage regulator 
for a d-c generator, for example, compares the terminal voltage of the 
machine with a fixed reference voltage and makes the difference voltage 
control the generator field. The servo and the regulator can be shown 
to involve the same control problem by a comparison of the so-called 
“block diagrams” in Fig. 1.1. Such diagrams emphasize cause and 
effect by arrows noting the direction of signal action while denoting parts 
of the system simply by blocks. For the servo (Fig. 1.1a) the difference 
between the input and output is the error signal to the control block. 
For the regulator (Fig. 1.16) the difference between the fixed reference 
and the controlled variable is the error signal to the control block. The 
output of this block is corre ction, of the regulator, which, subtracted 
• from the disturbance, gives the value of the controlled variable. The 
similarity of the regulator and servo can be emphasized by redrawing 
the block diagram for the regulator (Fig. 1.1c). The disturbance is 
considered to be the input to the system, and the correction is the output; 
the difference between these two is the controlled variable. The reference 
is a fixed quantity; therefore the change in the controlled variable from 
the reference value is the error. __A_g ftr v° a^t. s to make the nnt.pi it. follow 
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THE DYNAMICS PROBLEM 


3 


the input 3 s closely «« pnssihlp- n. regul ator acts to make the corrections 
compensate for the disturbance as closely as possible . 

The similarity between servos and regulators is emphasized by control 
systems which act as both. A gun-turret system, for example, is pri- 
marilv a servo: v et in so far as the turret position is prevented from being 
influenced by wind forces, the system i s a regulator . An autopilot serves 
as a regulator in maintaining straight and level flight, but it acts as a 
servo if the input is changed from a fixed reference to maneuver signals. 
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(e) 

Pig. 1.1. Control systems: (a) servomechanism, (6) regulator, (c) regulator treated as a 
servomechanism. 


The human body is a control system, although its action is so automatic 
that one scarcely realizes the many functions involved. In picking up 
an object, the eye detects the error in position between the object and 
the hand. The signal through the brain to the muscles causes the hand 
to be moved toward the object jmtilthe error is zero. Mechanisms 
can be used to supplement or completely replace human operations, as 
will be illustrated by the case of an autopilot. The airplane itself is a 
supplement to the muscles, in that the positioning of a throttle or a' 
control stick can achieve large changes in velocity. A pilot flying on 
visual contact with the ground continues to serve both as the error 
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CONTROL-SYSTEM DYNAMICS 


detector and as the brains of the system. Upon entering clouds, how¬ 
ever, a gyro provides an artificial horizon as a supplement to the eyes in 
detecting aircraft attitude; i.e., the gyro assumes part of the error¬ 
detecting function. Finally, automatic movement on the control surfaces 
in response to the gyro horizon may completely replace the pilot by an 
autopilot for straight and level flight. The pilot is freed from a routine 
operation to check radio position, engine performance, and flight plan. 

The gun-turret system of a bomber is another example of the step-by- 
step adaptation of mechanisms to perform functions previously per¬ 
formed by a person. The B-17 bomber had handhold guns, with sighting 
rings and tracer bullets as aids to the gunner in hitting the target. The 
B-29 replaced the handhold gun with a power turret; the correction for 
motion of the target was made by a computer; finally radar was added to 
detect the position of the attacking fighter. Each step of mechanization 
in this system improved the system: the gunner can do a more accurate 
job of tracking with an optical sight than with a gun; the computer 
can make corrections faster and more accurately than the gunner’s eye 
and brain; and the radar can track the target at night or through clouds. 

Industrial applications of automatic control systems serve the same 
functions of eliminating routine and obtaining greater accuracy. The 
development of any machine involves some form of control. The inven¬ 
tion of the steam engine, for example, was followed shortly by the inven¬ 
tion of the flyball governor to control its speed. Many machines have 
Relf-regnlating characteristics to some extent; for instance, a d-c shunt 
motor tends to run at constant speed regardless of load. Sometimes the 
need for very accurate speed control may justify expense for the control 
which is far greater than that of the motor. The production of a paper 
mill, for example, is limited by the speed which can be maintained by the 
m ill without breaking the continuous strip of paper. One control 
involves measuring the sag of the paper between rollers by photoelectric 
cells to control the speed of the next roller. 

The applications of control systems are increasing at present for many 
reasons. The necessary components such as measuring devices, ampli¬ 
fiers, computers, and actuators are available in readily usable form. 
There are many systems whose speed and accuracy are at present limited 
by the control. Finally, the knowledge of control systems is becoming 
more widespread among engineers with the result that more applications 
are being recognized. 

1.2. Problems Involved in Control Systems 

The problems involved in control systems cover the full range of 

invention, analysis, design, and testing. The analysis of the 
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dynamic response of linear systems is the main theme of this book 
because it is a single, well-integrated subject which forms a founda¬ 
tion for experience. 

The invention of a control system occasionally calls for insight which 
the inventor himself may find hard to trace. The flyball governor for 
speed control of a steam engine, for example, combines measurement of 
speed, a reference, and control of a valve in one device. Today com¬ 
ponents are available to permit many control systems to be developed, 
and new problems continually arise. A gas-turbine drive for a propeller, 
for example, requires simultaneous control of speed and temperature by 
adjusting the fuel rate and the pitch of the propeller. In other systems 
space limitations may require that a device intended to measure the 
angle of a shaft be used also to apply torques to that shaft. Little is 
attempted in this book to explain the process of developing a system 
except to provide a background of examples. 

The analysis of many control systems could be routine if the complete 
system were given and the problem were merely to determine its dynamic 
response to various input signals. The equations for the system could 
be set up and combined into a single equation, the solution found, and 
the result plotted. Inefficiency in the details of the procedure could be 
tolerated because only one solution would need to be obtained; also 
the physical picture of the system could be lost in the mathematical 
manipulations because only the final result would be needed. A typical 
servo problem, however, has only part of the system specified, with the 
remainder to be selected so that the error of the system is kept within 
given limits for given input signals. The choice of a motor in a servo, 
for example, may be fixed by the top speed and stall torque required; 
the allowable error for a constant-velocity input is often specified. The 
simplest control system would simply involve applying across the motor 
a voltage which is proportional to the error signal. Many systems, how¬ 
ever, would develop a violent oscillation; such a system is said to be 
unstable. The methods of analysis described later in the book explain 
the cause of the oscillation, suggest the necessary changes in the system, 
and permit reasonably direct calculation of numerical values. These 
methods are made the core of the book for reasons summarized at the 
end of this topic. 

The problem of design is one of selection. Design of a control system 
involves many components, such as measurement devices, amplifiers, and 
actuators, each of which has characteristic problems and performance. 
A pair of “synchros,” for example, can transmit angle information 
accurate to -y° even though each synchro is only about 1 in. in diameter. 
A typical servo motor with a 2-in.-oz stall torque and 10,000 rpm top 
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speed can accelerate unloaded at 40,000 rad/sec 2 . The total number of 
components is so great and the range in their limitations, size, and per¬ 
formance is so wide that the engineer concerned with control cannot be 
an expert on all of them. Thus this book describes only a few typical 
components (see Chap. 2), deriving the differential equations needed in 
later analysis. 

Finally, testing a component or a control system for its dynamic 
response can be accomplished in many ways. For example, the voltag e 
impr essed upon a d-c shunt mot or may be vari ed sinusoidally and the 
correspond ing sinusoidal variation in speed noted. The ratio of the 
.peak motor speed at tained to the peak vol tageapp lied will be a fu nction 
of the frequency of variatio n of the volta ge. For a _very low frequency 
of variation, the ratio of peak motor speed to peak applied voltage will be 
nearly as large as that for fixed applied voltage. For high frequencies, 
however, the motor will have a limited time to accelerate and the top 
speed reached will be low. A series of tests at various frequencies will 
give the - frequency response” o f the motor. Another method of testing 
is to apply a fixed voltage to the motor suddenly and record the build-up 
of speed. The sudden application of voltage would be said to be a 
“step input. ” and the record of build-up of speed would be t he “transient 
response/' of the motor. Either test will be shown to define the charac¬ 
teristics of the motor. 

This brief summary serves to indicate the great breadth of the problems 
involved in control systems. The analysis problem is so well adapted 
for treatment in technical papers and books that one is apt to lose sight 
of the other problems involved in invention, design, and testing. Fortu¬ 
nately, however, the analysis problem is in many respects the central 
problem. The analysis, for example, serves to translate the over-all 
specifications of the system into the individual specifications of the 
components, thus simplifying design. A searching analysis can often 
reveal system modifications which will permit easing the specifications 
of the components. Moreover, a thorough understanding of the various 
methods of analysis is a great asset in the interpretation of test data. 
For example, it will be shown that frequency-response data can be 
interpreted in terms of a transient response, or vice versa, which permits 
the tests to be conducted in whichever manner is most convenient. 
For these reasons, the analysis problem is made the central theme of 
this book. 

1.3. Accuracy Specifications 

The dynamic accuracy of a system is commonly specified in terms 

of the error for any one of three forms of input: constant-velocity, 
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step input, or sinusoidal variations. A specification for one form 
of input is equivalent to a specification for another form, although 
the relationship is not simple for systems having three or more points 
of energy storage. 

The input to a system can be completely arbitrary in form. For 
convenience in stating specifications, however, three standard forms are 
selected: constant-velocity (Fig. 1.2a), step input (Fig. 1.25), and sinus¬ 
oidal (Fig. 1.2c). The input and output angles 6 X and 6 0 are plotted 
against time t; the error angle 6, is the 
difference between input and output 
angles. 1 The slopes of the curves are , 
o f course, t.he reaper five velocities . In 
Fig. 1.2a the input velocity B, is con¬ 
stant; the output velocity is equal to 
the input velocity but the output angle 
lags the input angle by the error angle 
B x /K. In Fig. 1.26 the input angle is 
fixed after its initial step, and therefore 
the error angle decreases as the output 
angle approaches the input. The out¬ 
put velocity is always proportional to 
the error angle for this simplified system, 
however, which determines the tran¬ 
sient curve, which is of a type very com¬ 
mon in control systems. In Fig. 1.2c 
the output angle is a sine wave which 
can be shown to lag behind the input- 
angle sine wave by the angle whose 
tangent is 2irf/K, where / is the fre¬ 
quency of the oscillation. 

For a system with inertia considered, 
an error is also required to cause the output to accelerate. With two 
specifications given, the response to a step input or a sine-wave input could 
be determined. For a more complicated system, the specifications for one 
form of input are still related to those for another form, although not 
directly by simple mathematics. 

The form of the specification for a system depends upon the nature 
of the input encountered. An airplane camera mount, for example, must 
rotate the camera, with respect to the airplane, opposite to the rotation 
of the plane itself. A typical specification for the mount is the maximum 

1 Refer to the terminology section at the front of the book for an explanation of the 
choice of symbols. 



(C) 


Fig. 1.2. Errors for standard inputs: 
(a) constant-velocity, (6) unit-step 
input, (c) sinusoidal input. 


Digitized by 


Go<. 'gle 


Original from 

UNIVERSITY OF MICHIGAN 



Generated on 2020-05-20 07:44 GMT / https://hdl.handle.net/2027/mdp.39015002933185 

Public Domain, Google-digitized / http://www.hathitrust. 0 rg/access_use#pd-g 00 gle 


8 


CONTROL-SYSTEM DYNAMICS 


allowable error when the plane is rolling sinusoidally through its typical 
amplitude at the natural frequency of the airplane in roll. A voltage 
regulator is often subject to having part of its load switched on or off the 
line. Such a sudden step change starts the natural transient of the 
regulator. A fast-acting linear regulator will overshoot in its correction, 
and the percentage overshoot may be specified. Similarly, the time 
required for the transient to die out to 5 per cent of the total change is 
often of interest. For a gun turret the angular rate of the sight in 
tracking the target is essentially constant, and therefore the error of the 
servo in driving the turret at this rate is specified. The rate of change 
of tracking rate may also be important; this would require that the 
error for accelerating the turret be specified. 

All thes e specifications are in the form of a rat io of an allowable error 

to a specified input._ The use of a ratio implies that, the ratio is constant. 

i.e., that double error would result from doubling the specified input. 
However, this linear relationship does not extend over the whole range 
of operation. Actually, the servomechanism has maximum output 
limited by such things as the power-supply voltage for the amplifier 
and the saturation of the magnetic field of a motor. The linear analysis 
is carried out first, because it is approximately correct over the middle 
range of operation and it is very rapid, even for a complicated system, 
compared to a nonlinear analysis of a comparatively simple system. 
Upon completion of this analysis, however, the maximum values required 
of the components should be checked, in order to ensure that the results 
are valid. 

The specifications of a servo can sometimes be relaxed by taking advan¬ 
tage of all information regarding the type of signal it must follow. A 
machine-tool control is an excellent example because the desired motion 
of the tool is known in advance. Kn owing also the motor voltages 
-required to drive the tool at various velocities permits a time program 
of mo tor voltage to be compute d which would cause the toof tcTBe posi¬ 
tioned. app roximately. Measurement of the error betweecT aetuaTTool 
position and the desired position would then permit corrections to be 
made in the motor voltage. Such a control has been called “open 
cycle-closed cycle” 1 to emphasize that it operates partially without bene¬ 
fit of the measured error. 

A servo also has specifications of size, weight, and complexity which 
limit the performance which can be achieved. The final design is, there¬ 
fore, a compromise based upon many factors, rather than upon accuracy 
specifications alone. 

*J. R. Moore, Combination Open-Cycle Closed-Cycle Systems, Proc. IRE, Vol. 39, 
No. 11, pp. 1421-1432, 1951. 
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1.4. Fundamentals of Linear Equations 

A linear control system is one whose characteristics are independent 
of the amplitude of the signal in any part of the system. Great 
simplification in analysis is permitted for such a system because the 
effect of one input can be studied independent of all other inputs. 
Moreover all transient responses can be shown to be the sum of 
signals of the same mathematical form. 

The control system which makes a gun turret follow the motion of a 
sight has other inputs, such as wind forces on the gun turret. Fortu¬ 
nately the effect of each input can be studied independently. The sight 
motion itself may often be approximated as a constant velocity of track¬ 
ing the target plus an oscillation introduced by the gunner’s failure to 
track perfectly. These two signals can be considered separately even 
though they are inputs from exactly the same point in the system. 
Such simplifications are possible whenever the characteristics of each 
component in the system are essentially independent of the total ampli¬ 
tude of the signal present. The most common limitation is that the 
signal be within the normal rating of the component; thus the output 
voltage of an amplifier must be within its limits or else an additional 
input voltage would not cause any additional output voltage. 

When any part of the system is operating within its linear range, how¬ 
ever, the relationship between its input signal and its output signal can 
be described by an equation in which all characteristics of the compon¬ 
ents, such as resistance and inductance of a generator field, are constant. 
The constant-velocity motion of the sight will correspond finally to con¬ 
stant current in a generator field, constant motor speed, etc., such that all 
equations are satisfied. The additional oscillatory motion of the sight 
will cause additional currents, velocities, etc., such that again all the 
equations are satisfied. Note that, for an input signal of a given form, the 
signals which result in all parts of the system are of the same form. 

In addition to the steady action of input signals, however, another 
situation can exist. Consider the special case when all inputs are 
suddenly made zero at a time when the gun turret is moving, when 
capacitors are charged, etc. These conditions represent storage of energy 
which must be gradually dissipated before the system comes to rest. 
Similarly the presence of amplifiers and other energy sources in a system 
creates the possibility of signals building up rather than dying out. 
For almost any practical system, however, the amplifier settings must be 
such that the transients die out. The system is t hen said to be stable — 
Mathematically the time variation of any signal during such an interval 
can be shown to be expressible as the sum of terms of the form e"* and is 
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called the transient response. Transients are created at almost any 
time a new input is impressed or removed, and again linearity of the 
system p ermits thp«P t.n studied independently. 

1.5. Frequency Response 

The term frequency response of a system refers to the change in 
magnitude and the shift in angle of sinusoidal signals of various 
frequencies in being transmitted through the system. The char¬ 
acteristics may be calculated or measured and provide a picture of 
. the system which is useful in avoiding instability. 

The frequency-response method (see Chap. 5) avoids the problem of 
finding transients by determining only the steady response of the system 
to sinusoidal inputs. For convenience the components are considered 
individually when possible; each one is described by the change in magni¬ 
tude and the shift in angle of a sine wave in being transmitted from input 
to output of that component. This information for sine waves of various 
frequencies is called the ‘‘frequency response” of that component. If 
two components act in sequence in a control system, the output of one is 
the input to the other. The dividing line between components is made 
in such a way that their characteristics are not changed by making the 
connections; hence the amplitude of a sine wave in going through a 
series of components is changed by the product of the factors for ampli¬ 
tude change in each component, and the phase angle is shifted by the 
sum of the phase-angle changes for each component. Starting with an 
assumed error signal, the effect of each component in sequence can be 
added until the output signal is determined. The error signal for a 
simple control system is the difference between the input and the output; 
or the input is the sum of the error and the output. With error and 
output both known, the input which would be needed for the originally 
assumed error is simply the sum of the sine waves for the error and the 
output. The transmission of sine waves through components or the 
combination of sine waves at junction points in the block diagram can 
thus be easily calculated. The frequency-response description is suffi¬ 
cient for many purposes, such as setting the limits for stable operation. 

1.6. The Root-locus Method 

A transient response can be expressed as the sum of terms of the 
form e*‘. The values of s are roots of the characteristic equation of 
the system. The root-locus method determines these roots graph¬ 
ically using simplifications suggested by the form of the equation for 
a control system. 
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A control system is somewhat unique in that , the sequence nf caua& 
and effect is very clear-cut. T hus the error angle between the sight 
and the gun turret is measured electrically; the error voltage is amplified 
and impressed across the motor, which drives the turret in the direction 
to reduce the error. The frequency-response method takes advantage 
of this sequence by describing each component by its transmission of a 
sine wave. In the root-locus method the component is described by the 
roots of the characteristic equation of that component. Such an equa- 



Conformal Curve 

mapping fitting 

(Chapter 6) (Chapter 11) 

Fig. 1.3. Interrelation of methods. 

tion is simple, and the roots are comparatively easy to find. When the 
components are connected together, but with the amplification of the 
error signal kept low, the individual transient of each component is 
essentially unaffected by the transients of other components. As the 
amplification is increased, however, the interaction is increased. Mathe¬ 
matically the roots of the characteristic equation of the entire system 
shift from their original values set by the individual components. A 
root-locus plot determines this shift in all roots as a func tion of ampli fica - 
tiom Trialand error is required in making the plot, but approximate 
results can be determined very rapidly. Later analysis will show that 
the effect of any other parameter of the system, such as a capacitance 
in a lead network or the spring constant of a shaft, can be made the 
variable for a root-locus plot. The method involves only one basically 
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new idea, which permits greater use of much valuable theory already 
developed: it will be shown that s in general is a complex number which 
can be plotted in a plane. This plane, which is the one used for a root- 
locus plot, is also the one which permits specifying the characteristics 
possible for any linear system in the simplest possible way, as a set of 
points. The frequency response of the system could be computed at 
any stage of the analysis at which it is of interest. The interrelation of 1 
methods is shown in Fig. 1.3. 

1.7. Nonlinearities 

Test results, as well as two separate methods of analysis of non¬ 
linear systems, indicate that many of the concepts of linear systems 
can be extended to cover common nonlinearities. One method is 
easily applied to a system of any complexity as long as only one 
nonlinearity exists; the other can handle several nonlinearities as 
long as only two energy storages are involved. 

Except in certain special cases the exact analysis of a nonlinear system 
is very difficult. Fortunately, however, approximate results can be 
obtained fairly readily in many common problems. If the only non¬ 
linearity is backlash in a gear train, for example, with the load torque 
small compared to the motor torque, the effect can be described in 
terms of transmission of sine waves of various amplitudes. As the ampli¬ 
tude of oscillation of the input shaft is decreased, the ratio of output 
motion to input motion is decreased and the effective angle of lag of the 
output shaft behind the input shaft is increased. This characteristic 
used in conjunction with the frequency response of the linear portion 
of the system often determines the frequency and amplitude at which a 
steady oscillation will be maintained. Tests verify this oscillation, in 
which the output shaft motion is usually comparable to backlash angle. 

If only two energy-storage elements are involved in a follow-up 
system, then the angle and velocity of the output shaft completely 
describe the condition of the system at any instant. A plot of angle 
versus velocity for any given nonlinearity can be made as a family of 
curves for different amplitudes. The time required for a motion from 
one operating point to another is usually not known, but effects such as 
coulomb friction are easily introduced because velocity is known. If no 
input motion is involved, then relay action can be introduced, because 
a line can be drawn on the plot to show where contact is made. 

For a given system nothing, of course, can replace a direct test. A 
common procedure where necessary is to simulate the portions of the 
system not available and connect them into a complete system having as 
many actual components as possible. The methods of analysis provide 
concepts which are useful in understanding test results. 


Digitized by 


Goggle 


Original from 

UNIVERSITY OF MICHIGAN 



Generated on 2020-O5-2O 07:45 GMT / https://hdl.handle.net/2027/mdp.39015002933185 

Public Domain, Google-digitized / http://www.hathitrust. 0 rg/access_use#pd-g 00 gle 


CHAPTER 2 


DESCRIPTION OF TYPICAL COMPONENTS 


This chapter describes the important characteristics of a few typical 
components used in control systems. The measurement device of a 
position-control system, for example, must be accurate, because the 
accuracy of the system cannot be better than that of the measurements. 
The amplifier must be flexible, because the measurement device and the 
actuator are usually chosen first, with the amplifier used to accept the 
signal from one and supply the power to the other. The actuator often 
must be fast, because the output cannot be driven any faster than the 
actuator is capable of driving it. The importance of good components 
is much greater than the treatment given in this book would indicate. 
This unfortunately must be so because the design of a good component 
generally involves an intensive study of a subject and the subjects are 
wide and devious. 

The description of a component in this chapter is carried as far as its 
differential equations of motion. Other descriptions .involve some form 
of solution of that equation, and these topics are treated later. In some 
cases, such as the torque-speed characteristics of an induction motor, it 
is more convenient to present the information in the form of curves from 
which linear approximations are made. 

2.1. Angle-measuring Devices 

Synchros are electromagnetic devices in which the transformer 
coupling between rotor and stator coils is a function of mechanical 
position of the rotor. Synchros are used to indicate the position 
of one shaft with respect to a remote shaft or to drive a shaft which is 
lightly loaded. 

The simplest type of device for giving a voltage proportional to a dis¬ 
placement is a potentiometer like that shown in Fig. 2.1. The motion 
of the slider across the wire-wound potentiometer causes it to pick up a 
voltage which is essentially proportional to the distance moved. Stand¬ 
ard linear potentiometers are usually rated as having a maximum devia¬ 
tion from linearity, compared to the total resistance, of 10 per cent. 

13 
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Precision potentiometers, however, are rated as being linear to within 
0.1 per cent or better. 

The relative position of two sliders X\ and Xi is obtained by comparing 
the voltages between the sliders. Note that, as long as the same voltage 
is impressed across both potentiometers, this voltage may change without 

introducing an error in the measurement. 
Each slider voltage may be expressed in 
terms of a fraction of the total resistance. 
Most potentiometers are wound in a circle 
arc of about 270°, although some are made 
in a helix of 10 revolutions. 

For complete freedom of angular rota¬ 
tion synchros are usually used. A synchro 
is one form of an electromagnetic device 
excited with alternating current, as shown in Fig. 2.2. The rotor is 
excited with alternating current, which sets up a pulsating magnetic field 
along the axis as shown. The stator has three windings 120° apart, as 
indicated by the axes of the coils A, B, and C. 
polarity of the voltage induced in each coil depends 
upon its position with respect to the rotor field. 

In particular, the voltage induced in each winding 
can be found by projecting a vector for the field 
onto the axis of each of the coils. This construc¬ 
tion gives a voltage which is proportional to the 
cosine of the angle between the field and a coil axis 
and assumes that the pattern of field intensity 
versus angle around the rotor is sinusoidal in shape. 

The three lines from the stator windings may be 
connected to windings of a similar synchro. The 
voltage impressed on each coil of the second synchro is thus the same as 
that induced in the corresponding coil of the first synchro. The currents 
in these coils must set up a pulsating magnetic field in the second synchro; 
this field is in the same position with respect to the coils as in the first 
synchro. The synchro whose rotor was excited is called the “generator,” 
and the one in which the stator coils set up the field is called the “control 
transformer.” If the rotor of the control transformer is turned 90° with 
respect to the magnetic field, no voltage will be induced in the rotor coil. 
But for deviations of the rotor from this position, voltages will be induced 
which are proportional to the angle of rotation, with polarity correspond¬ 
ing to the direction of rotation. This combination of two synchros is thus 
an error-indicating device between the rotor axis of the generator and the 
cross axis of the control transformer. In a typical application this error 
voltage of about 1 volt/deg is used to control the output shaft of an 


The magnitude and 



Fig. 2.2. Schematic dia¬ 
gram of a synchro. 
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Fig. 2.1. Potentiometer bridge 
circuit. 
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actuator to which the control transformer is attached; the generator is 
attached to the input shaft whose motion is to be followed. 

A follow-up system complete in itself and capable of driving light loads 
can be made by exciting the rotor of the second synchro, which is then 
called a “synchro motor.” A torque acts on the rotor tending to make 
the axis of the rotor coil line up with the field set up by the currents in 
the stator coils. For a synchro motor 2 in. in diameter, the torque 
developed is about £ in.-oz/deg from neutral. 

Basically a synchro unit can be used in any of the three applications: 
generator, control transformer, or motor. Design features in the three 
units do differ, however, for the following reasons: The generator has a 
larger rotor winding to keep down the i 2 R loss in this field, which indi¬ 
rectly magnetizes both units. The control transformer has many turns 
in the rotor winding in order to have a large voltage output. The 
motor has some sort of friction damper on the rotor in order to prevent 
oscillation. 

A differential synchro has three windings on both the rotor and the 
stator. When these windings are in line, the voltages induced in the 
rotor windings are the same as the voltages impressed on the stator 
windings. But if the rotor is mechanically rotated through some angle 
such as 30°, the rotor voltages are changed in exactly the same way as 
if the rotor of the generator had been rotated through 30°. The differ¬ 
ential synchro, as its name implies, is therefore a means of adding an 
angle, as must be done in a remote-controlled gun turret to correct for the 
difference in positions of sight and gun. The generator in the sight 
excites the differential synchro in the computer. The computer rotates 
the differential synchro through the lead angle so that the signal to the 
gun-turret servo is the direction in which the turret should be pointed. 

Greater accuracy can be achieved by use of a “two-speed” synchro 
system. The input shaft drives a synchro directly and also a synchro 
whose rotation is geared up by a ratio such as 31:1. The stator windings 
are connected to two corresponding synchro control transformers. These 
signals are both used as inputs to an amplifier whose input circuit follows 
the direct-connected synchro for large errors, but follows the 31-speed 
synchro when the error is small, so that the final accuracy is 31 times as 
great as it would have been with a single synchro system. 

2.2. Small-motion Pick-offs 

Many applications require the measurement of a very small motion 
of the order of 1/100 in. or even 1/100,000 in. The applications 
are common because many devices for measuring pressure or temp¬ 
erature use a mechanism which gives a small displacement propor- 
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tional to the quantity being measured; then this displacement is 
measured electrically in order to give the output signal. 


The pressure difference between the inside and outside of the bellows 
in a pressure-measuring device causes motion against the spring action 
of the bellows so that the displacement is proportional to the pressure 
difference. A temperature meter might be based on the measurement 
of the displacement of a bimetallic strip. The acceleration of an object 
can be measured by the displacement of an inner mass with respect to 
an outer case, which is proportional to the spring force needed to acceler¬ 
ate the inner mass. These devices 
indicate the importance of measuring 
small motions. 

One of the most common devices 
to measure small motions is the “E 
pick-off,” so called because of the 
shape:of the lamination shown in Fig. 
2.3. The coil on the center leg is 
excited from an a-c source. The 
resultant a^c field crosses the gap 
through the movable armature piece 
and returns through the two outside 
legs. If the armature is centered, 
the flux splits evenly; the voltages 
induced in the two outside coils are 
equal and opposite. With the arma¬ 
ture shifted to the left, the flux 
returning through the left leg is greater than that through the right, 
making the net voltage have the polarity of the left coil. Similarly, if 
the armature is shifted to the right, then the net voltage has the polarity 
of the right coil. Note that no windings are needed on the moving 
element but that magnetic forces may act on the element. 

An inductive type of pick-off is shown in Fig. 2.4. The two C-shaped 
iron cores are set with pole faces in line and a small gap between them. 
The four coils are excited with a-c voltages and set up an a-c field, which 
circulates around the two C cores as shown by the dotted lines. A coil 
of fine wire in the shape of a thin disk is mounted on an arm and inserted 
in the gap. When the arm is centered, the lines of flux have no net 
linkage with the coil, and no voltage is induced. But as the coil is dis¬ 
placed to one side or the other, a voltage is induced whose polarity 
depends upon the direction of motion. The inductive type of coil has an 
infinitesimal coercion force because the force depends upon the current 


► $ 

>ignal 










> 

> 


___ 

( 

) 

< 

< 

* 

< 

_ * 


< _ * 





' _ > 


Fig. 2.3. Variable-reluctance pick-off. 
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in the coil, which may be very small, as when the load is the grid of a 
vacuum tube. 1 

Capacitance circuits in general have the highest possible sensitivity 
in terms of volts per inch because the applied voltage can be high although 
the impedance of the capacitors is figured in megohms. A bridge circuit 
uses the capacitance of a movable plate between two fixed plates. The 
output voltage of the bridge is zero when the arm is centered; moving 
the center plate up increases the capacitance of the top section and 



(a) (6) 

Fig. 2.4. Inductive type of pick-off: (a) side view; (6) top view. 

decreases that of the lower section. Greater sensitivity can be achieved 
by having the capacitance change unbalance a circuit which is resonant 
at the excitation frequency. 

2.3. Amplifiers 

A-c amplifiers have the advantage of ease of coupling and stability 
of gain. D-c amplifiers are subject to drift but are desirable'because 
stabilization networks for d-c signals are simpler. 

An input signal may be alternating current from a synchro or direct 
current from a potentiometer; the required output may be direct current 
for a solenoid or alternating current for an induction motor. The 
amplifier is almost certain to have some circuits included for the purpose 
of stabilizing the system. These stabilizing networks themselves may 
be for either a-c or d-c signals, except that the d-c types are far simpler 
and are used when possible. With this broad scope of material to con¬ 
sider, this section is concerned simply with typical amplifier character¬ 
istics. Conversion devices from direct to alternating current (modu- 

, This design was developed by Ward A. Harman, now at Stanford University, 
while at the Aerophysics Laboratory, North American Aviation, Inc., in 1948. 
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lators) or from alternating to direct current (demodulators) are considered 
in the next section. 

A typical a-c amplifier to drive a two-phase induction motor from the 
error signal of a synchro involves some voltage-amplification stages fol¬ 
lowed by a power stage (Fig. 2.5). The voltage at the plate of the first 
tube can be coupled to the grid of the next tube through a capacitor 
which charges itself to the average level of the first plate so that the 



d-c level of the second grid is near ground. The potentiometer is a 
simple means of over-all gain control. The plate load of the second 
triode is a transformer having a center-tapped secondary because the 
output stage is push-pull. Thus the grid of the one tube is positive 
during one half cycle, while the grid of the second tube is negative. The 
voltages at the ends of the primary are thus lowered alternately. The 
secondary is connected to one phase of the induction motor while 
the other phase has a fixed a-c voltage impressed across it. Often the 
impedance of the motor is far less than the internal impedance of the 
amplifier; the transformer ratio permits transmission of maximum power 
to the load. 

A typical d-c amplifier is shown in Fig. 2.6. The voltage across the 
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output is made proportional to the input voltage by having the load 
voltage fed back to the input. The error between the input and output 
voltage is greatly amplified to drive the output. Note that this feed¬ 
back amplifier operates on the same principle as a control system, in that 
the controlling signal is the error between the input and the output. The 
amplifier has an odd number of stages so that the output is negative 
when the input is positive. The grid voltage is the average of these two 
voltages if the coupling resistors Ri and R 0 are equal. One problem 
arising in d-c amplifiers is that the output of one stage is at plate poten¬ 
tial and must be shifted down to the level of the grid of the next stage. 
The method shown uses a voltage divider whose lower point is at a 
negative potential. This necessarily involves an attenuation of the 
signal by the voltage-divider ratio. 

A major problem in d-c amplifiers is drift of the output voltage inde¬ 
pendent of the input voltage signal. A major cause of this drift is 
“cathode potential,” which is due to the finite velocity with which elec¬ 
trons are emitted from the cathode. This effect is equivalent to an 
impressed grid voltage, and it changes with the temperature of the 
cathode. If the drift effect is too great, the amplifier should convert the 
d-c signals to an a-c signal, amplify, and then convert back to a d-c 
signal, using devices discussed in the next article. 

2.4. Modulators and Demodulators 

Conversion between a-c and d-c signals can be achieved by a switch 
which is alternately opened and closed in synchronism with a given 
frequency. The switch serves as a “ modulator ” in producing a 
square-wave output by alternately short-circuiting a d-c signal; 
it serves as a “ demodulator ” by transmitting only half waves of an 
a-c signal of the given frequency. 

The synchronous switch is shown in Fig. 2.7o. The electromagnet is 
excited from the given a-c supply so that the contacts are closed for 
alternate half cycles. If the device is used as a modulator (Fig. 2.76), 
the input d-c signal is transmitted during half cycles, producing a square- 
wave output at the frequency of the modulator. The same switch can 
serve as a demodulator (Fig. 2.7c) of a signal having the given frequency. 
The circuit is closed only during the positive half cycles of the input 
signal, thereby producing a d-c output signal. A capacitor across the 
output would provide filtering action with its charging rate determined 
by the resistance of the source and its discharge determined by the shunt 
resistor. 

A synchronous switch can be obtained by using rectifiers, as shown in 
Fig. 2.8a. During the half cycle in which the point C is driven positive 


Digitized by 


Goggle 


Original from 

UNIVERSITY OF MICHIGAN 



Generated on 2020-05-20 07:47 GMT / https://hdl.handle.net/2027/mdp.39015002933185 

Public Domain, Google-digitized / http://www.hathitrust. 0 rg/access_use#pd-g 00 gle 




with respect to point D by the carrier winding, current through the 


C 



Fig. 2.8. (a) Synchronous switch; (6) 
ring demodulator. 


rectifiers establishes a path from A to 
B as long as the net current through 
each rectifier is forward. 

Full-wave demodulation can be 
achieved with a ring demodulator, as 
shown in Fig. 2.86. During the half 
cycle in which point P is positive 
with respect tojQ, current flows from 
P through M to Q. The point A is 
then effectively connected to the out¬ 
put C. During the next half cycle, 
point B is effectively connected to 
point C. 

Conversion between a-c and d-c 
signals is useful in control-system 
amplifiers for a variety of reasons. 
An error signal is more easily modi¬ 
fied by transmission through a net¬ 
work if the signal is a d-c voltage 
proportional to the error. If the 


error signal is originally alternating and the final output required is alter- 
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nating, the use of d-c types of networks then requires a demodulator and 
modulator. Fortunately these devices are available as plug-in units. 

2.5. D-C Motors 

A d-c motor has stall torque and maximum speed proportional to 
the impressed voltage. The decrease of torque with speed is linear 
because it corresponds to the decrease in iR drop in the armature 
with increasing counter emf. 

Of the various types of d-c motors, the type with the fixed shunt field 
is the simplest to analyze. Its most common application is in control 
systems where the power required is 
sufficient to justify the use of a gen¬ 
erator to control the voltage applied 
to the armature circuit. The motor 
can be represented schematically ae 
shown in Fig. 2.9. 

The applied voltage is equal to the 
sum of the iR drop in the armature 
and the counter emf generated in 
the rotor. This generated voltage is 
proportional to the flux <f>, which is 
constant for a shunt motor, and to the motor speed n. 

v = iR -|- K v <t>n (2.1) 

where K , is a constant. The torque m developed by the motor is pro¬ 
portional to the armature current i and to the flux. 

m = K m <fd (2.2) 

where K m is a constant. 

The division of power input between output and losses can be found 
by multiplying the voltages in (2.1) by current: 

vi = i 2 R + K v <f>ni (2.3) 

If mks units are used, electrical power and mechanical power need no 
conversion factor, and the constants K m and K v are identical; in any 
system they are proportional, as can be seen from the alternate ways of 
expressing power output. 

K v <f>ni — K m <t>in = mn (2.4) 

Since the iR drop falls off linearly as the speed increases and since 
torque is proportional to current, the torque-speed curves are a series of 
straight lines, as shown in Fig. 2.10. 




Fig. 2.9. D-c shunt-motor. 
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The stall torque for full voltage v applied is K m <t>(v/R), and the top 
speed with no torque required is v/K v <t>. As the voltage is reduced, both 
stall torque and top speed fall off in direct proportion. The loss of 
developed torque with the increase in speed is referred to as the damping 
characteristic of the motor. In the study of the dynamics of the com¬ 



Fig. 2.10. Torque-speed characteristics of 
d-c shunt motor. 


plete system to be considered later, 
this torque decrease is the same as 
if a dashpot were present which ab¬ 
sorbed a torque proportional to 
speed. 

The differential equation of the 
motor relating applied voltage to 
resultant speed can be written as¬ 
suming some particular form of load 
such as an inertia J. The torque 
developed by the motor then pro¬ 
duces an angular acceleration: 

m - (2.5) 


Substituting in (2.1) for current in terms of acceleration from (2.5) yields 

” = + < 2 - 6 > 
Combining the constants shows that (2.6) is of the form 



The solution of this equation and the significance of the constant T m are 
considered in Art. 3.2. 

D-c motors are also used in small sizes in the form of split-series motors 
and field-controlled motors. In each case the flux intensity varies, 
making the characteristics of the motor nonlinear. They are rather 
readily determined from the equations already given, but usually the 
friction torques and effects of saturation are so pronounced that the 
measured motor characteristics are not what would be expected with 
these effects neglected. 


2.6. A-C Motors 

Induction motors with one phase fixed have stall torque proportional 
to the voltage applied to the variable phase, but the top speed is essen¬ 
tially constant. These characteristics can be obtained by use of 
symmetrical components. 
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The two-phase induction motor is very commonly used in applications 
in the range from 1 to 50 watts output. A typical circuit arrangement is 
shown in Fig. 2.11. One phase of the motor is supplied from a fixed 
source with the capacitor in series to obtain a phase shift of approxi- 



Push-puii 

amplifier 

Fig. 2.11. Two-phase induction motor. 



Fig. 2.12. Comparison of induction-motor 
torque-speed characteristics for servo 
motor and standard motor. 


mately 90°. The other phase is driven by a push-pull amplifier so that 
the polarity of this field can be reversed. The torque-speed curve for 
such a motor for full voltage across the variable phase is compared with 



Fig. 2.13. Torque-speed characteristics 
for half rated voltage on control phase. 


that of a standard induction motor 
in Fig. 2.12. 

The torque-speed curves actually 
have the same shape; the difference 
is just that the peak torque of the 



Fig. 2.14. Linear approximation of in¬ 
duction-motor characteristics. 


servo motor is made to occur near the stall point rather than at about 20 
per cent slip from the standard motor. The reason, of course, is that rapid 
acceleration is the prime feature of the servo motor, rather than efficiency 
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as for the standard motor. The curves are extended into the region where 
torque is opposite to existing speed. 

The characteristic of the motor with only partial voltage across the 
variable phase is obtained by considering symmetrical components. If 
the variable phase has one-half rated voltage, the resultant field pattern 
in the motor is the same as if there were a field of three-fourths rated value 
rotating in the positive direction and a field of one-fourth rated value 
rotating in the negative direction. The torque for each field varies as the 
square of its strength. The net torque from these two oppositely rotat¬ 
ing fields can be obtained by superposition (Fig. 2.13). 

The complete set of curves for variable voltage on one phase is shown 
in Fig. 2.14; a linear approximation to these curves for low-speed opera¬ 
tion is shown by dotted lines. The motor is treated the same as a d-c 
motor except that the damping, Am/An, is nearly zero. 

2.7. Solenoids and Clutches 

A solenoid is an electromagnetic device, usually spring-loaded, to 
give a displacement proportional to current. A magnetic clutch 
transmits torque proportional to the magnetic field set up in a sus¬ 
pension of iron filings between the clutch faces. 


A solenoid is an electromagnetic device which can produce a large force 
but is limited to a small range of motion. In either case, however, the 



Fig. 2.15. Spring-loaded solenoid. Fig. 2.16. Force-displacement curves for 

solenoid. 


solenoid is almost sure to have some spring-loading effect, as shown in 
Fig. 2.15. 

The relation between the input voltage and the output displacement 
is quite complicated, particularly because of the nonlinear basic force 
curves of a solenoid, shown in Fig. 2.16. For constant current in the 
coil, the force varies inversely as the square of the gap up to the point of 
saturation of the magnetic circuit. For a given gap the force varies 
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as the square of the current. The armature has a strong tendency to 
snap in to the position of zero gap; therefore, the spring must have a 
neutral position and stiffness sufficient to prevent this action. Thus in 
Fig. 2.16 at each operating point the spring force increases faster than 
the magnetic force for a decrease in gap, producing a stable system. 

The solenoid may be operated with a neutral position of the load 
device set at the position of the solenoid at the point for half current. 
Increase of current then produces a positive motion and decrease in 
current produces a negative motion of the load. 

The differential equations of the solenoid relating displacement to 
voltage are nonlinear for large displacements but can be expressed in 
linear form for small deviations from the neutral position. The equation 
of voltage equilibrium is 

v = iR+L 0 j t + B 0 l ^ (2.8) 

In this equation, L 0 is the inductance of the coil at the neutral position, 
B 0 is the flux density at the neutral position, and l is the length of the 
coil. The net force acting is proportional to change in current from the 
bias value; the load will be considered to be only the spring force and 
inertia. 

,V2 T 

f=Ci = Kx + J (2.9) 

Substituting for the current from (2.9) into (2.8) gives 

” = + a) [(c) (* + J I) ■*] + «I < 2 - 10) 

The magnetic clutch is a device, developed at the National Bureau of 
Standards, in which the clutch faces of the input and output shafts do not 
make mechanical contact at any time. Instead, the oil between the 
faces has fine iron particles suspended in it so that the mixture congeals 
when a magnetic field is applied. This congealing is so strong that 
torque can be transmitted between faces with a shear force of 35 psi. 
Moreover, the torque transmitted is approximately a linear function 
of the magnetic field strength developed, a property which makes the 
device very desirable for use in control systems. The speed of response 
is very great because the acceleration is limited only by the inertia of the 
load; the power source itself is running at constant speed. 

The main problem in using the clutch is the dissipation of power when 
the clutch is slipping, because the power involved is the torque being 
transmitted times the slip speed. Two-direction control may be achieved 
by use of two clutches operating off shafts rotating in opposite directions. 
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Each clutch always transmits some torque, so that the backlash in the 
gear train is eliminated. This makes torque variation a smooth function 
of current variation in the clutch coils and solves a serious problem in 
precision servos. 

2.8. Hydraulic and Pneumatic Components 

Hydraulic systems have many intercoupling effects because of the 
many interrelations between pressure and flow. A complete control 
system can be made using pneumatic components alone. 

Hydraulic components frequently must be studied in combination 
rather than as individual components. Thus consider the case of a 

hydraulic cylinder controlled by a 
pilot valve, as shown in Fig. 2.17. 
The current in the solenoid pro¬ 
duces a corresponding opening of 
the ports of the pilot valve. The 
figure shows the ports half open 
with the left side of the cylinder 
having high pressure and the right 
side ported to the low-pressure re¬ 
servoir. The displacement of the 
piston is proportional to the quan¬ 
tity of oil which has moved around the circuit. The velocity of the piston 
requires a velocity of oil flow through the half-open port which causes a 
pressure drop at this point. The result is that the pressure in the cylinder 
falls off with velocity. 

Note that the peak pressure is always that of the high-pressure source 
but that the top velocity is roughly proportional to the valve opening. 
This is not a linear system like the d-c shunt motor, which has parallel 
torque-speed lines, in that top pressure does not decrease with port 
opening. 

For the ideal case, the oil would be circulated around the loop with no 
leakage so that the motion of the actuator would be exactly proportional 
to the quantity of oil flow. Actually a pressure must develop to produce 
the force required by the load for a given speed; this pressure causes a 
leakage of oil past the actuator. Pressure causes expansion of the tubing, 
permitting a storage of oil. For long lengths of tubing the distributed 
effects of pressure drop along the tube and expansion of the tube require 
that the tubing be considered by equations similar to those for electric 
transmission lines. One method of studying hydraulic systems is by an 
electric analogy. 

Pneumatic devices are in many operating characteristics quite similar 


Low High Low 
pressure pressure pressure 



Fig. 2.17. Hydraulic valve and actuator 
combination. 
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to hydraulic devices, but the applications are more often on low-power 
systems. A significant difference is that the exhaust air can be ported 
into the atmosphere; no reservoir is needed. This is very convenient on 
instrument-control systems such as gyroscopic devices. The compressi¬ 
bility of the air makes a difference in the response characteristic of a 
pneumatic device compared to a hydraulic device, where the only similar 
effect was due to expansion of the 
tubing under pressure. 

Pneumatic devices include pick- 
offs, amplifiers, and actuators, so 
that they may be used to form a 
complete control system, as illus¬ 
trated in Fig. 2.18. The pick-off 
is the vane, which can be moved 
across the two jets. The jet which 
is more nearly blocked allows less 
flow through its restrictor and 
causes a higher pressure to be de¬ 
veloped on one side of the small piston. This piston drives the other valve, 
which ports the high-pressure air into the actuator, which drives the jet 
block back to a neutral position with respect to the vane. The entire 
system is thus pneumatic. 



Fig. 2.18. Complete pneumatic system. 


2.9. Choice of Gear Ratios 

Maximum, acceleration of the load is achieved, by making the inertia 
of the load as seen at the motor equal to that of the motor. Static 
friction and gear inefficiency require that the gear ratio be increased. 

A motor design for large power in a small size leads to high top speeds 
and low torque. Many loads, however, such as a radar dish, require 

high torques at comparatively low 
speeds. The problem then is to 
select the gear ratio for maximum 
acceleration of the load. The quan¬ 
tities involved in the problem are 
shown in Fig. 2.19.. 

The terms J m and Jl refer to the 
polar moments of inertia of the motor 
and the load, respectively. The gear 
ratio is N, and ij is the efficiency of 
the gear train, which is defined as the ratio of torque actually delivered 
to that for an ideal gear train. m v is the motor torque, and m F is the 
static friction at the load. The torque equation expressed as the balance 



Fig. 2.19. Problem involving choice of 
gear ratio. 
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of torques at the load and is then 


\17l M — J M&lt)N tJ = 171 F -f- J lOCl (2.11) 

where a u and a L are the angular accelerations of motor and load. Divide 
the equation by the efficiency ij and transfer all inertia terms to the right, 




Fig. 2.20. (a) Torque-inertia curve versus 
gear ratio; (6) effect of friction and gear 
inefficiency. 


spect to N equal to zero in order to 


using a M = Nat. 

m M N - y = (' / vAr2 + y) 

( 2 . 12 ) 

For convenience, consider first 
the special case when the static fric¬ 
tion is zero and the efficiency ij = 1. 
The plot of torque and inertia as a 
function of gear ratio is then as 
shown in Fig. 2.20a. The accelera¬ 
tion is the ratio of torque to inertia, 
which is the slope of a line from the 
origin to the curve at any point. 
This acceleration is a maximum at 
the point where the line is tangent 
to the curve. This result is equi¬ 
valent to having the ratio of inertia 
to torque at a minimum. The 
latter statement is more easily used 
in setting the derivative with re¬ 
find the optimum value of N. 


d_ 

dN 



+ JmN*\ _ d (J L 
m u N ) dN \N 


+ «/*#) — = (~ + Jm)— = 0 
/ m M \ N 2 ) m M 

(2.13) 


Note that the condition for maximum acceleration in the ideal case is 
that the inertia of the motor referred to the load should equal the inertia 
of the load. 

Consider now the effect of static friction and gear efficiency, as shown 
in Fig. 2.206. Static friction is subtracted from the motor torque, so 
that the acceleration with this effect included is the slope of a line from 
this offset point on the vertical axis to any point on the curve. The 
effect is to require a higher gear ratio than otherwise. The effect of 
gear efficiency, as seen in Eq. (2.12), is to increase the effect of static 
friction and the load inertia. The acceleration should now be figured 
as the slope of a line from the offset point P to any point on the curve. 

The acceleration falls off rapidly as the gear ratio selected is less than 
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the optimum but remains reasonably constant for gear ratios higher than 
the optimum. Thus allowance can be made for uncertainty in the value 
of constants by setting the gear ratio high. The ratio cannot be so 
high, however, that the load cannot reach the top speed required of it. 
If this limit is reached, acceleration must be sacrificed or a higher power 
motor selected. 

2.10. Summary 

The differential equation relating the input and output of a com¬ 
ponent completely describes that component for the purpose of a 
linear analysis of dynamic behavior. 

The typical components considered in this chapter demonstrate the 
wide range of knowledge necessary for design of all of them. Fortu¬ 
nately, the characteristics which are important for the analysis of dynamic 
behavior are limited. The torque-speed curves for a motor, for example, 
define the behavior of that motor. For a linear analysis, the approxi¬ 
mations to the curves for a d-c shunt motor and an a-c induction motor 
give the same form of differential equation and thus the subsequent 
analysis is the same. The analysis of a hydraulic or pneumatic system 
is the same as that for an electrical system after the linear approximations 
are made. 

The complete design of a control system has many more problems 
than the dynamic analysis of a linearized system. The determination 
of the requirements of the control system, the measurement or analysis 
of the given components, and the testing of the complete system are 
other aspects of the problem; skill in handling these aspects is more 
thoroughly acquired by experience than by theory. The foundation 
upon which to build this experience, howev er, should be a t horough 
understanding of the fundamentals. 
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CHAPTER 3 


FUNDAMENTALS OF TRANSIENT RESPONSE 


The purpose of this chapter is to study the physical concepts and 
mathematics needed for the analysis of transients in linear systems. 
For clarity these concepts are developed in terms of mechanical systems 
analogous to electrical control systems. Three such analogous mechan¬ 
ical systems are used: (1) spring and damper; (2) spring and mass; (3) 
spring, damper, and mass. The response of a system to an initial dis¬ 
placement is determined first in each case by physical reasoning. The 
mathematical description of the response is then shown to be, in the 
respective cases, (1) e 9 *, (2) cos cot, and (3) e 9 * cos (cot + <h). The simplest 
procedure for solving is to assume a solution of the form e** in each case. 
becaus e an algebraic equation is then obtained in w hich s repl aces the 
operatio n d/dt of the di fferential equation. This generalTorm oFsolution 
is applicable to all cases, although the value of s changes from a negative 
real number in system (1) tojco in system (2), and finally to a complex 
number a + jco in system (3). 

3.1. Mechanical Analogy for a Control System 

A mechanical spring-mass system is analogous to a simple control 
system. Damping torques on the output shaft produce the same 
effect as the motor characteristic of developing less torque urith 
increasing speed. 

A mechanical analogy for a simple control system is shown in Fig. 3.1. 
In the control system, the error angle 0« between the input and output 
shaft angles is measured and amplified. A proportion al voltage v is 
impressed acr oss.a motor , which in turn pro d uce s a proportio nal stall 
-torque m. _ In the mechanical system all of this is analogous to the spring 
itself. The error angle corresponds to.jlie-angle of twist-ef-the-spripg, 
and the spring produces a proportional torque... This torque acts on 
the input shaft as well as the output shaft, but the input shaft is fixed. 
In the control system, the shaft speed n which is produced by a given 
voltage across the motor is dependent upon the characteristic of the 
motor and the combined inertia of the motor and load. The mechanical 
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analogy duplicates these characteristics by selection of the load as indi¬ 
cated in Fig. 3.2. 

A typical motor characteristic (Fig. 3.2a) has the motor torque fall 
off linearly with increasing speed. The same effect is produced in the 
mechanical analogy, shown below in Fig. 3.2a, by damping vanes D 



J D J D 


(a) (b) (c) 

Fiq. 3.2. Analogy between motor characteristics and mechanical load: (a) inertia and 
damping; (6) inertia only; (c) damping only. 

systems are equal. The motor characteristic of an a-c motor has very 
little decrease in torque with speed (Fig. 2.14) and may be approximated 
as in Fig. 3.26; the mechanical system in this case would have no damping 
action. A hydraulic valve and piston tends to produce a speed of motion 
of the shaft independent of pressure, and thus the characteristics may be 
approximated as shown in Fig. 3.2c. Neglecting the effect of inertia 
compared to damping, the mechanical analogy would have damping 
vanes only, as shown in the lower part of Fig. 3.2c. Other analogies 
can, of course, be made; in circuits, the same type of response can be 
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obtained by a simple series circuit involving resistance, inductance, and 
capacitance. The mechanical analogy, however, has the particular simi¬ 
larity of having the output a shaft rotation just as in the control system. 
The mechanical system will be used in the remainder of this chapter in the 
analysis of transients. 


3.2. Time Constant 

A system having a single form of energy storage is described by a 
first-degree equation. The transient response to a disturbance dies 
out at a rate which is proportional to the change yet to be made to 
restore the system to the initial condition. The time which would 
be required to complete the change if the rate were fixed is a constant 
called the “time constant." 


Consider the problem of finding the approximate transient response 
of a sample system direct from physical reasoning (Fig. 3.3). One end 

of the spring is fixed; the other is 
twisted through an angle 6m and 
then released. The free end has 
van es on it which are assumed to 
require a torque proportion al to 
thelr^angular velocity v. This an- 





0 t 

Fig. 3.3. Single-energy-storage system. 


gqlar vclncit y-is initially high bec ause th e spr ing torqu e is h igh . As the 
angle of twist decreases, however, the torque decreases, and thus the veloc¬ 
ity decreases. For the given assumptions, the velocity of return will 
always be proportional to the angle of twist remaining. This relation is 
sufficient to establish the shape of the transient curve shown in Fig. 3.3. 
Velocity is the slope of this curve; the curve is thus unique in that its 
slope is proportional to its ordinate. A reasonably accurate curve can 
be drawn using the above information. 

The initial slope, for example, can be 
expressed as 

KOm 6m 


Vm = 


D 


D/K 


(3.1) 



A tangent to the initial point of the 
curve intersects the horizontal axis at 
D/K, as shown in Fig. 3.4. The curve 
deviates from this tangent because the torque decreases with decreasing 
angle, but since yelocityiapropqrtional to angle of twist, the ratio between 
angle of twist and velocity is constant. Thus a tangent drawnTcTthe 
curve at any point will intersect the horizontal axis at a time D/K farther 
along the axis from the abscissa of the point. .The time constant T is th us _ 

^ ^ ' 

t 


Digitized by 


Gougle 


Original from 

UNIVERSITY OF MICHIGAN 



Generated on 2020-O5-2O 07:51 GMT / https://hdl.handle.net/2027/mdp.39015002933185 

Public Domain, Google-digitized / http://www.hathitrust. 0 rg/access_use#pd-g 00 gle 


FUNDAMENTALS OF TRANSIENT RESPONSE 33 



Note that the only fact which must be established about a system, to 
determine that its transient will be of this form, is that the rate of change 
of the variable is proportional to the change yet to be made. Many 
control systems, for example, are so set up that, within limitations, the 
output shaft is driven at a rate proportional to the error angle. In so 
far as this is achieved, the transient response would be of the same shape 
as Fig. 3.4. Actually, in either the control system or the mechanical 
system, the mass of the output element prevents an immediate change in 
velocity at any time. At any time when the inertia torques are small 
c ompared to the dampin g torques, however, the abov e analysis applies. 

3.3. Exponential Function 

The transient response of a first-degree system can be expressed 
mathematically by an exponential function of time. 

The transient response of a first-degree system is shown in Fig. 3.4; 
the problem here is to determine the equation of this curve. The result, 
e~ t/T , is probably familiar to most readers and can be justified immediately 
if the formula for differentiation is accepted. 




(3.2) 


The derivative is thus propor tional t.n the function itse lf) ns required- 
to match condition th at the slope of the curve is proportional to the 
ordinate. . 'An attempt to prove this formula by direct use of the defini¬ 
tion of differentiation leads to an indeterminate result, however: 


The fractional quantity apparently has the limit 0/0 when dt is allowed 
to approach zero. A separate justification of (3.2) can be made, how¬ 
ever, which is suggested by the concepts in the previous topic. Start 
from the fact that the slope of the curve in Fig. 3.4 is proportional to 
the ordinate; then one ordinate can be approximated in terms of an 
adjacent ordinate as 

j 

dt = x 1 + Cx 1 dt (3.4) 

The constant C relating slope to ordinate is actually the negative recip- 


dx 

= Xl " dt 
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rocal of the time constant. The ratio between any two adjacent ordi¬ 
nates which are spaced a fixed interval apart is then constant. 

5 - -l+Cdt (3.5) 

Xi Xi 


This property of the curve is satisfied by an exponential function of the 
general form 

x 2 a ,l+dt a'w" ^ 


Xi 


a‘» 


a*‘ 


= a dt 


An exponential function thus is capable of fitting the curve in Fig. 3.4. 
However, this curve is such that its slope is always proportional to its 
ordinate, which means that an exponential function must have a deriva¬ 
tive proportional to its value. 

s “ c “‘ < 3 - 7 > 


The base value a may have any value in the above formula; a partic¬ 
ularly convenient value, however, would be one which would have the 
constant (7=1. This base proves to be the value e = 2.71828 • • • , 
as can be shown by the following reasoning: Any function of f, can h e 
expressed iqlerms of its value and deri vatives at t 0 by u s ing -Mac- 
laurin’s series: 

m = m + /'(0)« + /"(0) \ (0) 2?3 + • • • (3.8) 

But if f(t) is equal to e l , then f'(t) = c‘. The successively higher deriva¬ 
tives are also equal to e‘, as indicated by the special case of f"(t) : 

no-|rw-^-^ (3.9) 

Maclaurin’s series for e‘ thus becomes 

* = e° + e°t + e° ^ + e° ^ + • • ■ (3.10) 


The value of e is evaluated by letting t = 1. 

e = 1 + 1 + * + i + ••• = 2.718 • • • (3.11) 

The final step in justifying (3.2) is to introduce a coefficient of t: 



de^ 

d(st) 


= se’ 


(3.12) 


Note that st is the variable in taking the derivative. This final result 
proves to be the basis for converting all differential equations to algebraic 
equations, as will be demonstrated in the next section. 
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3.4. Classical Method of Solution 


An exponential function is assumed and substituted into the differ¬ 
ential equation, producing an algebraic equation in which the vari¬ 
able s replaces the operation d/dt. 


The differential equation for the angle of twist of the spring of the 
system in Fig. 3.4 is given by . . 

} rfrr- f V'T- 


0 = K6 + D 


de 

dt 




(3.13) 


where K is the spring constant and D the damping constant. A solution 
for 0 of the form Ae ,x is assumed and substituted into this equation. 


0 = KAe« + DsAe “ (3.14) 


Note that the function Ae‘ l is common to both terms and may be can¬ 
celed, leaving an algebraic equation in s: 


0 - K + Ds (3.15) 

The root of this equation is 8 = —K/D. The assumed solution Ae' 1 
thus satisfies the differential equation for the value s = —K/D, which 
satisfies the corresponding algebraic equation. The amplitude A is 
determined by the initial angle of twist of the spring 0 M at the time that 
it is released: 

0 M = 0 = A (3.16) 


This solution 6 = 6ue { ~ K,D)t can be checked against the previous solu¬ 
tion in Art. 3.2 by solving for the time which would be required for the 
angle to reach zero if the rate were held constant: 


9 _ 0Me < ‘~ K/D)t D 

~[dd/dt]t -0 -d M (-K/D)e-< K ' D)t ~ K 


(3.17) 


which is the result obtained in Art. 32. 

The factor by which the angle of twist is actually decreased during 
eacnTime-constant interval is 


p-(t+T)/T 


Oue 


,-t/T 


= e~ T/T = e~‘ = 0.37 


(3.18) 


The above example emphasizes the nature of the transient itself; 
usually many examples arise in which steady-state value of the variable 
must also be determined. In the system in Fig. 3.1, for example, the 
input shaft may be suddenly turned through an angle 0* = 1 rad. The 
problem is to determine the angle d„ as a function of time. The differ¬ 
ential equation for the case when there is only damping on the output 
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would then be written 

K9 t -K9 Q + D^ 


(3.19) 


The output angle 0 O is considered to be the sum of a steady-state and a 
transient response. The steady-state part of 0 O is 1, because the final 
twist in the shaft after the transient is dissipated is then zero. The 
transient part is assumed to be 0 T = Ae ,t as before. Substituting the 
sum of these values into (3.19) gives 

tf(l) = K{ 1 -f Ae‘ 0 + D( 0 + sAe«) (3.20) 


Separating the terms into steady-state and transient parts, gives 

K = K + D( 0) + Ae'*{K + sD) (3.21) 

The steady-state terms in (3.21) check; i.e., K = K + 0. The tran¬ 
sient terms merely add zero to the right side of (3.21) if the characteristic 
function within the parentheses is zero as in (3.15). The assumed form 
of d 0 is thus correct, and the amplitude A is determined from the condi¬ 
tion that 0 O is initially zero: 

0 O = [1 + 0 = 0 = 1 + A (3.22) 



The value of at. the end of one time constant is L — i -1 . or O.63^ 

Note that the determination of the form of the transient is the same 
regardless of the inputs Mathematically, the sum of the transient 
terms InTThe equation must be zero. Physically, the transients are 
torques interchanged between elements of the system itself and are j 
independent of input motion. 


3.6. Resonant System 

The transient response of a spring-mass system is a continuous 
oscillation, which is sinusoidal in shape. The amplitude is con¬ 
stant because the energy in the system is constant. 

Consider the problem of determining the transient response of the 
system in Fig. 3.5a from physical reasoning alone, assuming the damping 
to be zero. The mass is twisted through an angle of 1 rad and then 
released at time t = 0. The spring torque acting on the inertia causes 
an acceleration of the inertia proportional to the angle of twist remaining 
in the spring. The velocity of the inertia thus increases until the angle is 
zero, meaning that the spring is unstressed. At this time, the momentum 
of the inertia carries it on until the reversed torque of the spring deceler¬ 
ates the inertia to a stop. The spring must now be twisted through 
1 rad in the opposite sense in order to have the same stored energy 
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as when the inertia was first released. The inertia will thus oscillate 
back and forth, as indicated by the sketch in Fig. 3.56. 

As yet, the shape of the curve has not been specified, although the 
reader probably knows from similar problems that the curve is a sine 
wave. The purpose of this section is to prove this relation in a way which 



(a) (6) 

Fig. 3.5. Transient response of resonant system. 


will be helpful in understanding later representation of such functions by 
rotating vectors and exponential functions. 

Consider the relationship between angle, velocity, and acceleration of 
the inertia shown in Fig. 3.6. The acceleration curve must be of the 


same shape and opposite in sense to the angle curve. An ordinate of 
the velocity cur ve varies as the slope of t he ang le curve, and an ordinate 
of the acce leration curve vari es as th e slope of the velocity - 3urve. Per^ 
forming two identical operations in se- 
quence, starting from the angle curve, 
gives the acceleration curve of the same 
shape and suggests that the intermediate 
curve, that of velocity, may be of the same 



shape also. 

Assume that the shape of the 0 curve is 
sinusoidal and check by differentiation: 

6 = cos ut (3.23) 

v = ^ = (—«) sin ut (3.24) 

at 

o = ^ = (—&>)(+«) cos a >t (3.25) 

The double differentiation does indeed 
give an acceleration function which is of 
the same form as the angle function but 



Fig. 3.6. Relationship between 
angle, velocity, and acceleration 
curves. 


opposite in sign. The natural frequency 


w is determined by equating spring torque to acceleration torque: 


or 


Kd = —Ja = Ju 2 6 



(3.26) 

(3.27) 
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These results can also be checked by noting that the total energy W 
in the system is then constant: 

I,.I Q/l-OTfa 

„,, , W = IKe* + \Jv 2 = IK[(6m cos O it) 2 + (0,„ sin o>t) 2 ] (3.28) 

= ±K0 U 2 

The next step is to obtain a representation of sine waves which is 
easier to use. 

3.6. Vector Representation of Sine Waves 

A sine wave is obtained by projecting a rotating vector on a fixed 
axis. Differentiation shifts a vector ahead 90°. 

A sine wave can be obtained as the projection of a rotating vector on a 
fixed axis, as shown in Fig. 3.7. The vector has a unit length and is 



Fig. 3.7. Sine wave as the projection of a rotating vector. 


+ 

Projection 

axis 

* v 

6 ^ 




' a 



(.«> ( b) 

Fig. 3.8. The variables in Fig. 3.6 as vectors: (a) ut = 0; ( b) ut = 30°. 

rotating at constant angular velocity u rad/sec. The angle of this vector 
with respect to the horizontal axis is ut, and the projected length of this 
vector on the vertical axis is sin ut. 

Consider now the use of vectors to represent all the sinusoidally varying 
quantities shown in Fig. 3.6. The initial position of the vectors for 
t = 0 is as shown in Fig. 3.8a. Note that the projected length of 0 
is at a positive maximum, v is zero, and a is at a negative maximum, 
checking the initial values in Fig. 3.6. At a short interval of time later 
corresponding to ut = 30°, all the vectors have rotated through 30° and 
projected lengths show the same variation as given in Fig. 3.6. 

The vector representation is thus very convenient in that a single 
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straight line is sufficient to identify the magnitude and the phase angle 
of the variable. A convenient notation uses the symbol A /(at to repre¬ 
sent a vector of magnitude A and phase angle cot. The vector is often 
considered to be the variable, although the projected length of the vector 
on a fixed axis represents the actual value of the variable at any instant. 

An interesting observation is that 
v, the derivative of 0, is a vector 
rotated 90° ahead of 6. Similarly, 

0 , the derivative of v, is a vector 90° 
ahead of v. This suggests that dif- 
feren tiation of a sinusoidal quantity 
always invol ves rotating the vector 
ahead 91T, which can be proved by 
applying the definition of a deriva¬ 
tive to the vector, as shown in Fig. 

3.9. A derivative of a function is 
the limit of the ratio between an increment in the function and the cor¬ 
responding increment in the variable as the increments approach zero. In 
this case the vector is a function of time t. Its increment is a short vector 
connecting two successive positions of the vector as shown. The deriva¬ 
tive is then 



Fig. 3.9. Derivative of a vector. 


d A d(o)t)/ut + t/2 

-j. A/ut = - , - = Aw/cat + ir/2 

dt ctt ~~ -™- 


(3.29) 


The derivative of a vector is thus a vector 90° ahead of the vector 
with a magnitude u times that of the vector. Again note that the instan¬ 
taneous value of the derivative is just the projected length of the vector 
in Fig. 3.7 on the fixed axis. It is more convenient, however, to carry 
out the manipulations required in solving a problem in full vector form 
and obtain real quantities by projecting on a fixed axis as a final step. 


3.7. Meaning and Use of the Operator V—1 

Solving a resonant system in terms of e’ 1 leads to roots of the form 
s = y /— 1 to. Comparison of this result with the vector solution 
identifies y/~— 1 as an operator which rotates a vector 90°. 

The transient response of a resonant system is identified as a sine wave 
in Fig. 3.6 and as a vector in Fig. 3.8. Consider now the concepts which 
arise in solving the same problem (Fig. 3.5) by assuming a solution of the 
form e“. The differential equation for the angle of the inertia is 

0 = Kd + J (3.30) 
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Substitution of the assumed solution 0 = Ae ,t gives 

0 = KAe« + Js 2 Ae> 1 (3.31) 

Canceling Ae leaves the characteristic equation in s: 

0 = K + «V £ : - | (3.32) 

The roots of this equation can be neither a positive nor a negative 
real number for, in either case, s 2 would be a positive number. One 
might conclude that a solution of the form e H is impossible for the sinusoi¬ 
dal variation which is known to be the response of this system. Consider, 
however, the concepts which arise if the solution is carried out in terms 
of roots of the form 

« = ± 's/ ~ 1 = ± \/ — l (a 


The symbol \/— 1 has no meaning assigned to it at this point; it 
merely permits solution to be completed by expressing the transient as 


0 = A 1 e v ^“* + Aie-v^i" 1 (3.33) 

For convenience, neglect the second term at first, and consider the 
form which o and v must have for the given form of 6. 

Q = Ae^ lat (3.34) 

v - ^ = A V 3 ! (3.35) 

a = ^ = A(\f=l ) 2 (3.36) 

The differential equation (3.30) is satisfied, as can be checked by sub¬ 
stituting for 0 from (3.34) and for a from (3.36). 

0 = KAe + Jiy/^-iy^Ae^ 1 ^ (3.37) 

Substituting (\/ — l) 2 = — 1 and w 2 = K/J, 



The equation is satisfied, with no meaning as yet assigned to y/~—l 
or Comparison of the form of Eqs. (3.34) to (3.36) with the 

vectors in Fig. 3.8, however, sugge sts that \/— 1 must repre sent, rot ation 
jof a vector by 90°, as showrTin FigT37IlK Assuming that Ae'f zriu repre¬ 
sents the vector for 0, then the vector for v is obtained by rotation 
through 90°, and the vector for a is obtained by rotation through an 
additional 90°. The velocity v is then of the same form as obtained by 
differentiation in (3.29). 
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To be consistent with the vector diagram in Fig. 3.86, the term 
must correspond to rotation of a vector through the angle at, although 
this will not be checked until the next article. Assuming this to be true, 
however, the term e~^~ lat must represent rotation through the angle 
—cot. The complete form of the transient given in (3.33) is then the sum 
of two oppositely rotating vectors, as shown in Fig. 3.11. 

The sum of two terms as in (3.33) must always produce a real number, 
since the variable 6 itself is a real number. It is therefore optional 



V=i. 



Fig. 3.11. Sum of counter¬ 
rotating vectors. 


whether the solution is carried out as the sum of oppositely rotating 
vectors or whether it is considered in terms of the projection of one of the 
vectors. 


3.8. Calculations with Vectors or Complex Numbers 

A vector is related to a complex number by Euler's equation, 
e>> = cos <t> + j sin <f>. Addition, multiplication, and differentia¬ 
tion can be carried out in either form, but the vector form is more 
convenient for the last two operations. 

The comparison of the known vector solution of Art. 3.5 for the tran¬ 
sient in a resonant system with that obtained in Art. 3.7 by assuming a 
solution of the form e tl leads to the conclusions thatjVj L^ m ust, re pr e¬ 
se nt rotation of a vecto r throughjfche angle at and that y /—1 represents 
rotatio n through JKF\ A check on these conclusions will be made by 
showing that addition, multiplication, and differentiation of numbers 
based on the above concepts give consistent and useful results. The 
reader is probably familiar with these results from previous study of 
complex numbers, but the following justification of these concepts is 
believed to be of value. 

by using y/^l, 
3.12. A general 


-Firs t, a v ector can be expressed as a complex number 
denoted by^Jpto identify a new axis, as shown in Fig. 
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vector A/4> is split into two components, one horizontal and the other 
vertical. The horizontal line to the right of the origin is selected to be 
the basic reference line. A vertical line is then identified hy t.hp fa ctor 
j, or -y/ — 1, to mean rotation through 90°. The vector can thus be 
identifiedIrT terms of its components as: 

Al_4 = A cos 0 + jA sin <t> (3.39) 

The addition of two vectors can then be accomplished by the addition 
of horizontal and vertical components separately: 

A\ /_ fa + A t/_fa. 

= (Ai cos <t> 1 + jAi sin <f>i) + (At cos </>2 + jAt sin fa) 

= (Ai cos <f> 1 + At cos fa) + j{A\ sin <j> 1 + At sin fa) (3.40) 

This result is the same as the familiar addition of vectors by placing 

the tail of the second vector at the 
head of the first vector. 

The process of multiplying two 
vectors 1 has no significance until it 
is recalled that a vector at angle <f> 
can be represented by A&*. Then 
multiplication can be carried out 
using the addition of exponents: 

Aie’+'Ate*' = AiAtfi^* +*« ) (3.41) 

Multiplication of vectors must 
therefore mean multiplication of 
magnitudes and addition of angles. Check this result by expanding each 
side of (3.41) in terms of components: 

Aie^At?’*' = Aj(cos <f> 1 + j sin 0i)A 2 (cos 0 2 + j sin fa) 

= AiA 2 [cos fa cos fa + j(c os fa sin fa + sin fa cos fa) 

+ j 2 sin <t> 1 sin fa] (3.42) 
AiAte #**+*» ) = AiA 2 [(cos fa cos fa — sin <f> 1 sin <l> 2 ) 

+ i(cos fa sin fa + sin fa cos <£ 2 )] (3.43) 

The r esult s are-Seen to be the same, recognizing that j 2 means rotati on 
through 180°, thus changing the sign of the last term in (3.42). 

Another check on the meaning of e** can be made by differentiation 
of each side of the equation 

e’+ = cos <f> + j sin <f> (3.44) 

1 The term vector in this text is always used to identify a complex number in terms 
of its amplitude and angle. The other uses of the term vector to identify a directed 
magnitude such as a force or displacement have other specific definitions for multiplica¬ 
tion which are not involved here. 



jA sin 0 


Fig. 3.12. Conversion between vector and 
complex number. 
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giving 

jet* = — sin 0 + J cos </> (3.45) 

The two sides of (3.45) can be compared by a vector diagram, as shown 
in Fig. 3.13. Differentiation thus produces a rotation of 90°, regardless 
whether the vector is treated as an exponential function or as a complex 
number. 

Equation (3.44), known as Euler’s equation, is basic to operations with 
complex numbers. A rigorous proof of this equation is based on express¬ 
ing e>* in Maclaurin’s series, like that 
in (3.8). Every other term will con¬ 
tain the factor j. The sum of the 
terms not involving j will be found 
to be Maclaurin’s series for cos «t>, 
and the terms involving j will be 
found to be Maclaurin’s series for 
sin <f>. 

A vector, in the sense used in this 
book, is thus the same as a complex 
number in that it identifies the position of a point in a plane with respect 
to a set of axes in that plane. The word vector, however, suggests a 
line, from the origin to the point, having a magnitude and angle, whereas 
the word complex number suggests the two orthogonal components. 
Multiplication and differentiation are the most common operations 
required in the remainder of the book. These operations are most 
easily carried out in terms of magnitudes and angles, and hence the word 
vector is used in preference to complex number. 

3.9. System with Damped Oscillation 

A solution of the form e*‘ for a system with damped, oscillation 
produces a characteristic equation whose roots s = <r ± ja are com¬ 
plex numbers. The real part a is negative and specifies the damp¬ 
ing rate, and a is the natural frequency in radians per second. 
Initial conditions are satisfied by use of a vector diagram. 

Consider the problem of finding the transient response of the system 
shown in Fig. 3.14a. The addition of damping vanes to the previous 
system provides a means of dissipating the stored energy in the system 
so that oscillation will die out, as sketched in Fig. 3.146. 

One might assume that the equation of this curve is of the form 
8 = Ae** sin (at + <t>), because the factor e at will make the peak ampli¬ 
tudes of the oscillations decay, for <r a negative number, in the same 
fashion as the first-degree system in Art. 3.4. The amplitude A and 



Fig. 3.13. A check on Euler’s equation. 
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phase angle $ are the constants to be determined by the initial conditions. 
The differential equation for the input zero is 

Ke + D Tt +J W-° < 346 > 

A solution can be obtained by substituting 0 = Ae* sin (wt + <f>), but 
the algebra becomes tedious. Thus in (3.46) d 2 6/dt 2 will involve four 
terms. After substituting for 0, the resultant equation can then be 
split into two equations, stating that the sums of the coefficients of sine 
terms and cosine terms are zero independently. The first of these equa¬ 
tions determines <r, and the second 
one determines «. The initial magni¬ 
tude and rate of change of 0 determine 
A and <f>. This solution can thus be 
carried out in terms of real numbers 
throughout but is impractical for the 
more complicated systems to be 
studied later. 

Assume instead a solution of the 
form Ae* because of the convenience 
of taking a derivative of such a func¬ 
tion. Substituting into the differen¬ 
tial equation thus gives 

KAe !** + DsAe ** + Js 2 Ae t * = 0 (3.47) 

Canceling the common term Ae‘‘ leaves the characteristic equation for s: 

s 2 + js + j= 0 (3.48) 



(a) 



(b) 

Fig. 3.14. Transient for damped 
resonant system. 


Solve for the roots by completing the square: 

,,!+2 ^ s+ (^) +f _ (^) = ° 


(3.49) 


Factoring the first three terms and transferring the other two to the 
right side gives 

/ nV Tir / nVT 

(3.50) 


Solving for s gives complex numbers 




(3.51) 


Denote s for convenience as <r + ju, and note that u is not the same 
as that obtained for the resonant system in Art. 3.5. The properties of; 
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are completely specified in Art. 3.8; all that can or need be done is to 
complete the solution and interpret the result. 

The complex number s is plotted in Fig. 3.15 from (3.51), using known 
values of K, D, and J. For convenience later, the amplitude is denoted 
by o»o and the angle by 0. The symbol too is chosen because this length 
is y/K/J, which is the natural frequency for the special case of D = 0. 
The solution for 9 is the sum of two terms, one for each root: 

9 = A x e^ +Mt + A 2 e^~ ia)t = e <r ‘(Aie»'"‘ + A 2 e~ iat ) (3.52) 

But 9 is a real quantity; therefore the j parts of the two terms must 
cancel, leaving twice the real part of either term (Fig. 3.11). Rather than 



Fig. 3.15. Position of complex roots. Fig. 3.16. Vector plot for damped 

resonant system. 


manipulating the algebra, the solution will be completed by treating 0 as 
the projection of a vector Ae vt e iat on a fixed axis (Fig. 3.16). For con¬ 
venience let the 9 vector be horizontal at t = 0 and select the axis of 
projection later. 

The velocity vector v is found by differentiation: 

„ _ ^ ^ Ae^ +iu)t = A (<r +;«)«<**■>* = Aw 0 e’*e^+>^ t (3.53) 

Thus the vector v is greater than 9 by the factor w 0 and advanced in 
angle by 0. As time progresses, both the 9 and v vectors decrease in 
length on account of the factor e at and rotate counterclockwise at a rate 
u rad/sec on account of the factor e iat . The tip of the 6 vector thus 
traces a logarithmic spiral curve, as shown. 

For the given problem the initial velocity is zero, and therefore the 
projection axis must be perpendicular to the v vector. The projection 
of the 9 vector at t = 0 must be 1, and therefore the length of the 9 vector 
must be 1/cos <f>, where <f> is the angle of the projection axis. The expres¬ 
sion for 6 for the given initial conditions is therefore 

9 - — e at cos (cot - 0) (3.54) 

COS 0 
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3.10. Damping Ratio 

The ratio of the negative real part of a root a to the magnitude <jF 
the root uq is a dimensionless quantity, called the damping ratio f, 
which determines the shape of all the characteristic curves of a 
quadratic system* 

Damped resonant systems are so common that it is well to study their 
characteristics thoroughly. An important characteristic is the ratio of 
amplitudes on successive cycles of oscillation. This is given by the 
factor e at with the time t being that required by one cycle. 

e" <2 wM = e 2v(cM (3.55) 

In Fig. 3.15 the ratio <r/w is the cotangent of the angle 180° — \J/. This 
ratio varies from zero for 4/ = 90° to infinity for = 180°. The cosine 



of 180° — 4 / varies from zero to 1 and is therefore a more convenient 
quantity to use. The damping ratio is thus defined as 


f = cos (180° - if) = — (3.56) 

O>0 


The decay of the amplitude during one cycle of oscillation, given in 
(3.55), can then be expressed as 


^2w(a/a) = \/wo 1 — <r* — g—2x/'\/(l/f 1 ) — 1 


(3.57) 


The minus sign in the final expression is due to 0 being a negative , 
number. The decay per cycle of oscillation thus depends only upon the 
value of f. i 

A comparison of the transient responses is shown in Fig. 3.17. The 
curve for a damping ratio f of 0 is a continuous oscillation; that for , 

* The general term quadratic system is used to identify any system having two i 
forms of energy storage and thus involving a second-degree characteristic equation. , 
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f = 1 is the so-called critical damping case in which the curve just fails 
to overshoot the zero axis. In control systems for which the damping 
ratio of the principal pair of complex roots can be adjusted, a value of 
f = 0.5 is often selected because the error reaches zero reasonably fast 
without excessive overshoot. 

3.11. More Complicated Systems ^ 

The total transient in a linear system of any complexity is the sum 
of transients of the form e*‘. The concepts and procedure involved 
in the solution of such systems can therefore he exactly the same as 
for the quadratic. Techniques borrowed from Laplace transform 
theory, however, greatly simplify the algebra. 

The procedure for solving a differential equation developed in this 
chapter is to substitute an assumed solution of the form e H to obtain an 
algebraic equation in s. The values of a. called root s, whieh satisfy this 
equation correspond to terms nf t.h p form AeZi which can exist in the 
transient respons e. Specifying the initial conditions determines the 
affipittudes^A of the terms. 

In complicated systems it is desirable to describe part of a system by an 
algebraic quantity called a “transfer function.” Close examination of 
the solution of a differential equation permits such a function to be 
written by inspection and to be assigned meaning. The Laplace trans¬ 
form theory in turn permits the amplitudes of the transient terms to be 
written by inspection from the transfer functions without need for 
restating the initial conditions. These topics are the subject of the next 
chapter. 
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CHAPTER 4 


MEANING AND USE OF TRANSFER FUNCTIONS 


The purpose of this chapter is to develop a rapid method of solving 
for the response of a system the roots of whose characteristic equation are 
known. A follow-up system with the feedback loop open is used as an 
example: the error voltage acts through an amplifier, generator, and 
then motor to drive the output shaft. Each component, such as the 
motor, is described by its transfer function, which is an algebraic function 
of s obtained from the differential equation relating the input and out¬ 
put signals of that component. It will be shown that the steady-state 
or the transient response of the output shaft in reponse to an error Voltage 
can be written by inspection in terms of the transfer functions. Closing 
the feedback loop, however, presents a basically new problem in that 
the forms of the transients are altered. 

The Laplace transform method more than fulfills the purpose set forth 
for this chapter. This method involves “transforming” the differential 
equation into an algebraic equation by a completely specified process of 
integration. A set of tables and theorems permits the direct solution for 
the transient response of any linear system the roots of whose character¬ 
istic equation are known. Understanding the concepts involved, how¬ 
ever, requires more background than is presented in Chap. 3, and the 
results are more powerful than needed for the rest of the book. The 
procedure in this chapter therefore is merely to study closely the pattern 
of solution used in Chap. 3 and to develop a series of arguments which 
justify the direct pattern of solution which is permitted by the Laplace 
transform. A problem is solved by the Laplace transform in Appendix A. 

4.1. Layout of Block Diagram 

A block diagram is a functional layout of an entire system in which 
the transfer functions of components are shown in blocks and the flow 
of signals is shown by lines connecting the blocks. Each block is an 
independent unit in that the connections between blocks do not affect 
the transfer functions. 

The actual schematic diagram of a simple control system is shown in 
Fig. 4.1. The jiifference Jil angle between the input and output shafts 

48 ' 
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is measured by the potentiometer bridge. The error voltage v e is ampli¬ 
fied electronically to Vf, which is impressed across the field of the gen¬ 
erator. The generator voltage v„ in turn is impressed across the motor, 
which drives the output shaft through an angle 0 O . Note that the fine 
of action of signals is one way: the field voltage determines the generated 
voltage; the generated voltage does not influence the field voltage. This 
one-way action permits a simple block diagram to be drawn with the 
line of action denoted by arrows as in Fig. 4.2. 

The change in symbols from 0 / to V\ and from v g to v% denotes a sig¬ 
nificant change in quantities which must be carefully noted in any analy¬ 
sis. The voltage Vf is the measured voltage on the terminals of the field; 



Fig. 4.1. Schematic diagram of a typical servomechanism. 



Fig. 4.2. General form of block diagram for Fig. 4.1. 


the voltage V\ is the voltage which would exist at the output terminals 
of the amplifier if the field current were zero. In general, the current flow 
causes a drop in voltage, making Vf less than t»x. The amplifier deter¬ 
mines ,»i; the sum R\ of the amplifier output resistance and the field 
resistance limits the steady-state value of current. The differential 
equation for the field also involves the inductance L: 

»i = iiRi = R, (it + Tt ^ (4.1) 

Note that the time constant of the field, T\, can thus be reduced by 
having a high output resistance in the amplifier, which can be achieved 
by using pentodes in the output stage. 

The differential equation relating motor speed to impressed voltage on 
the motor is given in Eq. (2.7). The analysis there is based on the 
assumption that the voltage impressed across the motor is not changed 
by the current drawn by the motor. In the given control system, how¬ 
ever, the output resistance of the generator, R g , may be equal to the 
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armature resistance of the motor, R a . The two values are in series, 
which means that the time constant of the motor, T 2 , should be altered 
by changing R a to R a + R a - The speed of the motor must be integrated 
to determine the angular position of the output shaft. 

Other parts of the system, such as the error-measuring potentiometers, 
are described by a simple constant K r . The generator voltage per unit 
field current is K tt . 


4.2. The Concept of Transfer Functions 

A transfer function is obtained by writing the differential equation 
relating output to input, replacing the operation d/dt by the complex 
number s, and solving for the ratio of output to input. The results 
of Chapter 3 will permit the steady-state or transient response 
of any component to be written by inspection in terms of its transfer 
function. 

Each component of a control system is described by a differential 
equation which is rarely higher than second degree. In Chap. 3, the 
transient response of such components is shown to be expressible in the 
form e*‘, in which s is a complex number with a negative real part for 
damped oscillations. The procedure using the classical method of solu¬ 
tion involves substitution of this solution to obtain an algebraic equation 
in which s appears at each point where the operation d/dt appears in 
the differential equation. The roots of the algebraic equation are then 
determined, the transient terms set up in general form, and the ampli¬ 
tudes of the terms found from the initial conditions. 

The given problem of finding the output of a component for a given 
input arises so frequently in the analysis of control systems that it is 
worthwhile to develop simple rules by which to express this response. 
These rules will be stated in terms of the transfer function, which is 
obtained by replacing d/dt in the differential equation by s and solving 
the resultant equation for the ratio of output to input. Capital letters 
are used in transfer functions, as noted in the section on terminology. 
Thus for the generator field the transfer function obtained from (4.1) is 


Ll ( s ) = _i_ 

V\ w «i( 1 + T\s) 


1 


R\T 1 ( 1 /Ti + s) 


(4.2) 


Similarly, the transfer function from v 2 to n 2 , the motor speed, obtained 
from (2.7) is 


K r S ) = 

v 2 { ’ 1 + T 2 s 


(4.3) 


where K m is the motor constant. 
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At this point transfer functions are merely reminders of the form of 
the differential equations. Specific rules will be determined from the 
solution of the differential equations for two special cases: the steady- 
state output for an input of the form e H , and the transient response for 
an input in the form of a short impulse. 

Using the concept of transfer functions, the block diagram of Fig. 4.2 
may be made definite, as shown in Fig. 4.3. The integration from motor 
speed to motor angle is noted by the transfer function 1/s. 



Fig. 4.3. Block diagram using transfer functions. 


4.3. Transfer Functions for Exponential Signals 

A signal of the form e“ acting on a block with a transfer function 
F(s ) is present in the output of that block as F(si)e' lt . A definite 
form of input signal is thus transmitted through a block modified 
by a factor which is a function of the form of the signal input. 


Consider first the example of a sinusoidal voltage being impressed 
across the generator field. The voltage may be expressed as Fie , ’“ 1 ‘. 



Assume an output current of the same form, Iie iuit , and substitute both 
into the differential equation (4.1). 

i(l + Tijui) (4.4) 


Solve for the ratio of output to input, which is the transfer function for 
this particular signal. 


Ziej*”*' _ _1_ 

V\e^ #i(l + Tijui) 


Note that this transfer function could be obtained directly simply by 
substitution of the particular value s = ja 1 into the general form (4.2) 
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■J/ 


of the transfer function. The significance of the transfer function is 
more apparent in the form of a vector than as a complex number, as 
shown in Fig. 4.4. 

The sinusoidal signal is attenuated in magnitude by the factor l/R\[\ 
+ (jcoiTipJ andTsfuffedT^phase by the angle tan -1 coiTi. The pattern 
of solution for any differential equation is exactly the same; therefore, 
the same result applies. The transfer function for sinusoidal signal e*" 1 ' 
has the specific value determined by substituting s = ja> 1 into the general 
form of the function. 

Consider now the problem of finding the value of the transfer function 
for the case of an e xponential ly deca ying sign al 
Ve ait , in which a is negative. The same procedure 
i<j\T x assuming a solution of the form Iie° lt and solving 
the resulting algebraic equation for the ratio of out¬ 
put to input will give the result 

J r 1 g< r 1* 1 

1 - (4.6) 


+oiT, 



Fig. 4.5. Vector diagram 
for damped sinusoidal 
signal. 


Vie’ 1 * -Ri(l “I - Ti<ti) 

Note that the magnitude of the function 
1/1 + Tver 1 may be greater than 1, since a is nega¬ 
tive. Physically, the stored inductive energy of 
the field makes the current present at any time de¬ 
pend upon the voltages previously applied. The 
applied voltage signal is decaying with time; there¬ 
fore previous values of voltage cause the current to 
be larger than]Fi/i?i. 

Finally consider the case of a d amped sin usoidal input Vie Vlt e iuit . The 
same pattern of solution as used for the sine-wave input will give the 
same form of result, except that the complex number <ri + jw 1 will 
appear in place of jcn. The transfer function will thus be 1 /R\[l + Ti(<n 
+ j«i)J. The significance of this result is shown in the vector diagram 
in Fig. 4.5. 

Note that the phase shift is greater and the magnitude of the signal is 
decreased less for a damped sine wave than for an undamped sine wave. 
/This result is used in the root-locus method in Chap. 7. 

Thus far analysis of the meaning of transfer functions for applied signals 
of the form e‘ l has been concerned only with the effect of the component 
on that signal. In addition to altering the signal, each component may 
start its own transient, which is the subject of the next section. 


4.4. Transient Due to a Unit Impulse 

A unit impulse acting on a component with the transfer function 
K/(s + 1 /T) produces a transient of the form Ke‘ lt , in which the 
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amplitude K is obtained from the transfer function by omitting the 
factor s + 1/T, and $1 is the value s = — 1/T which makes this 
factor zero. 

The transfer function (4.2) of the generator field is obtained from the 
differential equation (4.1). If the current at t = 0 is zero, the impressed 
voltage v is then equal to L di/dt. During a short interval At, the current 
will build up to a value 

h = Izr.dt = \ydt = t \vdt (4.7) 

Jo dt Jo L L Jo 

When the impulse, i.e., the integral of voltage with respect to time, is 
unity in magnitude, it is called a unit impulse. The approximation in 
(4.7) is valid as long as the interval At is short compared to the time 
constant T so that iR is small compared to L di/dt. 

The voltage is removed after At, and the transient decay of current i 
can be found using the procedure explained in Art. 3.4. Thus a solution 
of the form i = Ie st is assumed and substituted into (4.1), giving the 
characteristic equation 72i(l + Tis) = 0. The root of the equation is 
s = —1/Ti; the initial amplitude is given in (4.7), making the response 

i = le“ = e ( ~ 1/TDt = y e~< B/L)t (4.8) 


This transient is sketched in Fig. 4.6. Note that the transient response 
to a unit impulse could be written from the final form of the transfer 
function in (4.2) as Ie H , in which I 
is the value of the function with the 
factors + 1/T 1 omitted and sis the 
value which makes the denominator 
factor s + 1/Ti equal to 0. The, 
value s which makes the denom¬ 
inator zero is called a pole of the 


For any system 



Fig. 4.6. 
impulse. 


Transient response to unit 


tran sfer function. 

with a transfer function having a 
single pole the transient response 
for a unit impulse could be written 
directly using the above results without need for repeating the complete 
procedure. 

The special case of an impulse acting on the transfer function 1/s 
gives the resultant transient e ot or simply 1. The function 1/s arises 
from the differential equation stating that the speed of the motor shaft 
is the derivative of the shaft angle. The result is general, however, that 
the output of a device with transfer function 1/s for a unit-impulse input 
is a unit step. If a unit step were the input to a transfer function of the 
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form 1/(1 -1- Ts), the final output can be shown to 

0 = 1- e~ t/T (4.9) 

An interesting question arises: Can the sequence in which the signal 
passes through the two functions be interchanged without changing the 
final output? If the impulse acts on the transfer function 1/(1 + Ts) 
first, the transient will be l/Te~ t,T . Integrating this signal then gives 

6 = J q ^ e~ t/T dt = [~e- t/T Y 0 = 1 - e~‘' T (4.10) 

The result in this case is not changed by the order of the operations. 
The possibility of the interchange of any sequence of blocks will therefore 
be investigated. 

4.6. Interchangeability of Blocks 

A system having a number of blocks in sequence can have the order 
of the blocks interchanged without changing the final output signal 
for a given input signal. This result is true for transients devel¬ 
oped within the system as well as for the input signal itself. 

The interchangeability of blocks without changing the output for a 
given input may seem to be perfectly reasonable but could hardly be 
said to be obvious. The result, and the concepts used in justifying it, 
are important in that the justification of the formula for the amplitude 
of terms will depend upon it. 

First assume that a sinusoidal voltage is impressed at v e in Fig. 4.3 
with the feedback loop broken. The effect of the field transfer function 
on this signal is to reduce the magnitude and shift the phase angle of 
the current by + Tijco). Similarly, the sinusoidal voltage across 

the motor produces an output speed which is shifted in phase angle and 
attenuated in magnitude by + Tijw). The total p hase-angle 

shift is thg s um of th e shiftsjn a ngles, and th e atte nuation is the_produc t 
of the at tenuations. If the two transfer functions were interchanged 
in their position in the block diagram, the total angle would be the same, 
and the attenuation would be the same; therefore the order of the blocks 
is not significant for a sinusoidal signal. The same type of argument 
will show that the order of the blocks is not significant for any signal 
of the form e*‘. The same argument will of course apply to any type of 
transfer function in the blocks because the function will be a complex 
number having a magnitude and phase angle. 

The reasoning concerning transients developed in the system is not so 
direct. Anyjmpulse acting on the system will in general start a transient 
at each block containing an energy-storage element^ Restating thism 
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terms of transfer functions, a transient of the form will be set up 
for each pole of a transfer function. When several poles have the same 
value, the transient is a special case, treated in Art. 11.3. A unit impulse 
at t = 0 will therefore produce an output of the general form 

B 0 = AtC'* + Atf* + A 3 e**‘ + • • • (4.11) 

The amplitudes of the terms have not yet been specified. Each of 
these terms will be present, however, regardless of the order of the blocks 
in the sequence. One method of determining the amplitudes is to set up 
the simultaneous equations for the initial conditions of the output angle 
and solve for the amplitudes. The initial conditions are independent 
of the sequence of the blocks, however, and therefore the amplitudes of 
the terms must also be independent of the sequence. The same argu¬ 
m ent holds for any number of blocks in sequ ence; the number of transient 
terms and t.hft nu mber of initial con ditions merely jncrease. Moreover, 
if the argument is valid for a single impulse, then it is valid for any 
input, because any input is a series of impulses. 

A sequence of blocks may therefore have the transfer functions arranged 
in any order without changing the final output for a given input. This, 
result is based on the linearity of the syste m and the definition of a 
transfer function. Thus if the amplitudes of the signals are soTarge 
That the question of a component reaching a nonlinear range is involved, 
then the original sequence must be preserved. Recall also from Art. 4.1 
that a transfer function describes a part of the system selected so that 
its output signal is not affected by the component represented in the next 
transfer function. 

16. Amplitude of Transient Terms 

An impulse input to a sequence of blocks produces an output which 
is the sum of the transients generated by each transfer function. 

The amplitude of any transient can be found by considering the 
transfer function which produces it to be the first in the sequence. 

Consider the system shown in Fig. 4.3, with the feedback loop still 
open. A unit impulse is impressed at 6 e ; the output angle 0 O as a func¬ 
tion of time is desired. The known facts about the system are the 
response of a transfer function to a signal of the form e“, the transient 
response to a unit impulse, and the interchangeability of blocks. These 
facts are sufficient to solve the problem at hand, as can be shown by the 
following reasoning: 

The output angle may be expressed as the sum of the transients arising 
from each block: 

do = Aie ?' 1 + Aitf* + A^e?* 
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The unit impulse at 0 e is multiplied first by K r and K a in passing 
through the potentiometer and amplifier. This impulse acting on the 
field then produces an output (K a K r / RiTi)e ( ~ 1/T ' H , as developed in Art. 
4.4. This signal will then be transmitted through the remaining blocks 
as specified by substituting s = —1/Ti in the transfer functions. The 
transient term due to the field is thus 


A ie**‘ = 


KrKg g(-i/r,)< Kg/Km _ 1 

R 1 T 1 1 + T 2 (~l/T 1 ) -1/T 1 


The term A 2 e ,,t due to the motor will be found by moving the transfer 
function associated with the motor to the front of the sequence, as 
shown in Fig. 4.7. The unit impulse acting on this block then produces 
the output as sketched below the output of the first 




Fig. 4.7. Amplitude of a transient term. 


block. The specific value s — — l/T 2 is then substituted in the remain¬ 
ing blocks, with the final output noted in Fig. 4.7. Finally the term 
Ase?* associated with the pole s = 0 is obtained by shifting the block 
1/s to the front. Substituting s = 0 into the other transfer functions 
makes this term simply K r K a K t /R\K m . The complete transient response 
for do for a unit impulse at 6 , in Fig. 4.3, with the feedback loop open, is 
thus 


KrKoKg ( (l/Ti)e- </r ‘ ■ 

RiK m V + [1 + T i (-1/T 1 )](-1/T 1 ) 

+ __ 1 (412) 

T [1 + T^-l/TM-l/T,)! y l 

This same procedure can apply directly to a more complicated system in 
which more poles are involved. The factors of the deno minator must be 
known, however, because the poles of the transfer functions determine 
the terms of the transient. 

Additional complications sometimes arise, such as two equal time con¬ 
stants appearing in the system. These are special cases which add noth¬ 
ing to the concepts being considered here; these cases are considered in 
Chap. 11. The case when a function of s appears in the numerator of a 
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transfer function, however, is important. A simple example will be 
used to justify the method of handling any such function. If the output- 
to-input ratio Xo/Xi is 1 + Ts, then the corresponding differential 
equation must be 

Xo = x < +T^ (4.13) 

Physically this means that the output of this block involves the deriva¬ 
tive of the input as well as the input itself. No energy storage is involved, 
and therefore no transient response i s i nvolved ^. Its transfer effect upon 
input signals can be readily determined. Assume that Xi — e* 1 *; then 

x 0 = ef lt + Tsie* 1 * = (1 + Tsi )e* , ‘ (4.14) 

A numerator transfer function thus modifies a signal of the form e* lt 
as specified by substituting s = si into the function. No transient terms 
arise. 


4.7. Exponential Inputs and Initial Conditions 

An exponential signal into a system can be replaced by an impulse 
acting through a transfer function which wiU produce that signal as 
its output. Initial conditions may be inserted into a system by 
impulse inputs at proper points in the block diagram. 

The response of a system to a unit impulse is so easy to express that it 
is worthwhile to build upon this fact if possible. Thus consider the case 
in which the error voltage impressed at the input to the amplifier is e _at . 
Note that this is exactly the same form of a function of time which could 
have been produced by a simple transfer function ahead of the amplifier. 
One might guess at the transfer function needed in such a preceding block 
in order that a unit impulse acting on it would produce the given function 
of time. This is essentially a trial-and-error process in which the rule 
for the transient produced by an impulse provides the check. Thus the 
first guess for a transfer function might well be 1/(1 + s/a); checking 
the function of the time produced by a unit impulse gives the results 
ae - ®*, as shown in Art. 4.4. The transfer function must therefore be 
1 /(* + «)• 

Suppose that the input voltage to the amplifier is cos ut. What is 
the transfer function needed to produce this signal from a unit impulse? 
First recall that a cosine function can be represented by two vectors 
rotating in opposite directions, as shown in Fig. 4.8a. The response 
can be produced by the transfer function l/[2(s — jw)] and the 
vector by the transfer function l/[2(s + jw)]. The block diagram 
to produce the cosine function from a unit impulse is thus as shown in 
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58 

Fig. 4.86. The two parallel paths can be replaced by a single block by 
direct addition of the transfer functions: 


1 I 1 _ _2_ _ 0 (A 15^ 

2(s — ju j) ' 2(s + ju) (s — >>)(« + $ 2 + « 2 

These examples serve to illustrate the method of attack in guessing 
the transfer function needed to produce a given input signal from a unit 
impulse. 



cos (<*>0 



Fig. 4.8. Development of cosine wave: (a) counterrotating vectors; (6) parallel paths. 



Fig. 4.9. Addition of initial conditions. 


Consider now the problem of including initial conditions in an analysis. 
Suppose, for example, that the field current has an initial value tj(0). 
Actually such an initial value would exist because of voltage impressed on 
the field prior to the time which is arbitrarily selected to be t = 0. The 
response after the time t = 0 can be duplicated, however, if a single 
voltage impulse is impressed on the field at the time t = 0 sufficient to 
bring the current to its specified initial value. In this case the impulse 
would be Lii(0), as shown in the block diagram in Fig. 4.9. 

Note that an initial speed n(0) can also be included by impressing a 
voltage impulse T 2 K m n(0) across the motor. 
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4.8. Feedback as Superposition of Signals 

Closing a feedback loop around a block makes the input to the 
block a function of its own output. An attempt to solve this by 
superposition of signals leads to a geometric progression. The 
summation formula is a function of s for which the poles must be 
found before the transient response can be expressed. 

The analysis thus far has developed a complete solution of the original 
system shown in Fig. 4.3 except that the feedback loop has not yet been 
closed. The output of the block 
for a known input can be written by 
inspection; therefore a solution for 
the closed-loop system based on the 
open-loop response appears to be 
desirable. Such a solution can be 
expressed by considering each out¬ 
put signal to be a new input signal 
to the block, as indicated in Fig. 

4.10. 

A unit-impulse input to the block 
having a transfer function F(s) pro¬ 
duces an output. This output is in 
turn fed back through the block 
producing an additional output. 

This process continues, with each new portion of output signal being fed 
back to produce still another part of the output signal. The total out¬ 
put is thus a sum of terms as indicated. The transfer function from the 
input to the total output is then of the form: 

I? (s) = F(s) - [F(s)P + [F(s)Y - [F(s)Y + • • • (4.16) 


(a) 



Fig. 4.10. Superposition of feedback 
signals. 


An approximation to the output can be made by considering only the 
first few terms of the series. The approximation will be reasonably good 
for the first portion of the transient, but continuing the series soon 
becomes impractical. A simpler expression of the over-all transfer func¬ 
tion may be obtained by recognizing that the series is a geometric progres¬ 
sion with the ratio — F(s), for which the summation formula is 



1 + F(s) 


(4.17) 


The poles of this transfer function are the zeros of the function 1 + F(s). 
These values of s correspond to transients of the form e“ which exist 
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for the closed-loop system. The same relationship between 0 < and 0 O may 
be found more directly as shown below: 



1 + |w = 1 + 


1 

F(8) 


1 + F(s) 
F(s) 


(4.18) 


The zeros of (4.18) will thus be recognized as being the roots of the 
characteristic equation. 

Thus no matter what the approach might be, the roots of the character¬ 
istic equation must be found in order to express the transient response 
as a sum of terms of the form e*‘. 


4.9. Summary 

If the transfer function from an input to an output 0 O is known in 
factored form, then the transient response of 0 O for a unit impulse at 0 < 
can be written by simple rules summarized in this article. 

Given the transfer function from 0 < to 0 O in factored form: 



e » m _ U - s/?i)(l ~ s/q 2 ) • • • 

0 ,- w (1 - s/pi)(l - s/p 2 ) • • • 

(4.19) 

The input 0 ,- is 

a unit impulse; the output transient is then 


in which 

e„ = Aie Plt + A& pt -f • • • 

(4.20) 


Ai = [(« - Pd f; (s)] _ n 

(4.21) 


In Laplace transform terminology, the function (4.19) from which the 
output transient is computed is called the transform of 6 0 and is denoted 
as 0 o (s). The function of s from which 0 ,- can be found is in turn called 
the transform of 0 < and is denoted as 0 ,(s). The interchangeability of 
transfer functions demonstrated in Art. 4.5 in turn justifies the relation 

0.00 = §7 000,00 (4.22) 

The Laplace transform itself provides a rigorous basis for the relation¬ 
ships developed in this chapter: Appendix A contains a problem solved 
by the Laplace transform method and a concept of the meaning of a 
transform. 
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CHAPTER 5 


THE FREQUENCY-RESPONSE METHOD 


The control of the output of a system by a signal which depends upon 
the error between input and output is the basic reason for the accuracy 
of a control system. When an error signal is amplified sufficiently, how¬ 
ever, the system will almost always develop a continuous oscillation 
with no external input being required. One of the prime advantages of 
the frequency-response method is that it provides some understanding 
of the requirements for this condition of instability and suggests means of 
avoiding it. An oscillation of the output when the input is fixed means 
that the error signal must be simply the output signal itself, changed 
in sign. The error signal, however, is transmitted through the amplifier 
and actuator components of the system to produce this output. This 
transmission must, therefore, involve shifting the error signal by 180° 
and keeping the net amplitude ratio unity. The frequency-response 
method uses the ratio of output to error for sinusoidal signals of various 
frequencies to determine the changes necessary to avoid instability. The 
transient response of the system is then determined separately or approxi¬ 
mated from the frequency-response characteristic. 

5.1. Difficulties with the Classical Method 

The classical method involves setting up the characteristic equation 
of the system in polynomial form, inserting numerical values, and 
solving for the roots. This particular procedure, however, loses the 
identity of the physical parameters of the system and thus does not 
suggest the changes needed to improve the system. 

A simple cubic system (Fig. 5.1) will serve to illustrate the classical 
method of solution, although a higher-order system presents the real 
difficulties. The differential equation relating 6 , to 0„, represented by 
the transfer function in the block, is 

"■-( 1 + ri a )( 1 + r ' a)f (5J > 

The equation represented by the junction point is 

Oi = Bo + 6, (5.2) 

61 
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Substitution from (5.1) into (5.2) gives 


#.-», + [g (l + T, (l + T, jQ] ^ (5.3) 

The transient response of the system consists of functions of the form 
Aef* which will satisfy the equation when the input 0 , is zero. Substitut¬ 
ing d 0 = Ae“ into (5.3), 


'_1 

K 


0 = Ae* + 7 ? (I + TV)(1 + 7V) sAe“ 


(5.4) 


Note that the factor Atf* is common to all terms and may be canceled, 

leaving an algebraic equation in $: 


1 . 

K 



(1+T 1 8)(1 + T 2 8)S 

\ 



_J 


0 = 1 + (1 + T\s)(l + 7*2' 


(5.5) 

Fig. 5.1. Block diagram for cubic system. 

This equation is called the “char¬ 
acteristic equation” of the system, and the values of s which satisfy it are 
called “roots.” j^ach root, such as s, corresponds to a function of the 
j prm Ae“ which w ill satisfy (5.3) and thus can exist as a transient in the 
system. 

The classic procedure at this point is to expand the function in (5.5) 
to a polynomial of the form 


a„s n + a n -is n ~ l + 
In this case the result is 


-f- fliS + do = 0 


(5.6) 


r, r, 

K 


s :i + 


T\ + To. 
K 


s 2 + ^ + 1 = 0 


(5.7) 


Note that the coefficients of this polynomial are combinations of the 
original system parameters 7\, T 2 , and K. The addition of another 
function 1/(1 + TV) in the transfer function from 6 e to 0 O would raise 
the equation to fourth degree, and the complexity of the coefficients 
would become greater. Note that this complexity arises even though 
the new time constant T 3 may be short compared to the other ones, Ti 
and T 2 , and therefore might be reasonably expected to have only a small 
effect on the roots of the equation. 

Several different procedures to find the roots of an equation of this 
form might be used. One of the simplest procedures is Routh’s criterion 
(see]Appendix D) to determine whether any root has a positive real part. 
Such a root would correspond to a transient which would build up with 
time, and a system with such a root would be unstable. Consider a 
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third-degree system in which numerical values for the parameters are 
substituted and the coefficients calculated: 

a 3 s 3 + a 2 s 2 -f ais + o 0 = 0 (5.8) 

The system can be shown to be stable if 

l 0301 — a3ao > 0 (5.9) 

A more complete statement and a simple proof of this criterion are 
given in Appendix D. The advantage of understanding the proof is 
that simplifications in the calculations are then permissible, and the 
criterion can be extended to determine whether any root has less than a 
specified damping constant or damping ratio. 

Various extensions of Routh’s criterion have been devised; these 
usually involve plotting the limits of stability in terms of system param¬ 
eters. Regardless of the merits or possibilities of these procedures, the 
frequency-response method is now much more widely used because its 
concepts and plots suggest means of improving the system. 


5.2. Frequency-response Concepts 

The concepts developed by the frequency-response method are some 
of its most valuable contributions to the study of control systems. 
These concepts will, therefore, be considered first, independent of the 
calculation details. 

The simplicity of the frequency-response method is achieved by break¬ 
ing the over-all problem into several small steps. First a component is 



Fig. 5.2. Vector representation of sinusoidal signals at various points around the 
control loop. 


described by the transmission of a single sine wave. If a test is made, 
the measurements are not made until all transients have died out. The 
component is then described by the phase shift between the input and 
output sine waves and the ratio of magnitudes of these waves. For two 
components in series, the output of the first component is the input 
to the second. The total phase shift of a sine wave is then the sum of the 
individual phase shifts; the amplitude ratio is the product of the indi¬ 
vidual amplitude ratios. The entire part of the system from 6 e to 0 O in 
Fig. 5.1 is treated as a unit in Fig. 5.2. 

The sine waves are all represented by the corresponding vectors; 
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instantaneous values can be obtained by projecting the vectors onto a 
fixed axis. The 0, vector is chosen as the reference and has unit magni¬ 
tude and zero angle. The loop is broken at 0 e , but the input which 
would be necessary to produce the given 0* vector can be found by a 
simple vector diagram, as shown on the left side of Fig. 5.2. The above 
process could be carried out step by step for a very complicated system 
in order to find the relative magnitudes an d pha se angles be tween sing 
waves which must exist in the steady state. 

The vector picture described above for one frequency could be obtained 

for any other frequency. Keeping 0, as 
a reference, the locus of the 0 O vector for 
the various frequencies noted in paren¬ 
theses is shown in Fig. 5.3. 

Note that the head of the 0» vector 
follows the same locus. The ratio of 
magn itudes of the 0 O vector to the 9, 
vector is seen to be greatest at a bout 
w = 4. The system will be sh own to be 
stable for this shape of locus iTthe inter¬ 
section of the locus with the negative real 
axis is inside the — 1 point. 

These concepts are independent of the 
details of the various plots used in the 
frequency-response method. The trans¬ 
fer function of a block for a given fre¬ 
quency, for example, might be measured 
directly from the component itself or cal¬ 
culated from the equations. -Th e_plot versus frequency can be made as a 
ve ctor locu s or as separate plots of magnitude andjihase angle ; __Ii^the 
latter case logarithmic coordinates prove to be convenient. These details, 
though necessary in calculations for a given system, should not be allowed 
to confuse the over-all picture. 

5.3. Single-time-delay Components 

The most common form of transfer function which arises in con¬ 
trol systems is that of a simple time delay, +1/(1 + Ts). Its 
response with increasing frequency will be shown to start at unity 
and to develop phase lag and attenuation approaching 90° lag and 
complete attenuation. 

The transfer function 1/(1 + Ts) arises from the differential equation 
6i = (1 + Ts)d 0 = e 0 + T ^ (5.10) 



Fig. 5.3. Output and input vectors 
for fixed error signals of various 
frequencies. 
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This form of equation arises for a component having a single form of 
energy storage, such as the inductive field and motor described in Chap. 
2. The relationship between and 6„ is desired; therefore 6 0 will be 
taken as the reference, where 0 O is equal to 0 O sin at or 0 o e ,w< . The 
vector 0 O is shown in Fig. 5.4, with the instantaneous value being the 
projection on the vertical axis. The derivative of d 0 is a sine wave 90° 
ahead of 6 0 , as shown by 

T d ^p = TOojae^ (5.11) 


The vector for 0,- is then the vector sum o f 0 O and juTQ 0 . The locus 
of 0,- for a given 0* and various values of a is a vertical line passing 


Projection 

axis 



Fig. 5.4. Voltage required to pro- Fig. 5.5. Locus of output vector of com- 
duce a sinusoidal current in an ponent with transfer function 1/(1 + Ts) 

inductive field. for fixed input vector. 


through the head of the 0 O vector. The ratio of input to output of a 
component is called the inverse transfer function because the ratio of out¬ 
put to input is usually considered. The direct transfer function can be 
plotted by fixing 0,- as the reference vect or and ke eping the rel ationship 
between vectors the same as in Fig. 5.4. The result is that 0 O traces a 
semicircle as a varieslbecause the angle between the 0 O vector and the 
jwTQo vector must be 90° (see Fig. 5.5). 


5.4. Quadratic Components 

Components having two forms of energy storage have a transfer func¬ 
tion of quadratic form. If the damping is greater than a critical 
value, the quadratic can he factored into two simple time-delay 
functions. If the damping is considerably less than critical, the 
system is resonant at a particular frequency. 

A mechanical system with a spring and mass or an electrical system 
with inductance and capacitance have two forms of energy storage. The 
torsion system shown in Fig. 3.14a is used as an example in this article, 
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except that the left end of the spring is driven through an input angle 



Fig. 5.6. Input required to produce fixed Fig. 5.7. Locus of output for fixed input 
output for various frequencies. of various frequencies. 


0». The differential equation is then 

K(0i - do) = D ^ + J ^ (5.12) 


For studying frequency response let 0, = 0 < e»"' and 0„ = 0 o e , “‘ in (5.12). 

Simplifying the resulting equation gives 




J<A) 


0.- = 0o + ^ (jw)0o + (Jw) 2 0O 


(5.13) 


The output angle 0 O is the reference 
vector; the dotted line of Fig. 5.6 is the 
locus of the 0< vector necessary for vari¬ 
ous values of «. _ Not e that 0,-is initially 
uLpJaase wit h 0 O for low values of 00 but 
Tnust leadlQo byanangle <f> which in¬ 
creases as w increase s. The angle d>is 
90° for w = ft>o* The minimum magni¬ 
tude of the 0< for the given curve occurs 
at a slightly lower value of «. The cor¬ 
responding plot of the variation of 0„ for 
a given 0< for various values of co is 
shown in Fig. 5.7. 

Another picture of the characteristics of a quadratic system is obtained 
by factoring the function in (5.13): 


(a) 

Fig. 5.8. Frequency response of 
quadratic component from the poles 
of the transfer function: (a) position 
of the poles; ( b ) vectors from poles 
to the jco axis. 


Qo 

0, 


1 


- Pl 


-Pi 


(1 - >>/p,)( 1 — jw/pi) jw - piju — Pi 


(5.14) 
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The poles p x and p 2 are the two values of s given in (3.51) and are, in 
general, complex numbers, as plotted in Fig. 5.8a. The designation w„ 
for the j part of pi and p 2 is used to distinguish it from wo, which is the 
magnitude of p\ or p 2 , and w, which is the general frequency variable. 

The frequency response can be pictured by treating every factor in 
the final form of (5.14) as a vector, as shown in Fig. 5.86. Thus jw — p x 
is a vector from the pole pi to a point on the j axis, jw. For w = 0 the 
vectors cancel; as w increases, the vectors based on the poles p x and p 2 
both rotate counterclockwise. The resonance of the system near w ~ w„ 
is shown by the decreased length of the vecto r jw — Pi7 


5.5. Open-loop Response 

A control system involves several components acting in series so that 
the output of one is the input to the next. The total phase shift is 
thus the sum of the individual phase shifts, and the total attenuation 
is the product of the individual attenuations. 

A typical control loop is shown in Fig. 4.1. The purpose of the 
control loop is to make the output shaft follow the input shaft. The 
error angle is measured as a voltage, which is amplified electronically 
and impressed across on the field of a generator. The generator voltage, 
which is proportional to the field current, is impressed across the motor 
terminals so that the motor drives 
the output to reduce the error. The 
analysis of the system is simplified 



Fig. 5.9. Complete vector diagram of 
system. 


by opening the loop, because then 
the output is not fed back to the am¬ 
plifier. If a sinusoidal error voltage 
were impressed on the amplifier, all 
the other signals could be determined 
in vector form as shown in Fig. 5.9. 

The vectors are identified by symbols for the circuit elements them¬ 
selves in order to emphasize the concept of the output of one component 
being the input to the next. The transfer function from field voltage 
to field current is a simple time delay, as discussed in Art. 5.3. The 
transfer function from motor voltage to resultant speed is the same form 
of function, but the time constant is much larger and so the phase shift 
is greater for a given frequency of signal. The transfer function from 
motor speed to motor angle is pure integration: 


e 0/ . v 


fNe’ at dt _ (1 /jw)Ne iut 


Ne iul 


Ne iut 




(5.15) 


Thus for sinusoidal signals, integration produces 90° phase lag, regard¬ 
less of frequency, and attenuation inversely proportional to frequency. 
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The system shown in Fig. 4.1 was shown in Art. 4.2 to be described 
by the block diagram in Fig. 4.3. The voltage v/ shown in Fig. 4.1 is a 
terminal value; the voltage Vi is the open-circuit output voltage of the 
amplifier. The transfer function from 0« to 6 a is the product of the 
individual transfer functions: 


Qo 

e. 




(5.16) 


A symbol such as (0 o /0«)(s) is used for a transfer function from the 
signal 0, to the signal 0 O because the signals involved are identified. A 
check that all the individual transfer functions are included is permitted 
by noting that the numerator of one function should be the denominator 
of the next function. The part of the symbol (s) indicates that the value 
of the function depends upon the value of s. For sinusoidal signa ls, 
„ s = 7 (o, a s noted in Arts. 4.3 and 5.3. Some functions such as 

(F e /0«) (s) = Kr 


are simply constants, in this case the voltage obtained in the error¬ 
measuring system per unit error angle. Substituting in (5.16) the func¬ 
tions determined in (4.2), (4.3), and (5.15) gives 


I* ( ju) - K,K . 


1/ft, 


1 + T\j(d 


Ko 


l/K m 1 
1 + T jo) 


(5.17) 


The product of all the constants in (5.17) is called the static loop 
gain K: 


K = K r K a 


Ri 


K n 


(5.18) 


The gain K is the steady-state speed of the output s haft for a unit 
error angle d e . A dynamic loop gain may be defined as the ratio of 
amplitudes of motor angle and error angle for a specific val ue of oi. The 
dynamic gain is then the static gain times the attenuation of the fre¬ 
quency-dependent portions of the transfer function. 

The transfer function (0 o /0«) (ju) is called the open-loop transfer func¬ 
tion because the feedback loop is open for measurement of a quantity 
like static loop gain. 

For a very low value of u, the phase angle of the vector (0 o /0«)(jw) is 
90°, owing to the integration of motor speed to angle, and the magnitude is 
very large. As the frequency is increased, the phase shifts due to T\ and 
Ti become significant, and the attenuation also increases. Finally at 
very high frequencies, the phase shift approaches 270° with complete 
attenuation. 
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5.6. Stability 

A closed-loop system can maintain continuous oscillation at a fre¬ 
quency which makes the loop transfer function have a phase shift 
of 180° if the dynamic loop gain is unity. A system is said to be 
stable if any such oscillation will damp out. The loop frequency- 
response curve indicates stability if the — 1 point is to the left of the 
curve as traced for increasing frequency. Nyquist’s criterion is 
based on the position of the roots and will be proved in Chap. 6. 



Fig. 5.10. Effect of loop gain on 
frequency response. 


The frequency-response method is based on the concept of steady- 
state conditions for sinusoidal signals. Thus, the characteristics of a 
system with the feedback loop open can be 

measured by impressing a sinusoidal signal I i axis 

on the amplifier input and measuring the 
voltage signal fed back. 

Any one curve in Fig. 5.10 is a vector plot 
of (0 o /0e) (ju) for a particular value of K and 
various values of o>. Increasing gain in- 
creases the l ength of a ve ctor without chang¬ 
ing the angle . The frequency o> c is that 
which makes (Q 0 /Q e )(jw) have an angle of 
180°; the gain K 2 is that which makes the 
magnitude of (0«,/0«)(jWc) = 1. For the 
gain set at exactly K 2 an oscillation started 
at frequency w e will maintain itself at con¬ 
stant amplitude. In an actual test setup a 
value of gain slightly greater than K 2 will cause an oscillation to build up J 
to an amplitude such that some component starts to saturate, thus reduc- ^ 
ing gain to K 2 . For a system with a frequency-response curve of the J 
simple shape shown in Fig. 5.10, the curve must cross the negative-real/ 
a xis insi de the — 1 point for the system to be stable. 

The stability of a system in general cannot be judged by a single point 

along its frequency-response curve. 
Thus, a system with special circuits 
in the amplifier can have a loop 
transfer function as shown in Fig. 
5.11 and be stable. The point at the 
frequency u> 2 has a phase shift of 180° 
and a dynamic loop gain greater than 
unity, just as co c has in Fig. 5.10 for K 3 ; yet the system is stable. Recall 
that each point on the curve is computed or measured for a constanUampli- 
tude sinusoidal signal. If the curve misses the —1 point, the oscillation 
will either build up or dec ay. The transfer function-for^, damped sine 



j axis 


Fig. 5. 11. A conditionally stable system. 


Digitized by 


Goggle 


Original from 

UNIVERSITY OF MICHIGAN 



Generated on 2020-05-20 08:05 GMT / https://hdl.handle.net/2027/mdp.39015002933185 

Public Domain, Google-digitized / http://www.hathitrust. 0 rg/access_use#pd-g 00 gle 


70 


CONTROL-SYSTEM DYNAMICS 


wave (Chap. 4) wi ll, in gener al , havemore-phasent.t.pnngt.jrm 
than an undamped s inn wn,vo o£ t.hp muns frpgnpnny Such a signal will 
make the loop transfer function equal to — 1 if the — 1 point is to the left 
of the curve as traced for increasing frequency. This concept is developed 
further in Chap. 6 to determine the roots of a system from its frequency- 
response characteristics. 

The Nyquist criterion of stability is based on correlating the position 
of the roots on the complex plane with the frequency-response curve.—A. 
simple state men t of„the cri terion is that a . system is stahl c if the loop 
frequency-response curve does not “enclose the_ —1 j x>int. ” In some 
cases, however, this is not clear unless the transfer function is plotted 
for the complete path of the variable s, which encircles the right half 
plane. The simple statement of the criterion applies only to systems in 
which the inner loops are stable. These considerations can be under¬ 
stood best perhaps by the proof itself, which is presented in Chap. 6. 

5.7. Closed-loop Response 

Loop gain is normally selected so that the system is stable by a 
sufficient margin that the resonant peak of the closed-loop frequency 
response is approximately 1.4. The closed-loop response can be 
obtained from the open-loop response by vector addition and the value 
of gain determined almost directly. 

A criterion of stability determines the limiting value of loop gain which 

is allowable. A margin of stability 
is necessary so that the closed-loop 
response does not have too high a 
resonant peak, as can be shown by a 
vector diagram (Fig. 5.12). The 
error vector is taken as unity, and the 
output vector at the frequency wi is 
then the vector from the origin to the 
curve as shown. The input vector 
is the sum of the error and output 
vectors, which could be obtained by 
the usual parallelogram construction. 
A much simpler procedure, however, 
is to shift the tail of the (0,/0«)(jw) 
vector to the — 1 point with its head 
at the (0 o /0«) (Ju) point on the curve. 
The ratio of output to input is then 
simply the ratio of vector lengths to the point on_the curve. A s higher 
values of u are considered, the heads of the vectors follow along~the curve 

i >■ ■ ./ 

f ...: «T 



Fig. 5.12. Closed-loop frequency re¬ 
sponse as a ratio of vectors. 
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and pivot about the origin and the — 1 point. The maximum ratio will 
be obtained at a frequency u m at which the (9</0 e )(jo)) vector is nearly 
perpendicular to the curve' Note that if gain were increased, the curve 
would approach the —1 point and the resonant peak would approach 
infinity. 

The ratio of the output to the input at any frequency is called the 
ipapnifioation factor fo r t he closed loop and is denoted bv M . The 
determination of M Is aidecT by drawing a set of curves in the complex 
plane at which the M values are constant. These curves prove to be 
circles with centers offset along the real axis. The procedure to obtain 
a particular value such as M = 1.4 involves some trial and error. The 
loop curve is first plotted to a convenient scale with a reasonable value 
of gain Ki. The position of the — 1 point is then shifted until the ratio 
of the vector lengths (0 O /0«) (jco) /(9,/9 e ) (ja>) is 1.4. The shift of the — 1 
point, changes the sc ale of the drawing, and the gain K of the system is 
^changed by the same factor. This construction is not explained in detail 
because the vector plot of the in¬ 
verse function is preferable. 

The vector plot of the open-loop 
inverse transfer function (0«/©„) (ju) 
differs from that of the direct trans¬ 
fer function in that the phase angles 
are reversed in sense and the magni¬ 
tudes are the reciprocals. The 
system in Fig. 5.1, whose open-loop direct transfer function is shown in 
Fig. 5.12, has an inverse plot as shown in Fig. 5.13. The closed-loop 
function is now also in inverse form: 

~U<^) = 1 + |‘ (i«) (5.19) 

Vo Vo 

The vector (0,/0 o )(jw) is made larger by 1 than the (0 C /0 O ) (jw) vector 
by shifting its tail to the —1 point as shown. The reciprocal of the 
vecto r , length (9</9 u ;K . 7» ) -4s—now the. majgnificatio n~Factor M, and tfie~ 
"phase shift from 9.- to 9„ is given bv the angle <p c ._ 

The selection of gain such that the maximum value of M is 1.4 cor¬ 
responds to making the minimum value of (0i/0 o ) (jw) equal to 1/1.4, or 
0.7. The function (0«./9 o ) (jw) is first plotted using some reasonable 
value of gain K\. Using the original scale of the plot, a circle arc is 
drawn about the — 1 point with radius 0.7. If the arc misses the fre¬ 
quency-response curve, then the —1 point is shifted farther from the 
origin, thus changing the scale of the drawing, which corresponds to 
increasing the value of gain K. A circle arc about the new — 1 point is 
drawn with a radius 0.7 based on the new scale. This process is repeated 



Fig. 5.13. Closed-loop transfer function 
using inverse transfer function. 
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until the circle arc is just tangent to the frequency-response curve. For 
some shapes of the frequency-response curve no solution will be possible. 
An approximate solution for many systems, however, is that 

| (j«) = 1 /140° 

for which (0</0 O ) (ju>) = 0.7/70°. 


5.8. The Effect of a Feedback Function 

The output signal may pass through a transfer function in the 
feedback path before being subtracted from the input. Stability is 
judged from the transfer function completely around the loop. 

A system is often improved by mounting a tachometer on the output 

shaft to obtain a voltage propor¬ 
tional to the speed of the shaft. 
The signal to the amplifier is then 
determined by both the speed and 
the angle of the output shaft. The 
block diagram in Fig. 5.14 shows 
the net result after simplifications 
which eliminate voltages as sepa¬ 
rate signals. The differential equa¬ 
tion represented in the feedback function is 

6 f = 0o + T 3 ^ (5.20) 

Stability is determined by the transfer function around the loop. 
The function (0//0 o ) (jw) (0 O /0 O ) (j«) would have to be plotted in Fig. 5.10 
for the stability criterion stated in Art. 5.6 to be applied. The signal 
to the amplifier is no longer the error between input and output and is, 
therefore, denoted as 6 a rather than 0«. The relation between input and 
output is most easily expressed in terms of inverse functions. 

I 1 (Jo) = jr (Jo) + jr (Jo) (5-2D 

KJo v7o Uo 




\ 

K 


r~ ► 


\ 


•r 



1 +t 3 » 

i 1 




Fig. 5.14. A system with tachometer 
feedback. 


For the particular case of the transfer functions given in the block 
diagram of Fig. 5.14, (5.21) becomes 



(1 + Tis)(l + T 2 s)s 
K 


+ (1 + Tzs) 


(5.22) 


If the gain K is high, then the first term is small, so that the inverse 
transfer function (0j/0 o ) (ju>) is approximately equal to the feedback 
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function 1 + T 3 s. This result is true only for signals of a frequency 
less than that which makes the absolute value of the first term on the 
right in (5.22) small compared to the second term. This characteristic 
is occasionally used very effectively 
in improving the performance of a 
system by compensating for an un¬ 
desirable transfer function of a com¬ 
ponent. A closed loop is used with 
the function in the feedback path 
of the loop approximately equal to 
that of the component. The over¬ 
all transfer function of this loop is 
then approximately the reciprocal 
of the transfer function of the 
component. 

The actual transfer function of 
the loop in inverse form can be obtained by vector addition, as shown in 
Fig. 5.15 for the given system of Fig. 5.14. The approximation is valid 
to the extent that the vector (0</0o)O'w) is the same as the vector 
(0//0 o ) (ju). 

5.9. Logarithmic Plots 

Logarithmic plots permit simple straight-line approximations for a 
first-order transfer function. Multiplication of amplitude ratios 
can then be accomplished by addition of logarithms. The closed- 
loop response can be approximated readily, but reasonable accuracy 
requires the use of a special conversion chart. 

The transfer function of a first-order system can be described by 
separate plots of amplitude and phase versus frequency. Use of a 
logarithmic scale for frequency permits simple straight-line approxima¬ 
tions for each curve, as shown in Fig. 5.16. The abscissa is plotted to a 
logarithmic scale with the numerical value of a gives. The logarithm ! 
of the magnitude of the transfer function is commonly expressed in I 
decibels , q denihel being defined as twenty times the com mon logarithm . 
of the magnitude. The following approximations are used: 

1 -I- ju>T = 1 for uT < 1 • (5.23) 

= juT for > 1. (5.24) 

These approximations produce straight lines on the logarithmic plot, 
as shown in Fig. 5.166. The actual value of the magnitude is y/2 at 
wT = 1, for which the logarithmic value is 

db = 20 logic y/2 = 20 X j X 0.301 ^ 3 (5.25) 



Fig. 5.15. Inverse system frequency 
response for system with tachometer 
feedback. 
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The approximation is surprisingly accurate at values of co removed 
from the tewo k pemt at <*T =» 1 . For example, at uT = 2 , the true 
magnitude is 7 db compared to an approximate value of 6 db, an error 
of only 1 db, or 12 per cent. 

The straight-line approximation for phase shift shown in Fig. 5.16a 
is surprisingly accurate also. The approximation is a straight line from 
0° to 90°, starting at wT = 0.1 and ending at wT = 10. The true phase- 
shift curve crosses this straight-line approximation three times and is 

The approximation is particularly con¬ 
venient because the frequency range of 
10 to 1 , called a decade, is easy to 
identify in plotting. 

Note that the presence of the term 
1 1 + juT in the denominator of the 
transfer function causes the phase shift 
to be negative and the decibel value of 
the magnitude to be negative. The 
scale in Fig. 5.16 is such that the mag¬ 
nitude approximation has a slope of — 1 
and the phase-angle approximation has 
a slope of — £• 

Consider now the construction of a 
logarithmic plot for an open-loop trans¬ 
fer function of the form 

0o r . _ K 

Qe (1 + 7^(1 + T*j<*)j<* 

(5.26) 

attenuation. Figure 5.17 is basid oa K = 1 , 1/7Y 

=* 1, and 1 /T 2 = 4. 

The straight-line approximation to the magnitude curve will first be 
established. For co < l/Ti, the function is simply 1 /co, which is plotted 
as a line with slope of —1 having an ordinate of 0 db at co = 1. For 
l/Ti < co < l/Ti, the function is approximated by l/co*Tj, which is 
plotted as a line with a slope of —2. For co > l/Ti, the function is 
approximated by l/uPTiTi, which is plotted as a line having a slope of 
—3. A better approximation to the true magnitude can now be obtained 
by sketching a curve which is asymptotic to the straight lines but falls 
below the break points l/Ti and l/Ti by 3 db. 

The phase-angle curve is likewise first approximated by straight-line 
segments. For co < 0.1/Ti, the phase shift is 90°. At co = 0.1/7\, a 
decade ahead of the break frequency l/Ti, the angle function takes on a 
slope of in accordance with the approximation shown in Fig. 5.166. 


never in error by more than 6°. 




Fig. 6.16. Frequency-response ap¬ 
proximations for transfer function 
1/(1 + Ts): (a) phase angle; (6) 
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At a = O.I/T 2 , a decade ahead of the second break frequency, the slope 
of the line doubles, becoming —1. This slope is continued to a decade 
past the first break frequency, <0 = 10/Ti, after which the slope becomes 
—f. The final asymptote is 270° after « = 10/7Y 
The stability of the system with the feedback loop closed is judged by 
Nyquist’s criterion, although some imagination is required at first. The 
function has a magnitude of 1 when its decibel value is zero. At this 
frequency, the phase shift is less than 180°. A vector plot of this simple 



Fig. 5.17. Frequency-response plot for K/( 1 + T 18 ) (1 + T t s)s. in which 1 /T 1 = 1 , 
i/r, - 4, K = 1. 

function would thus come inside the —1 point, and hence the system 
would be stable. A gain factor K = 2 can be introduced into the transfer 
function in (5.26) simply by lowering the 0-decibel line of Fig. 5.17 by 6 db. 
The 0-decibel line can be lowered 14 db before dynamic loop gain is 
unity at the frequency which produces a phase shift of 180°. The system 
would then be unstable, making K = 5 the limit. 

The gain K is usually chosen so that the maximum magnification of a 
signal at any frequency from input to output of the closed-loop system is 
approximately 1.4. A veetor plot such as Fig. 5.12 will show that this 
maximum magnification often occurs when the open-loop function is 
nearly unity in magnitude at an angle of 140°. On a logarithmic plot 
the frequency «i at which the open-loop phase angle is 140° is located as 
shown in Fig. 5.18. The 0-db line is then adjusted to intersect the 
magnitude curve at this frequency. The closed-loop transfer function 
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then has a phase angle of 70° and a magnitude of 1.4, corresponding to a 
decibel value of 3. 

Denoting the open-loop function (0<,/0«) (jw) as KG (jet), the closed-loop 
function can be shown to be 



KG(jat) 

1 + KG(jw) 


(5.27) 


For w <3C wi, KG(jca) 1 , and therefore (0 o /0,) (/«) = 1. For w » «i, 
KG (jot) <5C 1, and therefore (0 O / ©<) (j<x>) = KG(ju). The remainder of the 



Fig. 5.18. Approximate closed-loop frequency response for the loop function given in 
Fig. 5.17. 

closed-loop transfer-function curves are sketched on the basis of the 
above limits. The middle portion of the curve is usually needed to a 
greater accuracy than that permitted by just one point; this greater 
accuracy can be achieved by use of a special conversion chart. 

The conversion from open-loop to closed-loop frequency response 
depends upon the length and phase angle of the open-loop-response 
vector, not upon the frequency at which this occurs. The length of the 
vector is identified in Fig. 5.17 logarithmically in decibel value; thus, it is 
convenient to make the conversion to closed-loop response in terms of 


Digitized by 


Goggle 


Original from 

UNIVERSITY OF MICHIGAN 



Generated on 2020-O5-2O 08:07 GMT / https://hdl.handle.net/2027/mdp.39015002933185 

Public Domain, Google-digitized / http://www.hathitrust. 0 rg/access_use#pd-g 00 gle 


THE FREQUENCY-RESPONSE METHOD 77 

these units. The open-loop characteristic can be plotted as a contour 
of decibels versus phase angle, as shown in Fig. 5.19. 

The plotting of the contour curve from the data in Fig. 5.17 is facili¬ 
tated by making the scale of the two figures the same. Plotting the 
contour on a transparent sheet makes 
it possible to mark the lengths directly 
from Fig. 5.17 without having to read 
values and replot points. This trans¬ 
parent sheet, or overlay, has a 45° line 
for convenience in shifting from ver¬ 
tical lengths to horizontal lengths. 

Thus, the overlay is shifted horizon¬ 
tally until the 45° line intersects the 
phase-angle curve (point 1). The 
abscissa on the overlay is then the 
same length as the ordinate for the 
phase angle. A vertical line through 
point 1 intersects the magnitude curve 
at point 2; this point is marked on the overlay, thus giving decibels versus 
phase angle on the overlay. A similar procedure determines other points 
along the curve as indicated. This overlay now describes the open-loop 



quency response: (a) attenuation; (5) phase angle. 

frequency response of the system in the range for which KG(ja>) is of the 
same order of magnitude as unity. 

The overlay can now be placed on a special conversion chart to deter¬ 
mine the closed-loop response of the system, as shown in Fig. 5.20. The 



Fig. 5.19. Plot of attenuation versus 
phase angle obtained from Fig. 5.17 
by using an overlay. 
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overlay can be shifted vertically to increase the value of the gain K from 
the original value of 1. A maximum magnification of 3 db can be 
achieved by shifting the overlay until the contour becomes tangent to 
the 3-db curve of the conversion chart in Fig. 5.20a.. The allowable 
gain increase is 2 db, which is nearly the same as the value obtained 
by the approximate method in Fig. 5.18. Other points for closed-loop 
response can be read from these conversion charts to obtain a reasonably 
accurate curve in the region of the resonant peak. Other methods of 
finding closed-loop response from open-loop response can, of course, be 
used, including the plotting of a vector curve from the logarithmic data. 


5.10. Use of Integral Circuit 

An integral circuit permits static gain to be increased by providing 
a corresponding attenuation of the signal. The time constants of 
the circuit are selected so that little phase lag is introduced at the 
frequency at which the system tends to oscillate. 

An integral circuit and its characteristics in logarithmic form are shown 
in Fig. 5.21. The transfer function of the circuit can be set up as the 
ratio of impedances: 


Vo / \ ~b I/C 2 S _ 1 + TjS 

Vi Ri -|- i?2 "I - I/C 2 S 1 -f- Tis 


(5.28) 


The ratio of time constants is commonly taken to be 10:1, so that the 


*1 



Fio. 5.21. An integral network: (a) the 
circuit; (6) the frequency-response 
characteristics. 


attenuation provided by the circuit 
for frequencies above 10/T 2 is 20 db. 
A phase lag is necessarily present in 
the frequency range near the break 
frequencies, l/7\ and 1/7Y This 
lag need not complicate the stability 
problem, however, if 10/T 2 is made 
to occur at or below the frequency 
for which the magnitude of the open- 
loop function is nearly 1, as illus¬ 
trated in Fig. 5.22. 

The light lines, solid and dashed, 
on this figure correspond exactly to 
those of Fig. 5.17. The heavy lines 
show the characteristic of the open- 
loop transfer function when the inte¬ 
gral circuit is in series and the ampli¬ 
fier gain is raised by 20 db. The 
phase shift of the new system, shown 


by the heavy dashed line, is now 135° over a wide range of frequency, but 
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the phase shift at the frequency of O-db crossover of the magnitude curve 
is not increased by more than 6°. The magnitude curve starts 20 db 
higher at the low-frequency range, but the attenuation provided by the 
integral circuit brings the curve back to its former characteristic for 
frequencies above 1/T 2 . 

The closed-loop response is not appreciably affected by the addition 
of the integral network. At low fre¬ 
quencies, the response is approxi¬ 
mately 1, as before. The one point 
established at 0-db crossover will be 
nearly the same as before because 
the phase shift is nearly the same. 

Finally, for high frequencies, the 
characteristics of the system are the 
same. 

An integral circuit is ideally used 
in applications where a low error is 
required during time intervals in 
which the input is stationary or has 
a constant velocity. The voltage 
needed across the motor, and hence 
Vo in Fig. 5.21, is then essentially con¬ 
stant. The capacitor thus has time to achieve nearly full charge, which 
eliminates the attenuation of the circuit, permitting a lower error voltage. 

5.11. Use of Lead Circuit 



Fig. 5.22. Modification of the system in 
Fig. 5.17 by addition of the integral net¬ 
work in Fig. 5.21. 


A lead circuit produces a phase lead over a particular frequency 
band, with a corresponding amplification of the signal necessarily 
present. The time constants of the circuit are selected so that the 
maximum lead is attained near the frequency for which the remain¬ 
der of the open-loop transfer function is 180°. This circuit permits 
the loop gain to be increased, and this in turn raises the frequency 
of the resonant point of the closed-loop response. 


A lead circuit and its characteristics in logarithmic form are shown in 
Fig. 5.23. The transfer function from v\ to V 2 can be written as a ratio 
of impedances: 


V 2 / x _ q (1 + Tis) 

Vi W 1 + aTiS 


(5.29) 


in which 


T 1 = R 1 C 1 


Ri 

R\ R? 
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The form of this transfer function is seen to be the same as that for 
the integral circuit, but the numerator time constant is now larger than 
that of the denominator. The logarithmic characteristics are thus sim¬ 
ilar but are inverted. The change in magnitude with frequency, here 
denoted as a, is again taken to be 10 for convenience. 

The effect of this circuit on the system of Fig. 5.17 is shown in Fig. 
5.24. The characteristics of the system before and after the addition 
of the lead circuit are identified. The lead break frequency l/7\ is 
made equal to the frequency at which the original system had a magnitude 

of 0 db. Note that the phase lag is 
-Pi decreased by the trapezoidal pattern 

introduced by the lead circuit. A fre- 
..I quency of co a is now required to make 
v 2 the total phase shift 140°, as seen at 



Fig. 5.23. A lead network: (a) 
the circuit; ( b ) the frequency-response 
characteristics. 


Before 

After 



Before' 

After- 

Fig. 5.24. Modification of system in 
Fig. 5.17 by addition of the lead net¬ 
work in Fig. 5.23. 


point P. This result means that the gain can be increased by 10 db to 
make the 0-db crossover of the magnitude curve occur at this frequency 
(point P). The closed-loop response of the system will have essentially 
the same shape as that of Fig. 5.18, except that the resonant frequency 
will be increased. 

A lead circuit is applicable in a closed-loop system in which the cutoff 
frequency must be raised. The cutoff frequency is the frequency above 
which the system attenuates the signal. It requires an increase in 
amplifier gain to compensate for the attenuation of low-frequency signals 
in the lead circuit. The use of this circuit by itself has the disadvantage 
of amplifying high-frequency signals, which are often spurious signals, 
or noise, which should be attenuated. 
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5.12. The Question of Transient Response 

The frequency-response method avoids the problem of finding the 
roots of the characteristic equation by opening the feedback loop and 
describing the system by its steady-state response to sinusoidal sig¬ 
nals. Stability of the system is determined, methods of improving 
the system are suggested, and the final result is the frequency 
response of the closed-loop system. If transient response is needed, 
conversion of data or a complete new solution is necessary. 

The application of frequency-response concepts to control systems 
arises from the similarity of the closed-loop system to a feedback ampli¬ 
fier. The feedback amplifier is involved in systems in which the signals 
are usually considered to be sinusoidal, and the frequency response of the 
amplifier is, therefore, exactly the information desired. A control 
system, on the other hand, is subject to a wide variety of inputs such as 
are involved in tracking a moving target. The transient response is 
then needed to determine some quantities, e.g., the time required to 
lock in on a new target. This problem can be solved in any one of 
several ways; the preferred approach will depend to some extent upon 
the individual experience of the worker. 

One approach is to use the frequency-response method to determine the 
optimum system, using criteria such as maximum magnification of 3 db, 
and then to set up and solve the differential equation of the system to 
find the transient response. Another approach is to use the frequency 
response of the closed-loop system to obtain the transient response by 
some form of evaluation of a Fourier integral. Another approach is to 
correlate the frequency response and transient response of many systems, 
using test results or machine calculation. 

All these methods entail concepts different from those involved in the 
frequency-response method itself, and thus this problem is considered in 
the next chapter. 
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CHAPTER 6 


TRANSIENT RESPONSE FROM 
FREQUENCY RESPONSE 


The frequency-response method is valuable because it suggests the 
changes necessary in a system to improve its performance. Similarly, 
a method of finding the transient response from frequency-response data 
is most valuable in so far as it suggests the changes needed in the fre¬ 
quency-response curve to produce a desired transient response. On this 
basis the methods studied in this chapter are those which determine 
the zeros and poles of the system transfer function. The poles of this 
function are the roots of the characteristic equation of the system and 
describe the transients of the form e*‘ which can exist in the system. 
The amplitudes of terms can be determined easily using the results of the 
Laplace transform in Chap. 4. 

Two methods of finding the system transfer function in factored form 
are considered: curve fitting and conformal mapping. Each method 
involves trial and error, but each one is reasonably fast. Curve fitting 
is particularly appropriate for the logarithmic plots versus frequency. 
Conformal mapping is best suited to the vector plot of the inverse loop 
transfer function. It will be shown that a pattern of curvilinear squares 
can be sketched using the vector plot as a boundary to determine the 
complex numbers which make the loop transfer function equal to — 1. 
Study of this method is not essential to understanding the root-locus 
method in Chap. 7. 

6.1. Asymptotes on Logarithmic Plots 

A system whose logarithmic response curve can be approximated by 
straight-line asymptotes has a transfer function which is a product 
of terms of the form 1 -f Ts. The phase-shift characteristic pro¬ 
vides a check on the function. 

Finding the transfer function of a system with known frequency- 
response characteristics is the reverse problem from that considered in 
Chap. 5. Therefore, it is appropriate to illustrate the procedure using 
the logarithmic plot developed in Fig. 5.17. 
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The curves are known in this case by direct calculation, but the same 
type of curves might be obtained by experimental measurement of 
equipment. Finding the asymptotes is a trial-and-error process; the 
first trial is usually best made on the basis of the attenuation character¬ 
istic alone, as shown in Fig. 6.1. 

The low-frequency asymptote with a slope of unity, or 20 db/decade, is 
easy to establish accurately. The location of the break points for the 
succeeding asymptotes is not so certain. The fr equency values at the 
break poin ts are the re ciprocals of 
the time co nstants in t he transfer 
function^ The approximation TcT 
the attenuation characteristic thus 
determines the transfer function, 
which in turn determines a phase- 
shift characteristic. For this first 
trial, the actual phase shift of the 
system is less than that of the as¬ 
sumed function. This deviation 
can be corrected by shifting the 
break points to slightly higher fre¬ 
quencies. Successive trials are 
made until the attenuation and 
phase-shift curves are both 
matched. The location of the 
break points may not be critical; 
if the errors in mismatch of the fre¬ 
quency characteristics are small, 
then the error in the transient- 
response plot will also be small. 

Frequency-response data ob¬ 
tained experimentally present two problems: errors in measurement and 
unexpected factors in the transfer function. Phase-shift measurements, 
for example, are usually less accurate than attenuation measurements; 
therefore, more attention should be devoted to matching the attenuation 
curve than is given the phase-shift curve. On the other hand, the phase- 
shift angle at the high-frequency end of the data is often greater than that 
expected from the attenuation characteristic by more than can be attri¬ 
buted to experimental error. Recall, however, that a transfer function of 
the form 1/(1 + Tyco) introduces 15° phase shift for coT = *, whereas the 
magnitude of the function is just 1.03. In comparatively rare cases, the 
phase shift in the middle of the range of measurements may be greater than 
appears to be consistent with the attenuation curve. Such a character¬ 
istic can arise with bridge circuits, having a transfer function such as 



Fig. 6.1. Asymptotic approximation to a 
frequency-response curve. 
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(1 — Ts)/{ 1 + Ts). The numerator term in this function produces 
amplification and phase lag at frequencies above l/T. Frequency- 
response characteristics having sharper changes in attenuation and phase 
shift than can be matched by straight-line asymptotes indicate the 
presence of quadratic terms in the transfer function of the system. 

6.2. Quadratic Functions 

A closed-loop function usually has a resonant peak in its attenua¬ 
tion characteristic at some frequency. Curve fitting is aided by use 
of a set of curves for quadratic functions with the damping ratio as 
parameter. 

Consider the closed-loop frequency response determined in Fig. 5.18. 
| C The resonant peak in the amplitude 

/"■n ( curve cannot be matched by any 

+3 -/ - \xy 3 -combination of straight-line asymp- 

* 0 ^ \ _totes. The transfer function has a 

v4 5 \ quadratic factor for which the poles 



Actual curve 


|W=0.4 

"A \ 

\ \ 

\ \ 

\ \ 


Fig. 6.2. Characteristics of a quadratic Fig. 6.3. Matching a quadratic curve to 

function 1/(1 + 2 {s/u 0 + «*/<»«*): (a) a frequency-response curve, 

attenuation; ( b ) phase angle. 

are complex numbers. The characteristics of quadratic functions can be 
depicted by a set of curves like those shown in Fig. 6.2. 

These curves are in completely dimensionless form: w/wo is the ratio of 
frequency to the undamped natural frequency of the quadratic, wo; f is 
the damping ratio, or the ratio of damping constant a to wo. A quadratic 


Digitized by 


Gok 'gle 


Original from 

UNIVERSITY OF MICHIGAN 




Generated on 2020-05-20 08:17 GMT / https://hdl.handle.net/2027/mdp.39015002933185 

Public Domain, Google-digitized / http://www.hathitrust. 0 rg/access_use#pd-g 00 gle 


ROOTS FROM FREQUENCY RESPONSE 85 

system with a given damping ratio has a characteristic curve which has 
the same shape regardless of w 0 . The actual response curve can thus be 
placed on the quadratic curves at any position along the co axis for best 
fit, as shown in Fig. 6.3. The given curve appears to have the best fit 
with the quadratic curve with a damping ratio of 0.4. The difference 
between the two curves can then be plotted to obtain the characteristic 
of the remaining factors of the system transfer function. In this case 
a first-order factor with break point at 1/Ti appears to match the remain¬ 
ing characteristic. The transfer function is thus completely determined, 
and the transient response of the system can be written by inspection 
using the inverse Laplace transform or the method described in Chap. 4. 

If the effect of changing gain is to be studied, the closed-loop function 
must be plotted from the loop function and the curve-fitting procedure 
repeated. A method of determining the poles of the closed-loop func¬ 
tion directly from the loop function is desired. The Nyquist criterion 
of stability ensures, on the basis of the open-loop frequency response, 
that these poles have negative real parts. A proof of this criterion based 
on vectors in the complex s plane will suggest a conformal-mapping means 
by which the poles themselves can be determined. 


6.3. Nyquist Criterion of Stability 

The Nyquist criterion, for simple systems, states that the system is 
stable if the curve of the open-loop transfer function versus frequency 
does not enclose the — 1 point. The precautions which are neces¬ 
sary for applying the criterion to complicated systems can best be 
appreciated by understanding the proof of the criterion itself. 

The proof of Nyquist’s criterion is very simple in principle, as will be 
demonstrated in this section. Consider the simple system shown in 
Fig. 5.1. The roots are the values of s which satisfy the characteristic 
equation: 


!•'(.) - 1 +§!(.) - 1 + (‘ + + Tab 

xjo 1/0 A 


= 0 


( 6 . 1 ) 


Assume that these roots are known, and designate them as n, r 2 , and r 3 . 
The characteristic equation can then be rewritten as 

n8 ,,|-.( 8 ).( 1 _£)( 1 -!)(,_£) 

r±±s) ( 6 . 2 ) 

This function F(s) can be sketched versus frequency as a parameter 
very easily by using the vector relations shown in Fig. 6.4. Note that 
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the roots r x and r 2 are assumed to be a complex conjugate pair and the 
third root is along the negative real axis. For a particular value of jw, 
s is a vector with its head at the jw point and the tail at the origin. The 
factor — ri is a vector from the root r x to the origin. The vector jw — r x 
is the sum of these two vectors, or a vector from the r x point to the jw 
point. Similarly other factors in the numerator of (6.2) are vectors 
from the other roots to the jw point. The product of these vectors is_a , 
vector whose phase angle is the sum of the p hase angles and whose 
magnitude is the product of the magnitudes. The denominator factors 
are constant and have no net phase angle. For a particular value of s 
as shown in Fig. 6.4a the function in (6.2) is the vector shown in Fig. 6.46. 



(a) (6) 

Fig. 6.4. Mapping the boundary of the right half plane of the s plane in the F(s) plane: 
(a) the vectors from the poles of F(s); ( b ) the vector plot of F(s). 

Note that, if the s point starts at the origin and moves up the axis, 
all the vectors with heads at the s point will rotate while pivoting at 
the roots. The function F(s ) will be the continuous curve shown in 
Fig. 6.46. Note that, as the s point approaches j «, each variable vector 
approaches j «, making the function approach 270°. This part of the 
curve determines the stability of the system, although the full proof 
requires that the path of the s point be completed around the right half 
plane. When the s vector moves in an arc back to the real axis, all the 
vectors in the function swing from 90° to 0°, making the function curve 
swing back through 270° as shown. As the path of the s point continues 
around the lower right half quadrant, each of the function vectors is the 
same as before in every respect, except that the phase angles are opposite 
in sign. The function curve thus becomes the mirror image about the 
horizontal axis of the curve for s tracing around the upper right half 
quadrant. 

The vector from the origin to the function curve in Fig. 6.46 has no 
net rotation for s tracing a path which encloses the right half plane. If 
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the roots r j and r 2 are in the right half plane, however, the vectors a — r\ 
and a — r 2 would each make a complete revolution and the F(a) function 
vector would make two revolutions. 

The F(s) function curve, however, can be obtained from the loop 
transfer function by adding 1 as seen in Eq. (6.1). If (0,/9 o )(s) is 
plotted about 0 as the origin, then the curve for (0,/0<>)(s), or F(a), is 
obtained simply by shifting the origin of the curve to the —1 point. 
The number of roots lying in the right half plane then corresponds to the 
number of rotations of the vector from the — 1 point to the inverse loop 


90° 



Fig. 6.5. Effect of indentation around the origin in the s plane on the plot in the KG(s) 
plane. 


frequency-response curve. The critical part of the criterion is simply 
that the curve for the inverse function must swing outside of the — 1 
point. 

The Nyquist criterion using the direct loop transfer function is more 
common and illustrates the care which must be exercised in using the 
criterion. The plot of the direct transfer function as viewed from the — 1 
point is 


— (9) = 1 4 - — f«A = — TjaHi 

0, w ^ 0« W (1 + TisXl + T 2 s)s 


= 1 + KG(s ) 


(6.3) 


Actually only the numerator is of interest in locating the roots; the 
presence of the denominator factors is just a necessary evil. In particu¬ 
lar, these latter factors may cause rotation of the function vector in 
(6.3), which must be taken into account. 

Consider the plot of the direct transfer function shown in Fig. 6.5. 
For a moving up the ju axis from near the origin the direct func¬ 

tion curve moves from —j °o to approach the origin along the +j axis. 
The function is zero for the entire sweep of the a point around the right 
half plane. The motion of the a point up the — ju axis produces a func¬ 
tion curve which is the mirror image of the previous curve. At this 
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stage of plotting, one cannot say whether or not the vector from the — 1 
point to the function curve makes a complete revolution. It all depends 
upon whether the curve is closed at infinite radius to the right or to the 
left; the path of the function curve in turn depends upon the path 
chosen for the s point near the origin. For path A, to the right of the 
origin, the function curve closes around the right half plane. For path 
B, to the left of the origin, the function curve closes around the left half 
plane. In this latter case the vector to the function curve rotates 
counterclockwise one revolution, corresponding to the s vector in the 
denominator of (6.3) making one revolution clockwise. The number of 
rotations of a function vector is equal to the difference between the 
number of zeros and the number of poles of the function which lie in the 
right half plane. When using the Nyquist criterion for a multiple-loop 
system, therefore, the function being plotted should be expanded as in 
(6.3) to determine if any poles are in the right half plane, for they cancel 
rotations due to zeros in that half plane. 

6.4. Finding Roots by Conformal Mapping 

A grid of squares in the s plane maps into a grid of curvilinear 
squares in the function plane. Conversely, a grid of curvilinear 
squares can be sketched in the function plane, using the frequency- 
response curve as a boundary, to determine the complex values of 8 
which make the loop transfer function equal to — 1. 

The vector plots used in proving Nyquist’s criterion provide a rapid 
method of estimating the value of a function of s for complex values of s 
as well as for values along the ju axis. Thus consider the problem of 
plotting the value of the inverse system function in (6.2) for values of s 
in the region of r x . In particular, a grid of squares in the s plane will be 
shown to map into a grid of curvilinear squares in the function plane, as 
shown in Fig. 6.6. 

Note first that for s = r x in the s plane, the function in (6.2) must be 
zero because the factor s — ri is zero. In the region near s = r x the 
other factors in (6.2) are nearly constant, which means that the changes 
in the function are due almost entirely to the changes in the vector s — r x . 
A grid of squares in the s plane would thus be expected to map into a grid 
of squares in the function plane which are only slightly distorted. The 
plot in the function plane (Fig. 6.6b) is somewhat similar to plots of 
static electric or magnetic fields. Such plots are characterized by lines 
which cross at right angles and by curvilinear squares which, if sufficiently 
subdivided, become true squares. These properties can be shown to be 
true for the function plot by considering small increments, as shown in 
Fig. 6.7. 
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The increment in the function F(s) in (6.2) can be expressed as 

A F(s) = As (6.4) 

The derivative dF{s)/ds has a perfectly definite value for the given 
value of s. The increment in the 


function therefore depends entirely 
upon the increment in s. Consider 
the particular point jm- Usually 
the increment in s is A ju, for which 
the function increases by an amount 
along the frequency-response curve 
as shown. But if the increment in 
the variable is — A a, perpendicular to 
Aja, then the. increment in the func¬ 
tion must be perpendicular to the fre¬ 
quency-response curve. Similarly, 
if the magnitudes of the increments 
in s are taken to be the same, then 
the magnitude of the increments in 
the function must be the same. 
Thus if a pattern of small squares is 
made in the s plane, this grid will map 
into a curvilinear grid in the function 
plane with each element being essen¬ 
tially a square. Such a map is said 
to be conformal. A function of s can 
be conformally mapped in any region 
tion has a definite value. 


<*> “ 2.0 — j — 

01 «1.5-J— 

= 1.0-j r ( - 
- 

r 3 cr=-0.5 

(a) 



Fig. 6.6. Conformal map: (a) square 
grid in the s plane; ( b ) the F(s) plane. 


which the derivative of the func- 



(a) ( b ) 

Fig. 6.7. Proof of conformal mapping: (a) increments in the 8 plane; ( b ) corresponding 
increments in the F(s ) plane. 

The conformal-mapping property of a transfer function provides a 
means by which the values of the complex roots may be estimated from 
the frequency-response curve. The vector plot for the inverse loop 
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function in Fig. 5.1 is shown in Fig. 6.8 for K = 1 . The roots of the 

characteristic equation are the 
value of s which make this function 
equal to —1. The value of the 
function for complex values of s can 
be estimated by sketching a con¬ 
formal map using the frequency- 
response curve as a boundary. In¬ 
terpolation gives the value of the 
root as 

ri = — 0.4 + j‘0.85 


The amplitude of d transient term can be expressed in terms of a 
derivative of the transfer function. This derivative can be evalu¬ 
ated directly on the conformal map at the — 1 point. 

The conformal-mapping process determines one pair of complex roots 
of the characteristic equation of the system. Previous experience with 
the frequency-response curves suggests that this pair is the dominant 
pair of roots of the system. If a step input were applied, for example, the 
main portion of the output transient would be a damped oscillation 
with frequency and damping rate as specified by the known roots. This 
conjecture could be verified if the amplitude of the transient term could 
be determined. 

The classic procedure would require that all the roots be determined, 
and the solution set up in general form: 



Fig. 6.8. A conformal map sketched from 
a frequency-response curve. 

6.5. Amplitude of Transient Terms 


d 0 = A\e Tlt + A& r * + A z e r * + • • • (6.5) 

The initial conditions are then used to obtain a set of simultaneous 
equations, the solution of which yields all the amplitudes. An opera¬ 
tional method, however, avoids the routine of setting up the simultaneous 
equations and gives the amplitude in terms of the transfer function once 
a particular root is known. Thus using formula (4.21), with a unit step 
involved in the present case, 

Al = [«e; W(S “ ri) l-n = [(1 - s/r,)(l - «/r,)(l - */r,)]_r (6 ‘ 6) 

Either of these forms requires that the transfer function be known in 
analytical form. When using the conformal-mapping process, however, 
the data might be from experimental measurement, which means that 
the form of the function is not yet known. The problem, therefore, is to 
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ROOTS FROM FREQUENCY RESPONSE 91 

determine the amplitude in terms of measurements which can be made 
directly on the conformal map. 

Note that (6.6) involves a numerator and denominator, both of which 
are zero upon substitution of ri for s. This ratio is indeterminate; there¬ 
fore, the ratio will be expressed as the limit of the ratio as s approaches r x . 


A 1 = lim 

*—>r\ 


1 - s/ri 
(0,/0o)(s) 


r — As/ri 

(0,/0o)(«) 


The value of the (0,/0 o ) (s) function can be expressed as 



n+A« 




(6.7) 


( 6 . 8 ) 


But the value of the function at ri is zero; therefore, substituting the 
remaining term of (6.8) into (6.7) gives 



The incremental value As cancels, leaving a definite result, which involves 
the derivative of the function (0,/0 o ) (s) with respect to s. This function, 
however, is just 1 plus the inverse loop function for a unity-feedback 
system: 


d_ 

ds 




( 6 . 10 ) 


A derivative is the limit of the ratio of a change in a function divided 
by the change in the variable. In this case the change in the function 
is a vector on the conformal map, and the 
change in the variable is denoted by the 
values of s on the curves (Fig. 6.9). For 
example, the change in the function be¬ 
tween the lines of constant damping at 
the — 1 point is a vector approximately 
equal to 0.95 /95° with the corresponding 
change in s being +0.5. The change in 
the function between lines of constant 
frequency is approximately 0.8 0/185° , 
for which the change in s is j0.5. The ratio, or derivative, in each case is 
approximately the same, 1.8/95°. 

A more exact calculation can, of course, be made, but this one estimate 
is sufficient for the original purpose of this analysis, i.e., checking whether 
the roots first determined from the conformal map dominate the transient 
response. Solve for A\ from (6.9), using the value of the derivative 



Fig. 6.9. Derivative of a function 
obtained from increments on a con¬ 
formal map. 
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obtained from Fig. 6.9 and ri = 0.95 /115° . The first two terms of (6.5) 
are conjugate complex numbers, as pointed out in Art. 3.9; their sum is 
thus twice the real part of Aie ri * 


2(RAie Tlt 2(R 0 95/1150 18 / 95 ° e OM e’ O S6t 

= l.le~ 0M cos (0.852 - 30°) (6.11) 

A plot of this transient is shown in Fig. 6.10 by establishing the expo¬ 
nential decay envelope l.le _0 - 4< and then multiplying by — cos (0.852 — 30°). 



Fig. 6.10. Transient response corresponding to root determined in Fig. 6.8 and ampli¬ 
tude determined in Fig. 6.9. 


This oscillation nearly satisfies the steady-state amplitude conditions 
required for the entire transient. The initial conditions are, of course, not 
satisfied because all the transient terms are needed to satisfy all these 
conditions. If the initial part of the response is not important, then the 
analysis need not be carried further. A complete solution, however, can 
be obtained, as indicated in the next article. 

6.6. Complete Solution 

Complex roots correspond to a quadratic factor in the transfer func¬ 
tion. Subtracting the frequency-response curve of this factor from 
the system curve permits the other factors to be determined. 

The frequency-response curve in Fig. 6.11 is that of the inverse system 
function if the — 1 point is taken to be the origin. All the roots must be 
determined before the complete transient solution can be expressed. 
Supposedly the conformal map could be extended farther and the other 
roots found, even if they are real numbers. Such a plot would be difficult 
to sketch and probably inaccurate because of the extent of extrapolation 
from the frequency-response curve which would be required. A simpler 
procedure is to subtract the frequency-response characteristic known to 
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ROOTS FROM FREQUENCY RESPONSE 93 

be produced by the quadratic factor. Subtracting the frequency response 
of this factor leaves a remainder which is reasonably well matched by 
1 + Ts in which l/T = 4. 

The procedure for more complicated systems can be the same as for 
this system. Some complications arise, however, when the frequency- 
response curve bends around the — 1 point. A conformal map built up 



(a) (6) 

Fig. 6.11. Elimination of frequency response due to known quadratic factor: (a) plot 
of the inverse frequency-response curve and the quadratic; (6) the remaining fre¬ 
quency-response characteristic. 



from one portion of the curve then overlaps the map built up from the 
other side (Fig. 6 . 12 ). Two sets of complex roots are then present. A 
convenient procedure in this case is to make a rough estimate of one 
pair of roots and subtract the frequency response which would be due 
to this factor. The remaining curve can then be used as the boundary 
for curvilinear squares without overlap being present. The roots thus 
determined will not be exact, because the estimate of the first set of 
roots is not correct. The roots thus determined correspond to a quadratic 
factor whose frequency-response curve should be subtracted from the 
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original curve in order to make an improved estimate of the first pair of 
roots. This process can be repeated if necessary until consistent values 
of each pair of roots are obtained. 

Removing a known factor from a vector plot involves subtracting 
phase angles and dividing vector lengths. 

6.7. Conformal Mapping in Logarithmic Coordinates 

The conformal-mapping technique used with vector plots can be used 
with logarithmic plots of attenuation versus phase angle if a con¬ 
sistent set of units is used. 


The techniques of curve matching and conformal mapping can be used 


^- 90 * 



Fig. 6.13. Conformal mapping using 
logarithmic plots: (a) the curvilinear 
square grid in the a plane; (6) the con¬ 
formal map of log F(a). 


in combination if the conformal- 
mapping technique can be justified 
with logarithmic coordinates. The 
transfer function is treated as a 
vector quantity, to permit its log¬ 
arithm to be taken: 

log 2 r (*) = log Re ’* = log R + j<t> 

( 6 . 12 ) 

The real part is the logarithm to 
the base e of the magnitude of the 
function, for which the units are 
nepers. The j part is the angle of 
the vector expressed in radians. 
The units normally used for servo 
plots are decibels and degrees, each 
of which is an arbitrary choice. A 
consistent plot can be obtained,how¬ 
ever, if the distance representing a 
magnitude ratio of e is the same dis¬ 
tance as that for an angle of 1 rad; 
then 20 db, representing a factor of 
10, is 2.3 nepers, for which the angle 
scale should be 2.3 rad, or 132°. 

The justification of a conformal 


map is the same as before; the increment in the function is proportional 


to the increment in the variable. Recall that the increments in the vari¬ 


able must be uniform in making a conformal map. In the vector plots 
these increments are a constant numerical change in <r and ju. For the 
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logarithmic plots the increments in the variable are more convenient in 
logarithmic form: 

log s = log = log coo + (6.13) 

The increments in log co 0 are a factor of 2, or 0.7 neper, and 40°, or 0.7 
rad, as shown in Fig. 6.13a. 

The conformal map is sketched in much the same manner as before, 
extending lines perpendicular to the frequency-response curve first, and 
then sketching lines roughly parallel to the curve separated by equal 
distances. Some adjustment is usually necessary to make squares 
throughout by curving the lines. The corresponding grid of fines in the s 
plane is shown in Fig. 6.136. 

The damping present is dependent upon the open-loop gain selected. 
For K = 1 , as in Fig. 6.136, the loop function is 180° in angle and unity 
in magnitude at « 0 = 0.93 and f = 0.45. This result checks the value 
of r 1 obtained from the vector plot in Fig. 6.8. 

6.8. An Introduction to the Root-locus Method 

A root-locus plot in the s plane is the map of the negative real axis 
of the function plane. If the loop transfer function is known, the 
root-locus plot can he obtained more easily from it than by con¬ 
formal mapping from a frequency-response curve. 

The conformal maps provide a picture of the effect of loop gain on the 
values of the dominant complex roots of a system. Thus in Fig. 6.8 a 
change in gain effectively changes the position of the —1 point in the 
vector plot and thus the value of the complex roots. In Fig. 6.13 a 
change in gain shifts the position of the 0-db fine and thus the values 
of the complex roots. The maps thus provide a means of selecting 
loop gain to achieve the desired amount of damping in one mode of the 
transient response. If the frequency-response data are known only by 
experimental measurement, this mapping procedure is necessary. If 
the loop transfer function is known, however, calculations using complex 
values of s directly are preferable to calculations using only values of jw, 
with conformal mapping for the rest of the plot. The locus of the 
position of the roots with varying loop gain is the locus of values of 
the complex number s which make the loop transfer function have a 
phase shift of 180°. This locus proves to be established readily using 
the zeros and poles of the loop transfer function as pivot points for 
vectors. The loci of all roots are obtained. A knowledge of the con¬ 
formal-mapping process used in this chapter is helpful but not necessary 
for making root-locus plots. Therefore, a separate introduction to the 
method is made in the next chapter in a way which does not depend 
upon frequency-response methods. 
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CHAPTER 7 


THE ROOT-LOCUS METHOD 


The root-locus method is a graphical method for finding the roots of the 
characteristic equation of the form F(s) + 1 = 0, in which F(s) is in 
factored form. A single-loop control system has this form, where F(s) 
is the direct transfer function around the loop for a system with negative 
feedback. The factors of F(s) are the transfer functions of the com¬ 
ponents. If any component is known only by frequency-response data, 
then an approximation, like that discussed in Chap. 6, must be used to 
obtain its transfer function in analytic form. Then the_ze ros and poles 
of F(s) are jjlpttediiL-the s plane and used as the basi s for sketching the 
locus of r oots versus the l oop gain as a variable . The method can also 
be applied to other problems nthe equation can be put in the specified 
form, as illustrated in Chaps. 8 to 10. 

7.1. Roots of the Characteristic Equation 

The purpose of this section is to introduce the root-locus method 
in a way which does not depend upon the frequency-response 
method. This will be done by setting up the differential equation 
for a simple system and solving it by the classical method. The 
same problem will then be solved using the “transfer-function” 
concept. In either method the critical step is finding the 11 roots” 
of the lt characteristic equation ” 

In order to permit comparison of methods, the system to be con¬ 
sidered is the same as that used in earlier chapters. The schematic 
diagram is shown in Fig. 4.1 and the block diagram in Fig. 5.1. For the 
present purposes, it is sufficient to state that the relationship between 
variables is described by the following differential equations: 


0 e = Bi - B 0 (7.1) 
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A single differential equation which relates the input to the output 
0 o can be obtained by substituting from one equation into another. 
Specifically, substitute n from (7.4) into (7.3), then i x from (7.3) into 
(7.2), and finally 6 , from (7.2) into (7.1), with the result 

n n I 1 ddo T\ + Ti d 2 0o | T 1 T 2 d 3 d„ 

* - Vo -I- K dt -I- K dti -I- K dt3 

in which 

K = K r K a 

_ ti\ ti. m 

If Oi is given as a function of time, then part of the problem is to find 
the steady-state function of time for the output which will satisfy the 
differential equation (7.5). But, independent of this, the output can 
have a transient solution which makes the right-hand side of (7.5) equal 
to zero. These transient functions can be shown to be of the form e**, 
with the value of s being determined by the constants of the system. 
Thus, assume that d 0 = Ae ’ 1 and substitute into (7.5) with the left-hand 
side equal to zero. 

0 = Ae« + ^ sAe“ + Tl + - s 2 Ae*‘ + s 3 Ae“ (7.7) 

Note the very convenient result that the derivative of is simply se ,t . 
All terms in (7.7) have the same function of time, Ae“, which may there¬ 
fore be canceled, leaving an algebraic equation in s. 

° = 1 + ^ S + T - s 2 + s* (7.8) 

A value of s which satisfies this equation represents a function of time 
of the form e*‘ which will satisfy the differential equation with the input 
zero. The equation is called th ^characteristic equation of the system, 
and the values of s which satisfy it are called roots of that equation. 
This is a third-degree equation; hence there are three roots, r x , r 2 , and r 3 . 
The transient response will thus be of the form 

do = A ie rit + A 2 e r, ‘ + A 3 e r *‘ (7.9) 

The values of the amplitudes A x , A 2 , and A 3 are determined by the 
initial conditions of the problem. 

Consider now the same problem solved in the form of transfer functions. 
Make the following substitutions in (7.1) through (7.4): 

d e = 6,e“ di = d 0 = ©oC*' 

i x = I x e '* n = Ne ,( 


(7.5) 

(7.6) 
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Cancel the common factor e*‘ throughout to obtain 


e. = e, - e, (7.10) 

KrKaQ, = Rt(l + T l s)h ~ (7.11) 

K a h - jKT m (l + T t s)N (7.12) 

N = sQo (7.13) 


Express the ratio of the output variable to the input variable in each 
case: 


> 


KrKJR ,! 

1 + Ti« 

KJKn> 

1 + 

1 


(7.14) 

(7.15) 

(7.16) 


Such functions, called tr ansfer f unctions, desc ribe the relationship 
between two variables and can be treated as algebraic quantities. The 
transfer function from 0« to 0 O is thus the product of the individual transfer 
functions: 





_ K _ 

(1 + 7\«)(1 + Tts)s 


(7.17) 


The transfer function from 0< to 0 O can be expressed as 


0o , \ _ (Qq/Q«) (s) 

e, w 1 + (e./e.)(«) 


(7.18) 


The algebra is simplified in this case, however, if the inverse transfer 
function, or ratio of input to output is considered. 


0i 

0 o 


2 M -1 + §-•(.) -1 + 


(1 + Tis)(l + T 28 
K 


(7.19) 


Note that, if the ratio (0,/0 o ) (s) is specified to be zero, then (7.19) is 
the same as the characteristic equation obtained by the classical method 
in (7.8). This result should not be surprising because exactly the same 
combination of equations is obtained in either case, even though in the 
classical method s did not replace d/dt until the substitution of an assumed 
solution of the form e‘ l in the final differential equation. 

A significant difference in concept is present, however. The transfer 
functions of the individual components can still be identified in (7.19), 
whereas, in the form (7.8) in which (7.19) has been expanded into a 
general polynomial, the coefficients involve a combination of parameters 
such as (Ti + T 2 )/K. In a control-system design, the effect of changing 
the basic parameters, such as 7\ and K, must be known._ Therefo re, any 
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meth od w hich, Ur tv ro\me* the • rdota should do so in a way which pre¬ 
serves, theeffeet of these parameters. Note also that (7.19) is simpler let 
form than (7,S) in that the factois of (%/0,>)($) are already known. This 


making 




Ths probUjin of ji.fi'ii'i-ii -h nbT/.-: of • y b.t-.i, veafcr lilt: tmrnAup o. 
■ . of *••'<:/: t'o->:;oi •••..-. • ■«/;,'• xfbjbfff cofth f 

'Thr-se .wafers csfesvitt' Jd shhT ’//to/i v$£*sd 


JFja; 7 J. Vector hivolyed in tie. Piov 7 . 2 ..Vectors having a common 

heoiomcy reapon&e of the function .fur point. 

*70 T TV)*. 

.Iftkvfefci-: 7.1 as a vector.; As the yAlue of uj is varied,, the 
heads' of -aij' tMvioidiis. shift together,- Tins plot suggests that ail vectors 
to.itfp at the s point. Tuht result cait be aoMevea 
by faetbrmgout the coefficient <sj s from each term io (7.20), The 
same is true, of course, for the direct transfer tunetiom which is usually 
considered. 

(7..2:1) 


c ■ " ^((Iplpn/rd i- s)s 

The diagram for cOHijmting the frequency response of the transfer fiine- 
tioii of (7.2!) is then as shown in Fig. 7.2. 

The value of w may now be alhuved to a«#utm j various values along t he 
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vertical axis, and the heads of all vectors follow the s point with the tails 
fixed at 0, —1/Ti, and — 1 /TV These fixed points are denoted by 
crosses in Fig. 7.2. 

In seeking to find roots, however, the value of s must be allowed to 
have a complex value a + ju rather than being limited to jw. The 
vector diagram of Fig. 7.2 is then altered merely by shifting the value of 

s off the ju axis to a complex value, 
as shown in Fig. 7.3. 

This diagram provides a ver y rap id 
means of estimating t he value o f the 
transfer function for complex values of 
s. Each term 'of the~function is 
treated as a vector; the produ ct of 
terms is thus a vectorjv hose a ngle is 
t he sum of the angles and whose mag¬ 
nit ude is the product of t he .magni¬ 
tude s. The conditio n (or roots ex - 



~1/7*2 * -lAi 

Fig. 7.3. Vector using a complex value 
of 8. 


pressed i n (7.21 ) can be thus considered to be two separate conditions: 


00 + 01 + 02 = 180° 


K 


Ti\(l/Ti) + s T 2 \(l/T 2 ) + s s 


= 1 


(7.22) 

(7.23) 


The condition (7.22)_that the sum of the phase angles be 180° is mor e 
easily considered first, and an entire locus of values called the locus^of 
roots will be shown to satisfy it. The second condition (7.2 3) is that 
t he absolute magnitu de of the loop tr ansfer functio n be unity . The 
magnitude condition depends upon the static gain K and is considered 
later. 


7.3. Sketching the Locus of Roots 

The locus of roots is the path of all values of s for which the sum of 
the angles of the vectors from the poles and zeros of the openJtQop 
function is equal to 18(Y\ Special parts of the locus, s uch a s inter- 
vals along the real axis and asymptotes for large values of s, are 
located by inspection, and the remainder of the locusis^then sketched 
roughly. 

For values of s along the real axis, the angle of any vector of the given 
function is either 0° or 180°, as can be seen in Fig. 7.3. To the right 
of the origin all the angles are 0°, and so the locus cannot lie anywhere 
along that interval, since the total of the angles must be 180°. Between 
— 1/Ti and — 1/T 2 , two vectors are 180° and the third is still zero, giving 
a total of 360°, and hence the locus cannot exist in this interval. The 
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locus does exist to the left of the —I/T 2 point, because all three vectors 
are then 180° and so the sum of the angles is 540°, or, subtracting 360° 
for a complete revolution, 180°. 

The locus must somewhere break away from the real axis in order to 
move out to other parts of the 
locus in the complex plane. Such 
a breakaway point can be found 
by consideri ng the s point to b e 
jus t above the real axis, as shown 
in Fig. 7.4._ All the angles shown 
in this figure are small and can be 
expressed in radians simply by^ the 
ratio of t he vertical height to the 
proper base length. Thus , the 
angle by which th e s ve cto r is now less than 18 0° is Aw/x 0 . Similarly, the 
angles of the other vectors are now Aw/xi and Aw/x 2 instead of 0. The 
sum of the angles is then still 180° if the angle by which the s vector is 
reduced is equal to the sum of the angles by which the other vectors are 

increased. 





jco f 


1 

- 

i 

K" 

A co 

-Vr a 

- - x 2 -—* 

*x 0 * 



Fig. 7.4. Determination 
points along the real axis. 


of breakaway 



Aw 

Xo 

G_- 


_ Ac *) . Aco 

X\ X2 


(7.24) 


fc>r r 



3<*>c 


Fig. 7.5. Asymptotic limits of the locus 
for very large values of s. 


K 


Note that the vertical height cancels, 
so that the breakaway point is deter¬ 
min ed si mply by the re ciprocals of 
t he base l engths. 

Another special case to consider 


-1 /T 2 -\/t x 

Fig. 7.6. Determination of crossover 
point of locus on the ju axis. 


arises when the magnitude of s is very large; then the angles of all the 
vectors are essentially equal, as shown in Fig. 7.5. If all the angles are 
equal, they must all be either ± 60° or 180° in order that their sum be 180°. 
Thiis ptwd Tenches of the locus mu st approach asy mptotes which jure at 
an angle of fiQ° with respect to the positive real axis, and thethird branch 
is along the negative real axis. ~ ’' 
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The point at which the locus crosses the^/w axis is of particular sig¬ 
nificance and is also easy to locate, as shown in Fig. 7.6. The angle 
ofthe 8 vector is 90° ; hence the crossing point must be such that the sum 
of the angles of the other t wo vectors is 90 °. This point can be located 



Fig. 7.7. Sketch of the complete locus from 
sections determined in Figs. 7.4 to 7.6. 


responding point on the upper part < 
is the same as 180° or 180° ± n360°, 
angle condition acts merely to make 


in approximate position by sketch¬ 
ing a 45° line from a point between 
the — l/Ti and — \/T% points to the 
jo> axis. The angle fa is then surely 
greater than 45° and the angle fa 
less than 45°. The crossing point is 
correct if the angle a by which <fa is 
greater than 45° is equal to the 
angle <3 by which fa is less than 45°. 

The remainder of the locus is then 
sketched from the breakaway point 
on the real axis through the cross¬ 
over points into the right half plane, 
finally approaching the 60° asymp¬ 
totes (Fig. 7.7). Note that the plot 
is symmetrical about the real axis, 
because all angles on the lower part 
of the locus are equal in value but 
opposite in sign to those for the cor- 
>f the locus. The total angle —180° 
in which n is an integer, because the 
the transfer function negative. 


7.4. Effect of Gain on the Position of the Roots 


The roots lie along the locus at a position determined by the choice 
of loop gain. T he wots start at the poles of the open-loo p funcHon 
^ for zero gain and move out along the locus for increasing g am. 

The locus is obtained by satisfying only the condition that the total 
phase-shift angle of the open-loop transfer function be 130°. The second 
condition for an s point to be a root of the characteristic equation is that 
the magnitude of this function be unity. 


(jl + 7\*||1 H- Tis\\s\ (7 ‘ 25) 

( Inspection of this function shows that, for very small val uesjof g ain 
K, the function can be near unity only if one of the deno minator terms in 
(7.25) is also very small. This condition is satisfied for values of s near 0. 
— l/Ti, and — 1/7Y In the limit, gain K is zero, and the roots for 
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K = 0 must be exactly at these points in_ order thatjfqr_each root.a 
denominator ter m be zero. These points are the j>oles of the open-loop 
t ransfer function .. _4 po le w a value of s which makes a function i nfinite. 
For i ncreasin g gain^ the rpo ts tEus~ eine rge from the poles and move out 
along the locus r a s shown in Fig. 7.8. 

The positions of the roots for successively higher values of gain are 
denoted in Fig. 7.8 by K h K it K 3 , and Kt. The corresponding transient 
responses of the system for a step input are shown in Fig. 7.9. Gain K x 
produces the case of critical damping, in which the system just fails to 
overshoot. Increase in gain to K 2 causes an oscillation to appear, which 



Fig. 7.8. Effect of loop gain on the position of the roots along the Iocub. 

increases in frequency with further increase in gain. The damping is 
gradually reduced until finally at K 3 a resonant system is obtained, in 
which an oscillation will maintain itself. Still further increase in gain 
to K t causes the amplitude of the oscillation to build up, the rate depend¬ 
ing upon how much the gain has been raised above the value which 
produces the resonant system. The effect of the real root to the left of 
— I/T 2 will be shown in Art. 7.9 to be small. 

The estimate of the value of gain needed to put the roots at any par¬ 
ticular position along the locus can be made by eye to an accuracy of 
about 20 per cent. The value of |s| itself depends upon the scale of the 
plot. In Fig. 7.8 the length for 10 is shown to indicate the scale; hence 
the length of the s vector for the point K%, say, would be estimated as 
about 15. A term such as 1 + T\S is estimated as the ratio of two line 
lengths: |l/!Fi + s|/|l/7\|. The length \/T\ + s from the pole —1/7\ 
to the root s is about 20 per cent longer than the length l/7\ from the 
pole —1/Ti to the origin. Therefore the term 1 + T x s is estimated as 
1.2. Note that the scale of the drawing does not affect the value of such 
a ratio. The term 1 + T 2 s is estimated similarly to be near 1 , since 
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Fig. 7.9. Transient responses corresponding to positions of the pair of roots shown in 
Fig. 7.8, neglecting the real root to the left of — 1 /TV (a) K 1 , critically damped case; 
( b) K it oscillation with 0.5 damping ratio; (c) K t , continuous oscillation at constant 
amplitude; (d) Kt, oscillation which builds up exponentially. 



Fig. 7.10. Transients corresponding to various root positions. 

the pole — 1/Tt is about equidistant from the root s and the origin. The 
gain K 2 then satisfies (7.25) by being equal to 

(1 + Ti*)(l + T 2 s)s = 1.2 X 1 X 15 = 18 


A more general picture of the significance of a root is shown in Fig. 7.10. 
The real root <ri is negative and has a time constant of decay of l/|«ri| 
as shown. Similarly a pair of roots at ju >2 corresponds to an undamped 
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oscillation in which the time for 1 rad of oscillation is l/« 2 . In general, 
for a complex root <ri + j« 2 , the transient is a product of two curves 
e° lt and as shown. The other curves show the slower rate of oscilla¬ 
tion of q?i compared to « 2 an d the more rapid decay for cr 2 than for <r 2 . 

The determination of the roots of a system Isnot the endTof thcTanalysis 
of that problem; the form of the closed-loop function and the transient 
response are usually desired. Rather than discuss these topics immedi¬ 
ately, however, an example will be considered which involves a lead term 
and repeated poles. 


7.5. The Effect of a Lead Term 


A lead term introduces a term in the numerator of the direct transfer 
function; the zero is identified by a circle on the plot, and the angle of 
this vector is subtracte d from the angles contributed by the denomi¬ 
nator terms. ' " 





K 

»o 

) * 

8* 

\ 


Consider the system shown in Fig. 7.11. Such a system can arise if 
the motor has negligible damping; the voltage impressed causes a pro¬ 
portional acceleration of the output 
regardless of speed. The signal feed¬ 
back, however, is the sum of the posi¬ 
tion of the output and T times the 
velocity of the output as measured 
by a tachometer. The difference 
between the input signal Oi and the 
feedback signal Of is now the signal 
to the amplifier 6 a . Note that this 


( 

*t 



1+7% 

, 1 




Fig. 7.11. A system involving multiple 
poles and a zero in the open-loop trans¬ 
fer function. 


signal is no longer the error Q», which has been previously defined as being 
the difference between the input and the output. The roots of the system 
are again the values of s which make the transfer function around the loop 
equal to — 1. 

M + If! . (7.26) 


A new effect is now present; the term 1 + Ts is in the numerator 
rather than the denominator, making — l/T a zero. The value of s which 
makes a function zero is called a zero of that function. In setting up the 
plot for the locus of roots, this zero —l/T will be identified by a circle 
rather than a cross, as shown in Fig. 7.12. 

The double pole at the origin, due to the presence of 1/s 2 in (7.26), is 
denoted by two closely spaced crosses, with the understanding, of course, 
that both are actually right at the origin. The phase shift due to the term 
1 + Ts in the function in (7.26) is a lead rather than a lag and hence is 
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subtr acted in findi ng t he net lag of th e loop transfer function. The 
phase shift of the function for the point s is tnen 2<£o — <prT~and the 
condition that s be a root of the function is 


2 <f> 0 — <I>t — 180° 


(7.27) 



In sketching the locus, one might well check the intervals along the 
real axis first. Note that the locus does not exist between the origin and 
— 1 /T, since the two poles at the origin contribute a total of 360° along 
this interval. The locus does exist to the left of — 1 /T 7 . howeve r. Nea r 
t he origin. theTo cusTs along the ju ax i s becaus e each pole contributes 90 ° 

phase shift and the phase lead due 
to the zero at — l/T js negligible. 
This portion of the locus arises for 
very low values of gain, as can be 
seen by inspection of (7.26) when 
both 8 and K have small values. As 
the gain of the system is increased, 
however, the magnitude of s must 
increase, and so the roots move out 
from the origin as noted by the arrow¬ 
heads in Fig. 7.12. 

As the root r\ moves upward, the 
lead from the zero at — l/T increases. 
The lag from the poles at the origin 
must also increase in order to main¬ 
tain the net angle 180° as specified in (7.27). This causes the locus to 
curve to the left as shown by the dashed lines. Looking for an intersection 
with a vertical line through — l/T, one notes that the 90° lead due to the 
vector l/T 7 + s can be balanced by making the phase angle of the vector 
from each pole at the origin equal to 135°, as shown. From this point 
one guesses that the locus curves around and enters the real axis. The 
point of entry into the real axis must be — 2/T 7 , using the small-angle 
reasoning illustrated for the previous system in (7.24). The locus thus 
determined can be shown to be a circle about the point —l/T as a 
center. 

In computing the loop gain needed for a particular point on the locus, 
the magnitude of s 2 is divided by the magnitude of 1 + Ts rather than 
being multiplied by it. 

i»i» 

1 + Ts 


Fig. 7.12. Root-locus plot for the system 
shown in Fig. 7.11. 


K = 


(7.28) 


Fortunately, these two examples involve all the effects which must be 
considered in a single-loop system: zeros and poles of the loop transfer 
function and multiple poles or zeros. Thus one can proceed with the 
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solution of these two problems, being now aware of the effects to be 
encountered in any single-loop system. 


7.6. Aids in Sketching Root-locus Plots 


A root-locus plot can be sketched by using special cases, such as 
intervals along the real axis, asymptotes for large values of s, and 
modification of basic patterns. A summary of all aids, including 
some based on the theory of later chapters, is given in Appendix B. 


The simplest parts of a root-locus plot to establish are the intervals 
along the real axis These intervals have an odd number of zeros and 
poles to the right of the interval. The hr^kawav points from the real 



Fig. 7.13. Root-locus plot for poles distant from the origin. 

axis depend upon the reciprocals of the bq j=p lengths t.n the zeros and 
poles (Fig. 7 ^4). For very large values of s, all angles are approximately 
equal, and theref ore a sy mptotes of the, locus are j it (180^_±^w360°) /m, 
in which n is an integer and m is the excess of poles over zeros - (Fig.’ 7.5). 
Patterns such as that in Fig. 7.12 are basic ones which appear in many 
plots. 

Additional aids will be illustrated by a single example which includes 
the important problem of the choice of scale factor for the plot. Consider 
the case of a system whose loop transfer function is 


P( , = _ K X 125 _ 1 + s/3 1 + s/0.3 

w s(l -+- s)(l -h s/10)(s 2 + 10s + 125) 1 + s/30 1 + s/0.03 K J 
Basic system Lead Integral 

net net 

The first plot is made with a scale such that the most extreme pole at 
—30 can be included, as shown in Fig. 7.13. The terms involved in the 
integral network are approximated as being equal to 10, because the 
measurements to the pole at 0.03 and the zero at 0.3 would be almost 
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equal for s with a value of 3 or larger. The locus intervals along the 
real axis are located as for the previous problem, and the final asymptotes 
for large values of s are at ± 180°/5, ±540°/5, and 180°. The direction 
in which the locus emerges from the pole at — 5 + . 7 10 can be found by 
considering an s point very close to this pole. The angles of all vectors 
to this s point except the vector s + 5 — j 10 can be measured on the 
plot. The s point is then selected such that the angle of the vector 
s + 5 — jlO brings the total angle up to 180°. The dashed loci shown 
are then sketched to curve toward their final asymptotes. Additional 

Jw aids in this sketching process are 
given in Appendix B. 

The plot within the region where 
s is equal to or less than 3 requires 
a new scale, as shown in Fig. 7.14. 
The poles beyond |s| = 3 cannot 
be shown, but their effect must be 
considered. The magnitude of 
the terms in (7.29) such as 1 + s/30 
is about 1 , but the phase angle 
measured at jS in Fig. 7.13 due to 
poles beyond |s| = 3 is 40°. The 
effect of the complex poles on this 
phase shift at this point is shown 
in Appendix B to be almost equal 
to that of two poles at the point P in Fig. 7.13. The effect of the four 
poles on the axis is almost equal to that of four poles at — 20 for any value 
of s within a radius of 3. The function in (7.29) can then be approxi¬ 
mated, for s equal or less than 3, as 



Fig. 7.14. Root-locus plot for region close 
to the origin. 


KQ. + s/3)(l + s/0.3) 
w s(l + s)(l + s/20) 4 (l + s/0.03) 


(7.30) 


The phase shift due to the four poles at —20 is marked on Fig. 7.14 
by straight lines which would converge at —20. The locus is then 
sketched such that the net shift due to the poles and zeros on the plot is 
less than 180° by the angle marked for the four poles. 

Additional aids in sketching plots are given in Appendix B rather than 
being explained throughout the book in connection with individual 
problems. After a plot has been sketched, the parts of the locus of 
interest are then checked, as explained in the next article. 


7.7. Aids in Calculating Root-locus Plots 

All the vectors on the root-locus plot have their heads at the s point 
and their tails at the zeros and poles. The angles and the vector 
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lengths can therefore all he measured at this point. A disk pivoted 
at the s point can he rotated through each of the angles in succession 
to obtain their sum. A logarithmic scale permits the multiplication 
of vector lengths by the addition of logarithms. A plastic device 
incorporating these features is called a Spirule and is described in 
Appendix C. 

A root-locus plot should first be sketched by use of the special cases 
described in the previous sections. A compilation of such aids in sketch¬ 
ing is given in Appendix B. Parts of the locus of interest can then be 
checked by selecting a trial point 
and measuring the total angle of the 
vectors. Note that all the angles 
are present at the s point, as shown 
in Fig. 7.15. A protractor could be 
placed at this point, and the numer¬ 
ical value of the angles read and 
added. A faster procedure, how¬ 
ever, is to pivot a piece of vellum 
or clear plastic at the s point and 
rotate the vellum through each of 
the angles in succession to obtain 
their sum. Pivoting the vellum 
can be achieved by simply pressing 
the point of a pencil on the vellum 
at the s point. Rotation can be 
achieved by putting the sharpened point of an eraser on the vellum over a 
pole of the plot and pushing the vellum with the eraser until the eraser is 
along a horizontal line to the left of the s point. An arrow marked on the 
vellum which is originally aligned horizontally to the right should be hori¬ 
zontal to the left after all the angles have been added if the sum is to be 
180°. Ro ta tion for zeros should, of course, be oppo sit e in direction from 
that for poles. Two trial points in a given region are usually sufficient to 
establish^ pointon the locus by interpolation. An exception is the case of 
two nearly equal roots; for this case any point in the region gives nearly 
180° total phase angle (see Appendix B). The position of the roots, in 
this case, is quite indefinite but is also not critical in computing either 
transient response or the frequency response of the complete system. 

The vector lengths could be measured numerically and multiplied on a 
slide rule. A logarithmic scale, like that shown in Fig. 7.16, however, 
permits the decibel value of each length to be read directly, and these 
values can be added to obtain the total decibel value of the product. 
If the scale is placed at the origin, then the decibel values of all the base 



Fig. 7.15. Phase angles measured at the 
root. 
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lengths, such as l/Ti in Fig. 7.15, can be read and subtracted from the 
decibel value obtained at the s point to obtain the decibel value of the 
gain factor K. This value is subject to a correction for the s vector 
itself, because unity on the scale will probably not correspond to the 
unit length used on the plot. The correction, in this case, is 20 logio x, 
in which x is the numerical value on the plot corresponding to a unit 
length on the scale. 

The above aids in calculation, and more, have been incorporated into 
a plastic device called the “Spirule” (Fig. 7.17). The Spirule consists 


Inches 

VIo 



Fig. 7.17. The Spirule. 


of a disk and arm held together with a light friction fit by an eyelet. A 
pin, mounted in the center of the eyelet with a clear plastic plug, serves 
as a pivot for all calculations at the s point. The arm is rotated, with 
respect to the disk, through each of the vector angles in succession to 
obtain their sum. A logarithmic spiral curve on the arm permits the 
logarithm of a length to be obtained as an angle, so that addition of such 
angles corresponds to adding logarithms. A complete description of the 
Spirule is given in Appendix C. 


7.8. The Closed-loop Function 

The roots of the characteristic equation are the poles of the closed- 
loop transfer function. Knowing the roots thus permits either the 
frequency response or the transient response to be obtained. 

The original expression (7.19) for the ratio of the input to the output 
of the system in Fig. 5.1 is 


e* 

e 0 


( 8 ) = 1 +|( 8 ) = 1 + 


(1 + Tis)(l + T 2 s)s 
K 


(7.31) 
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The root-locus plot, shown in Fig. 7.15, determines three roots which 
make (0</0„)(s) = 0; the root n shown, its conjugate r 2 , and r t along the 
branch to the left of — 1/T 2 . The function in (7.31) can be rewritten in 
terms of the roots as in 


jr (s) = C(s - ri)(s - r 2 )(s - r 3 ) 

V7o 


(7.32) 


The form in (7.32) makes the function zero for values of s equal to 
any one of the roots. The constant C is yet to be specified. First let 
the factors involving s be put in a form such that they are equal to 1 
when s = 0. . 

(7.33) 

Note that function in (7.31) is 1 for s = 0; therefore this same function 
(0»/0o)(«) in (7.33) must be 1 for s = 0, making C' = 1. A check on 
this form is provided by realizing that the function in (7.31) could be 
expanded into a cubic polynomial in s, as could the same function in 

(7.33) . In general, four constants could be arbitrarily selected in (7.31), 
and four constants are also provided in (7.33) to permit a solution. 

The direct transfer function is more frequently considered; therefore 

(7.33) would appear as in 

!« 1 


(7.34) 


(1 - s/ri)(l - s/r 2 )(l - s/r z ) 

This result means that the closed-loop system shown in Fig. 5.1 can 
now be replaced by an equivalent single block, as shown in Fig. 7.18. 
This representation permits the 
closed loop to be treated now just 
exactly as a single component was 
treated before. Thus, the transient 
produced by a step input can be 
written by inspection by use of op- 



1 



(1—8/r, )(1—s/r 2 )(1—s/r 3 ) 



Fio. 7.18. Single-block equivalent of Fig. 
5.1 made possible by determination of 
the roots. 


erational methods, as shown in the next topic, or if the new block is part of 
another loop, it can be treated as a component of that loop. The fre¬ 
quency response can be expressed in a vector form similar to Fig. 7.2. 

The inverse transfer function between input and output 1 of the system 
shown in Fig. 7.11 is given by 


I' (*) - | M + ^ («) = t + a + Ts) 

t/0 Wo t/n A 


(7.35) 


1 A transfer function (0 o /0,)(s) is said to be the transfer function from 0< to B a 
because 0,* is the cause and B 0 the effect. When for convenience the inverse transfer 
function (0 $ /0 o )(») is written, it is said to be between 0» and B 0 to avoid implying that 
B a causes 0*. 
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The values of s which make this function zero are the roots determined 
in the plot shown in Fig. 7.12 and are denoted as r x and r 2 . The transfer 
function given in (7.35) can thus also be expressed as 

0 < 736) 

Note that the value of this function is 1 for the case of s — 0, which 
checks the fact that the function in (7.35) is also 1 for s = 0. 

The two examples thus far studied have involved only poles in the 
forward function and zeros in the feedback function. A more general 
system would have zeros and poles in both functions, as shown in Fig. 
7.19. 

The roots of the characteristic equation of this system are again the 

values of s which make the transfer 
function around the loop equal 
to —1. 

K( 1 + T lS )(l + T 3 s) _ 

(1 + T 2 s)s( 1 + TV) 

(7.37) 

Fig. 7.19. A general single-loop system. „ r . , 

Note that no distinction is made 

between the forward function and the feedback function so far as finding the 

roots is concerned. In expressing the transfer function relating input to 

output, however, a distinction does arise. 

The over-all inverse transfer function between input and output is the 

sum of the inverse function of the forward path and the direct function 

in the feedback path. 



!<»>-! » +1M - WT0) + rrro (7 - 38) 


The values of s which make this function zero are the roots of the 
characteristic equation of the system and may be determined from a root- 
locus plot which satisfies (7.37). Note, however, that the function in 
(7.38) is infinite for s equal to either —\/T x or — 1/7Y This fact must 
remain true in any form in which the function in (7.38) is rewritten. 
This condition is satisfied by keeping the factors 1 + TiS and 1 + TV 
in the denominator; this is done in the familiar process of combining two 
fractions by making each have the same denominator. Thus (7.38) 
becomes 


e, _ [(1 + 7V0*(1 + T<s)/K] + (1 + TV)( 1 + Tis) /n 
0o W (1 + Ti«)(l + T*s) (7 ' dy) 

The values of s which make the numerator zero are still the roots fj, 
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r 2 , and r 3 ; thus the function can be written in completely factored form as 


Qi . . (1 - s/rQ(l - s/r 2 )(l - s/r 3 ) 

e 0 K) (1 + T lS )(l + T,s) 


(7.40) 


Again the d-c value of the function, obtained by substituting s = 0, 
is unity in the original equation (7.38) and in the final equation (7.40). 
The significant result of this algebraic manipulation is that the poles 
of the over-all inverse transfer function are — 1 /Ti and — 1/7Y 
The direct transfer function, or ratio of output to input, is more 
commonly used, however; in this function the values —1/Ti and — I/T 4 
are zeros. Speaking only in terms of direct functions, one can thus gener¬ 
alize to state that the zeros of the over-all transfer function are the zeros of 
the forward function and the poles of the feedback function. 


7.9. Amplitude of Transient Terms 

The transient response of a system is the sum of exponential terms, 
one for each root of the characteristic equation. The amplitude of 
each term is given directly in terms of vectors by using formulas 
developed in the Laplace transform or similar methods. 

A transient can be produced by almost any disturbance to a system. 
The system is described by its response to some standard disturbance, 
such as a sudden change of unit amplitude, known as a unit step. The 
steady-state change in the output of a system having unity feedback 
is then unity also. The transient is the sum of terms of the form Ae ,t , 
one for each root of the characteristic equation. The response of the 
system shown in Fig. 5.1 is then 

6 „ = 1 + Axe r '< + Ate'* + A 3 e r >‘ (7.41) 

The amplitude of each term is given by a formula developed in opera¬ 
tional calculus, or the Laplace transform theory (see Appendix A or Art. 
4.9). Using the terminology of the Laplace transform, one would say 
that the differential equation relating input and output is transformed 
into an algebraic equation which states that the transform of the output 
is equal to the transform of the input times the transfer function between 
them. The transform of a step input can be shown to be 1 /s, and the 
transfer function (0 o /0,) (s) given in (7.34). The amplitude of a transient 
term in the output is obtained by substituting s = r 3 into the transform 
of the output with the factor s — r 3 omitted from the denominator: 

(7 - 42) 

Note that the transfer-function terms are again represented as the 
ratio of terms and that the coefficient of s is 1 in each factor involving s. 
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The significant thing is that the terms thus obtained are all vector lengths 
on the root-locus plot, as shown in Fig. 7.20. The denominator terms 
are vectors from the other roots n and r 2 to the given root r%. The 
numerator terms are the vectors from the other roots to the origin. From 
symmetry, in this case, the phase angles of the vectors can be seen to 
cancel. The magnitudes can be estimated by eye just as in calculating 
gain on the root-locus plot. To maintain the comparison completely, the 



Fig. 7.20. Vector lengths involved in 
calculating the amplitude of the 
transient term A»e r,t . 



Fig. 7.21. Vectors involved in calcu¬ 
lating the amplitude and phase angle 
of Ai. 


individual term will be estimated in the form of a ratio of line lengths, 
using the length to the origin as the base value, as in 

(7 - 43 > 

The amplitude A 3 is thus approximately and the sign is negative 
owing to the negative sign of the product (l/r*)(—r 3 ) in (7.42). 
Similarly, the amplitude A 1 is given by 


A, = 



(7.44) 


The corresponding vector lengths are shown in Fig. 7.21. The approxi¬ 
mate value of A 1 is then 


A, = (—1) —-i_ = _— 

1 k ' 2« 2 /*_ 2 0 . 9Uz 2 ( 0 . 8 ) 


(7.45) 


The roots r x and r 2 are conjugate complex numbers, however, and so the 
two exponential transients involving them can be combined into a single 
cosine term. A simple means of effecting this conversion is to note that 
A 2 is the conjugate of A 1 . At all values of time the j parts of the terms 
cancel and the real parts add, making the sum of the terms twice the real 
part of one of them: 
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Aie r,t + Ate™ = 


2<R(4ie r *‘) 
-1 


= 2(R 
-1 


2 ( 0 . 8 ) 


g—j4b°gcitgj<ait 


= Q-g e' 1 * cos (o>i< — 45°) 


(7.46) 


Comparing this solution with the form which would be obtained for 
a pure quadratic, one notes that the damped sinusoid is changed in mag¬ 
nitude by the factor 1/0.9 and shifted in phase by <f>z by the effect of the 
third root r%. The complete solution for the response of the system is 
then 

0 o = 1 - i e* - cos (wit - 45°) (7.47) 

Note that the effect of the third root becomes less and less for values 
of r 3 farther out the negative real axis. This is true not only because 
the transient term decays faster, but also because its initial amplitude 
is smaller. 


7.10. Use of an Integral Network 

The study thus far has been concerned, with the determination of the 
output response for a given input. The error of the system can be 
noted as the difference between the two at any time. When seeking 
means of reducing the error, however, it is worthwhile to consider 
the transfer function from input to error. 

Consider the system shown in Fig. 5.1 whose input-to-output transfer 
function is given in (7.34). The transfer function from input to error 
is given by 

(§ w Mt w )(t w ) 

_ _1_ (1 + TisKl + T#)s 

(1 - s/ri)( 1 — s/r 2 )(l - s/r 3 ) K ' ‘ ■ 

The steady-state error for an input having a constant velocity is 
simply 1 /K. This result is obtained by solving (l/s)[(0«,/9,)(s)] for 
the special case of s = 0. To decrease this error, the gain K must be 
increased, but stability requirements dictate that a circuit be added 
which will attenuate signals at the frequency range at which the system 
tends to be resonant. Such a circuit is the familiar integral net shown in 
Fig. 5.21a. 

V 0 . . _ R 2 + (1 /Cs) _ 1 + R 3 Cs _ 1 + aTzS .(y. 

V { {S) ~ Ri + R 2 + (1 /Cs) ~ 1 + (Ri + Rz)Cs ~ 1 + Tzs U y; 


Digitized by 


Goggle 


Original from 

UNIVERSITY OF MICHIGAN 



Generated on 2020-O5-2O 08:30 GMT / https://hdl.handle.net/2027/mdp.39015002933185 

Public Domain, Google-digitized / http://www.hathitrust. 0 rg/access_use#pd-g 00 gle 


116 CONTROL-SYSTEM DYNAMICS A 

The attenuation of the network with the capacitor considered as a short 
circuit is a = R 2 /(Ri + R 2 ) and is often selected to be about tV This 
attenuation is achieved for the natural damped oscillation of the loop 
e Tlt if «r,|n| is about 5 or higher. The corresponding locus of roots is 
shown in Fig. 7.22. 

The roots r\, r£, and are in essentially the same position as the cor¬ 
responding part of the locus in Fig. 7.8. A new root r 4 appears and 
approaches the position of the zero —1 /aTz very closely. The phase 
lag at r \ due to the integral network makes the damping of this root 
slightly less than it would otherwise be. The transfer function from 
input to output for this system is given by 


0O / V __ 

9< W ~ (1 - «/ri)(l 


1 


1 + aT 3 s 


(7.50) 


r 2 )(l — s/r 3 ) 1 — s/r 4 

The new pole of this function at r 4 can be shown to have a transient 

of very small amplitude because the term 
1 + aT 3 s is small for s = r 4 . All the 
other poles are nearly the same as those in 
(7.34), so that the behavior of the system 
between input and output is not appreci¬ 
ably affected by the addition of the 
integral network. The inverse transfer 
function (0„/0 o )(s), however, has the ad¬ 
ditional terms, due to the integral net and 
increased static gain of 10, of 

0£ / \ _ 1 + T 3 s _ 1 T 3 s 

0« w (1 + 7V/10)10 10 + T 3 s 

(7.51) 

in which 0, is the error before addition of 
the integral network and 0« is the error 
after addition of the integral network. 

The significance of this transfer function in (7.51) can be more easily 
pictured if the numerator is divided by the denominator, giving 

0,9 (7.52) 



Fig. 7.22. Root-locus plot for basic 
system with an integral network 
added. 


§j («) - 1 - 


1 + 7V/10 


Consider now that the input to the system had been a unit velocity 
started suddenly; the error can be determined in steps, as shown in Fig. 
7.23. The error of the original system 0. follows the input exactly at 
first, but as the output comes up to speed, the error levels off to the 
constant value l/K. All of this response is rapid, however, compared 
to the time constant 7V10 of the additional transfer function due to the 
integral network. The new error 0' follows the original error at first 
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but then decays, with the time constant TV 10, to one-tenth the steady- 
state value previously required. 

If the time delay TV 10 in arriving at this reduced value of error is 
too long, then the value of capacitance used in the integral network must 
be reduced. This change in turn leads to more phase shift in the region 
of the root »i, and hence less damping, unless some compensating lead 
phase shift is introduced. The effect of a lead network is the next 
topic, although for simplicity it is considered with the original system. 



10 K 


Fig. 7.23. Effect of integral network on error caused by sudden change in input 
velocity. 


7.11. Use of Lead Network 

A lead network can produce 90° phase lead for a root having a 
damping ratio of 0.6. The locus of the original system can thus be 
plotted for a total phase lag of 270°. The intersection of this locus 
with the radial line for f = 0.6 thus determines the position of the 
root and the choice of the time constants in the lead network x . 

The concept of the effect of a lead network described in the frequency- 
response method (Art. 5.11) is extended somewhat in dealing with com¬ 
plex values of roots. The circuit is shown in Fig. 5.23, and its transfer 
function is, from Eq. (5.29), 


Z? (o) = <*(1 + Ts) Rj 

Vi w 1 + aTs R l + R* 


T = RxC 1 (7.53) 


The characteristics of this function for complex values of s are con¬ 
veniently plotted in the s plane as lines of constant phase angle, like 
the one shown in Fig. 7.24. 

The locus of values of s for 90° phase shift proves to be a circle whose 
diameter is the interval along the negative real axis between the zero 
and the pole. This result can be shown by considering the dashed 

1 This direct solution for a lead network was suggested by W. E. Dickenson, now 
with International Business Machines at San Jose, Calif. 
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vectors from the zero and the pole to the point inscribed in the semicircle. 
The vector from the zero has the phase lead <f>i, and the vector from the 
pole has the lag <f> 2 , the net phase lead is the angle between the two 
vectors, as shown. For any point along the semicircle, the angle between 

the vectors will be 90°; hence this 
semicircle must be the locus for 90° 
phase lead of the network. The loci 
for the other angles of phase shift, 
such as 60° or 45°, prove to be circles 
also, with centers displaced vertically 
from the one shown, but the con¬ 
sideration of 90° phase lead happens 
to be particularly convenient. 

The radial line from the origin 
which is tangent to the circle at point 
r is the locus of points for which the 
damping ratio happens to be almost 0.6. If the criterion for the roots of 
the complete system is that the damping ratio shall be 0.6, then this figure 
shows the relative position of the zero and pole for most effective use of 
the lead network. In particular, the value of l/T happens to be very 
nearly one-half the damping component 
of the root. 

Since 90° phase lead can be attained 
for any value of s with the specified 
damping ratio of 0.6, the locus of values 
of s for which the rest of the system has 
a phase shift of 270° should be plotted. 

The point where this locus intersects the 
radial line for damping ratio of 0.6 will 
be the position of the complex roots of 
the system. This locus and the point 
of intersection are shown in Fig. 7.25. 

The locus starts vertically from the pole 
at —l/Ti and then bends to the left. 

It approaches the asymptote shown 
whose horizontal position is determined 
by the condition that x 2 = Xi + x 0 . 

The reasoning here is that for very large 
values of s all the angles are nearly 90°, 
but the small angles by which they differ 
from 90° are proportional to the horizontal intercepts. The point of inter¬ 
section with the line for damping ratio of 0.6 is then r, for which the 
angles can be checked by direct measurement, as by using the Spirule. 



Fig. 7.25. Locus of values of s for 
which transfer function of basic 
system is 270°. 



Fig. 7.24. Locus of values of s for which 
the phase shift of a lead network is 90°. 
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The damping of this root is <n; thus the zero of the lead network should 
be placed at cti/2 in order that the lead network may introduce 90° phase 
lead at point r. 

The complete locus of roots of the system is as shown in Fig. 7.26. 
Note that the optimum value T 3 of the lead time constant for this system 
and this criterion is greater than the motor time constant TV If the 
value of the other time constant T 2 were only one-sixth of Ti, rather than 
one-fourth of T 1 as in Fig. 7.26, then the optimum value T% would be 
equal to T\. For T 2 /T 1 < £, T 3 /T 1 should be less than 1 to obtain 
f = 0.6. 



Fig. 7.26. Root-locus plot for basic system with the optimum lead network selected 
in Fig. 7.25. 

In general, the system for which the lead circuit must be selected is 
more complicated than the cubic system above. The methods described 
here are limited in that the locus must always be plotted against loop 
gain as the parameter; Chap. 8 shows the technique for plotting the 
locus of roots versus C, the capacitance. 

7.12. Comparison with the Frequency-response Method 

The frequency-response method and the root-locus method both pro¬ 
vide techniques for finding the response of a closed-loop system from 
its open-loop response in a way which suggests the changes necessary 
to improve the system. The first method starts and ends with fre¬ 
quency-response data; the second one starts and ends with transfer 
functions in analytic form. The advantage of knowing the transfer 
functions is that transient response can be calculated directly. 
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In the frequency-response method, the transfer function around the 
loop is calculated or measured for values of s = jw only. The result is 
plotted either as a polar curve or as separate curves of attenuation and 
phase shift versus frequency. From these curves, a lead circuit is 
selected which achieves maximum phase lead at the resonant frequency 
of the system. The gain selected is such that the maximum amplification 
of any sinusoidal signal is some reasonable value, such as 1.4. 

In the root-locus method, the zeros and poles of the transfer func¬ 
tion are plotted on the complex s plane; the locus of values of s is then 
sketched, making the phase shift of the loop transfer function 180°. 

Any point on this locus is a root of 
the characteristic equation if the 
loop gain makes the transfer func¬ 
tion around the loop for that signal 
have a magnitude of unity. A 
point is then selected where the 
damping ratio of the dominant com¬ 
plex roots is some reasonable value, 
such as 0.5. A direct way of select¬ 
ing a lead circuit is to note that 90° 
phase lead can be obtained along a 
damping-ratio line of 0.6; then the 
locus for the remainder of the system 
is plotted for a phase shift of 270°. 
The intersection of this locus with the line for damping ratio of 0.6 is then 
the location of the root, which determines the time constants of the lead 
circuit and the loop gain. 

Note that the fundamental problem in the two methods is the same: 
to locate the lead circuit that has maximum effectiveness for the signal 
with which one is finally most concerned. Some trial and error would 
be involved in either method in the normal procedure. This disad¬ 
vantage is not necessarily serious since, for common systems, one can 
soon judge the right value quickly and the choice is not critical. A direct 
method can be developed with either approach if the criterion in the 
frequency-response method is selected to be a definite phase margin 
and if the criterion in the root-locus method is selected to be a given 
damping ratio for a pair of roots. 

The result in the first method is a curve of frequency response of the 
closed-loop system; the result in the second method is a plot of the zeros 
and poles of the closed-loop transfer function. These results may be 
correlated; the direct way is from the zeros and poles to the frequency- 
response plot. Thus consider the zero and poles of the closed-loop trans¬ 
fer function and the vectors to a point on the ju axis shown in Fig. 7.27. 



Fig. 7.27. Obtaining the frequency re¬ 
sponse of closed-loop system using vec¬ 
tors from zeros and poles of closed-loop 
function. 
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The poles are labeled as ri, r 2 , r 3 , and r< since they are the roots that 
were determined in Fig. 7.26. The only zero is that from the lead net¬ 
work, — 1/TV The frequency response of the closed-loop system is found 
by taking the product of vectors from each of the zeros and poles to a 
point along the jw axis. The maximum amplification will occur for a 
signal whose frequency is slightly less than the natural frequency of the 
root r*i. 

The transient response can be plotted directly from the zeros and poles, 
since a transient of the form Ae“ exists for each root and the amplitude 
A can be computed from the plot, using the techniques discussed in 
Art. 7.9. If the frequency response alone were known, however, the 
transient response could be found by some form of evaluation of the 
Fourier integral. 
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CHAPTER 8 


MULTIPLE-LOOP SYSTEMS 


A multiple-loop system involves feedback of several signals rather 
than just one signal. Many systems are stabilized, for example, by 
feeding back a tachometer signal proportional to the speed of the output 
shaft as well as the position of the shaft. The procedure in solving such 
a system by the root-locus method involves solving the loops in succes¬ 
sion. A closer examination of this procedure indicates that a block 
diagram can be set up in a form which permits a parameter, such as the 
amplifier time constant, to be used as the variable for a root-locus plot. 
For more involved systems, such as the vibration absorber, the loops are 
interlinked, but some manipulation of the block diagram will uncouple 
the loops, permitting a solution by a series of plots. For a system which 
involves complete intercoupling of three variables, methods using deter¬ 
minants are preferable, as discussed in Chap. 10. 

8.1. Tachometer Feedback Loop 

A system with tachometer feedback can be solved by two root-locus 
plots in sequence. A choice in the parameters to be used as the 
variable in the plots is permissible. 

Consider the system as shown in Fig. 8.1. The root-locus plot of 
Fig. 7.8 determined the poles of the transfer function from the signal 



Fig. 8.1. Basic system with tachometer feedback added. 


0„ to the output d 0 for various values of K. This permits the inner loop 
of Fig. 8.1 to be replaced by a single block in factored form, as shown in 
Fig. 7.18, in which 0 f corresponds to d a in Fig. 8.1. The roots of the 
characteristic equation of the complete system are now the values of s 
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which make the transfer function around the outer loop equal to — 1. 


_ Bs _ 

(1 - s/ri)(l - s/r 2 )(l - s/r 3 ) 


= -1 


( 8 . 1 ) 


The locus of roots is now plotted with the tachometer constant B 
variable, as shown in Fig. 8.2, based upon letting K = K 2 in Fig. 7.8. 
Note that for B = 0, the roots of the system are at the poles of the for¬ 
ward function, ri, r 2 , and r 3 . For a very low value of B, the roots must 
be somewhere near these poles. In searching for a point s on a small 
circle around the pole at r 2 , the phase angles of the vectors from the poles 
at r 2 and r 3 and from the zero at the 
origin are all essentially constant. 

Therefore, the position of s is se¬ 
lected so that the angle of the vector 
s — ri makes the sum of the phase 
angles of the transfer function 
around the loop equal 180°. An 
aid is to consider the effect of these 
angles in succession; starting with 
the pole at ri and considering it the 
only pole in the transfer function, 
the point s would have to be on the 
horizontal line to the left of r x in 
order that the angle of the vector 
« — r x be 180°. The zero at the 
origin and the pole at r 2 contribute 
a net lead angle of <t> 1 , however; 
therefore, the s — r\ vector must be 
rotated counter clockwise through 
the angle <t>i, to provide an equal and opposite lag angle. Finally, the 
vector from the pole at r 3 contributes a lag angle of <f> 3 ; therefore, the 
vector s — ri is rotated clockwise through <f> 3 . As the value of the tacho¬ 
meter constant B increases, the roots move farther out on the locus. 
Greater lag angles are contributed by the poles at r 2 and r 3 , making the 
locus curve to the right to reduce the lag angle of the vector s — r 2 , and the 
locus approaches a vertical asymptote. 

Suppose that the tachometer constant B is selected first. The effect 
of the gain K can then be studied by adding the two feedback signals to 
form a single feedback signal 1 + Bs. The locus of roots versus the 
gain K must now satisfy the equation 



Fig. 8.2. Root-locus plot for system in 
Fig. 8.1 with tachometer gain variable. 


K( 1 + Bs) 

(1 + Tis)(l + T 2 s)s 


( 8 . 2 ) 
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If the gain K is selected to be exactly the same value as in Fig. 8.2, 
then the roots of the system rj, r'j, and / 3 must be exactly the same as in 
Fig. 8.2 for the same value of B. The sequence of plots is not significant. 

• 

8.2. Effect of Amplifier Time Constant 

A block diagram can be set up with any parameter isolated in a sep¬ 
arate path. The effect of that parameter can thus be studied by mak¬ 
ing it the variable for a root-locus plot. 


The basic cubic system shown in Fig. 5.1 often has the motor time 
constant set by the power requirements and the loop gain K set by 
error specifications. In selecting the amplifier, however, some choice may 
exist as to the type of amplifier. The question then arises: What time 
delay of the amplifier can be tolerated without the performance of the 



servo being appreciably affected? 

In the previous article, the effect of the 
tachometer constant could be studied be¬ 


ta) 



(c) 

Fig. 8.3. Alternate forms of 
representation of the transfer 
function 1/(1 + Ts ): (a) single 
block; ( b ) velocity feedback; (c) 
forward integration. 


cause this parameter appeared in the form 
of a loop gain. Maintaining this concept, 
the first step is to isolate the quantity T 1 in 
its’own path. This can be done by replac¬ 
ing the single transfer function 1/(1 + Tis) 
by either of the closed loops shown in 
Fig. 8.3. 

The alternate forms can be justified by 
considering the inverse transfer function 
between input and output: 

(*) = ( s ) + ^ (®) = 1 + T is 

(8.3) 

To (s) = To (s) + 1 = TlS + 1 (8 - 4) 

Selecting the diagram shown in Fig. 
8.36, the complete block diagram for a 
cubic system would be as shown in Fig. 
8.4. 


The effect of T 1 upon the rest of the system is desired; therefore, the 
order of the loops suggested by the above diagram should be reversed, 
making 7\s be in the second loop. The inverse transfer function between 
d e and 6 b is 


\ \ ©a , \ _ —K 

06 (s) “ 06 (s) 06 ( ) “ (1 + T 2 S)S 


-(1 - s/ri)(l - s/rfyK 
(1 + T 2 s)s 
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+ l 


Fig. 8.4. Modification of Fig. 5.1 to isolate T 1 . 

The roots of the complete system are now the values of s which make 
the transfer function around the remaining loop equal to +1. 


[!>>][>] = ^ 


(1 + t 2 & 


s/ri)(l - s/rf)K 


Tis = +1 ( 8 . 6 ) 


Note that T x is now in the position of a loop gain; the corresponding 
locus-of-roots plot with T\ as the 
variable is shown in Fig. 8.5. 

The excess of zeros over poles in 
this problem is unusual, but no par¬ 
ticular significance should be at¬ 
tached to it. The third root starts 
from the end of the negative real 
axis. The main effect of the ampli¬ 
fier time constant is to decrease the 
damping of the complex roots. 

The new positions of the roots 
and are for the case when the 
amplifier time constant is equal to 
the motor time constant. The dis¬ 
tance moved along the locus be¬ 
tween r x and r{ is approximately 
proportional to the time constant T x 
because all vectors in (8.6) except 
l — s/r 1 are essentially constant. 

This distance is roughly horizontal to the right, meaning that the decrease 
in damping constant is approximately proportional to the time constant 
of the amplifier. 



Fig. 8.5. Root-locus plot of the system 
suown in Fig. 8.4 versus T 1 as the 
variable. 


8.3. Effect of Gain Variations from a Fixed Value 

Gain variations from a fixed value will occur in a system because of a 
change in operating conditions. The roots for the fixed value of 
gain serve as base points for a locus plot versus the variation in 
gain. 

A fixed value of gain is selected on the basis of desired response for a 
particular set of operating conditions. Variations in gain, however, can 
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occur with a change in operating conditions. Many components, for 
example, have a linear characteristic within the rated range of signals but 
saturate for larger signals. An actuator which is balancing a large load 
torque, for example, will have a small increase in torque for a given 
increase in signal. Study of the effect of gain variations suggests that 
gain be separated into two parts, a fixed value K' and a variation A K 
from that value. The general form of the equation being solved is 


K(s - gO 

(s - Pi)(s - p 2 )(s - p 3 ) 


(8.7) 


Treating K as K' + A K, Eq. (8.7) is more conveniently studied in the 
form 

(8 - Pl )(s - Pi) (s - p 3 ) + (s - qi )(K' + AK)=0 (8.8) 

The roots of this equation for AK = 0 are known. Denoting these 
roots by r<, (8.8) can be rewritten as 


(s - r x )(s - r 2 ) (s — r 3 ) + (s — q x ) AK = 0 (8.9) 

The sum of the two terms in (8.9) can be made zero by making the 
ratio of the two terms equal to — 1. 


AKjs - gx) 

(s — ri)($ — r 2 )(s — r 3 ) 


( 8 . 10 ) 


Comparison of (8.7) and (8.10) shows that they have exactly the same 
form; the roots of the equation for AK = 0 are the poles of the function 
for studying gain variations. 

Consider the standard cubic system as an example, with the fixed 
value of gain being that which puts one set of roots on the ju axis, as 
shown in Fig. 8.6. To make the total angle equal 180°, the locus at 
must make an angle <f>' z with the vertical equal to the angle <f> z of the 
vector ri — r 3 . For positive values of AK, the locus moves up into the 
right half plane; for negative values, the locus moves down into the left 
half plane. An extension of this locus for AK = — K' must result in the 
reestablishment of the original poles of the open-loop transfer function. 

Note that the direction of the tangent to the locus curve established 
at ri is a convenient aid in sketching a complete locus plot. The amount 
of the shift in the roots for A K/K' = 0.1 can be estimated by considering 
the function in (8.10) divided by that in (8.7). 


AK s — p\ s — pi s — pz 
K' s — r\ s — r 2 s — r 3 


( 8 . 11 ) 


The value of s in (8.11) is nearly ; therefore the factors in (8.11) can 
be estimated as 
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A K n 1 
~W ~As 2 1 “ 


( 8 . 12 ) 


The shift along the locus is thus As = ?ri(AK/K'). 

The algebraic manipulations involved in this analysis suggest more 
facts which are useful in making plots, as discussed in the next article. 



Fig. 8.6. Effect of incremental increase in gain K. 


8.4. The Fixed Vector Sum of Roots 

The vector^sum-ofjhe roots is a point along the real axis from which 
the sum of vectors to all roots is zero. For a system whose loop 
transfer function has at least two more poles than zeros, the vector 
sum of the roots is fixed for any and all values of loop gain. 

The analysis in the previous article demonstrated that a locus could 
be continued unchanged if the original poles are replaced by the roots for 
a given gain. The proof involves (8.8) and (8.9) in which pi are the 
poles of the loop function and r< are the roots for K = K'. These equa¬ 
tions are identical. Expansion of each of these equations into poly¬ 
nomial form gives 

s 8 — s 2 (pi + P2 + pf) + s(pip2 + P1P3 + P2P2 + K' + A K) 

— P 1 P 2 P 3 — qi ( K' + A K) = 0 (8.13) 
s 8 — s 2 (ri + r 2 + r 3 ) + s(rir 2 -f rir 3 + r 2 r 3 + A K) — rir 2 r 3 

— qi AK = 0 (8.14) 

Equations (8.13) and (8.14) are also identical; therefore, the coefficients 
of like powers of s must be the same. In particular, comparing the s 2 . 
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terms, the coefficient in (8.13) is the sum of the vectors from the origin 
to the poles, and the coefficient in (8.14) is the sum of the vectors from 
the origin to the roots. The equality of these two sums can be expressed 
by stating that the vector sum of the two sets is the same. This vector 
sum remains fixed regardless of the value of gain; the only restriction is 
that the original function must contain at least two more poles than 
zeros in order that the gain K not be involved in this term. 

The fixed position of the vector sum has several uses in many plots. 
In Fig. 8.6, the distance r 8 — y% by which the root shifts to the left must 

equal the distance p 2 by which the 
root r 2 shifts to the right. This fact 
establishes r 3 accurately and hence 
the angle of the locus, </>' 3 , at the point 
ri. 

In Art. 7.3, the angles of the as¬ 
ymptotes for very large values of s 
are established on the basis that the 
angles of all vectors are approxi¬ 
mately equal. The asymptotes are 
of greater value in establishing the 
locus if they are drawn through the 
vector sum of the roots, as shown in 
Fig. 8.7. 1 

The asymptote through the vector 
sum of the roots lies between the 
vectors to the point A, so that angles 
from poles to the right of the as¬ 
ymptote are greater than 60° and the other angles are less than 60°. 
The deviation of an angle from 60° can be approximated in radian form 
as the length of the perpendicular to the asymptote divided by the base 
length measured along the asymptote from A to the perpendicular. 
When the asymptote passes through the vector sum of the roots, the 
sum of the perpendiculars is zero; therefore, the sum of the angular 
deviations would be zero if all the base lengths were the same. The 
locus therefore approaches the asymptote at a distance sufficient that 
all the base lengths are approximately equal. 

If the loop transfer function contains any zeros, these points should 
be included in locating the vector sum of the roots for the purpose of 
drawing asymptotes. The length to a zero is treated as a negative 
quantity compared to the length to a pole at the same position. 

1 This choice for the center of the asymptotes was developed by R. M. Stewart at 
the California Institute of Technology. 



Fig. 8.7. The asymptote through the 
vector sum of the roots. 
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8.5. Classic Problem of Finding Roots of nth-degree Equation 

The zeros of the sum of two terms are the values of s which make the 
ratio of the terms equal to — 1. An nth-degree polynomial can be 
factored by a sequence of not more than n/2 root-locus plots. 

A linear system is described as a set of differential equations; the 
block diagram is a form of presentation of these equations which is 
convenient for control systems. The classic procedure is to combine the 
equations into a single equation of the form 

s" + a n _xs n-1 + • • • + ais + <»o = 0 (8.15) 

The coefficients will, in general, be a complex combination of the 
original parameters of the system, as demonstrated in Art. 7.1. For 
such systems a single solution of the equation is of little value in deter¬ 
mining the effect of these parameters. Some systems, however, are very 
complicated and have only a few parameters which can be varied. If 
these parameters are identified literally and numerical values are sub¬ 
stituted for fixed parameters, an equation of the form of (8.15) is obtained 
in which the coefficients of the terms are easily recognizable combinations 
of the variable parameters. In one unusual application of a servo, the 
system was described by a fourth-degree equation in which each coeffi¬ 
cient was a loop gain completely independent of the other coefficients. 

The zeros of the sum of two terms can be found as the values of s which 
make the ratio of the two terms equal to —1. This procedure permits 
the roots of an nth-degree equation to be determined by a succession of 
plots in which two terms are combined for each plot. The procedure 
will be illustrated for a simple fourth-degree equation: 

s 4 + as * -f- bs 2 -}- cs + d = {[(s + a)s + 6]s -(- c}$ -j- d = 0 (8.16) 

The right side of (8.16) can be shown to be equal to the left side by 
expansion. The zeros of the function in brackets can be found by the 
familiar quadratic plot shown in Fig. 8.8a. 

The quadratic can now be expressed in factored form, making (8.16) 
become 

[(s - pi)(s - pf)s + c]s + d = 0 (8.17) 

The zeros of the cubic in brackets can then be found in a plot which 
starts from the end points of the previous plot, as shown in Fig. 8.86. 
The process could be repeated for a higher-order equation. 

This procedure makes each coefficient of the equation the variable 
in a root-locus plot. The sequence of consideration of the coefficients 
can be reversed by substituting s = 1/x. 


Digitized by 


Goggle 


Original from 

UNIVERSITY OF MICHIGAN 



Generated on 2020-O5-2O 08:32 GMT / https://hdl.handle.net/2027/mdp.39015002933185 

Public Domain, Google-digitized / http://www.hathitrust. 0 rg/access_use#pd-g 00 gle 


130 


CONTROL-SYSTEM DYNAMICS 


The number of plots can be approximately halved by treating two 
terms at a time, as shown in 

s 6 + as* + bs* + cs* + ds 2 + es + / 

= {[(« + a)s 2 + b(s + c/6)]s 2 + d(s + e/d)}s + f (8.18) 

One plot determines the zeros of the quantity in the brackets; the 
second plot finds the zeros of the quantity in braces; and the third plot 
determines the zeros of the entire function. The total number of plots 
is thus never more than half of the degree of the equation. 


/ 

/ 



Fig. 8.8. Finding the zeros of a polynomial by successive plots: (a) neglecting all 
coefficients except a and b; (6) neglecting all coefficients except a, b, and c. 

A particular coefficient can be made the variable in the final root-locus 
plot by adding its term after the remainder of the function is in factored 
form. The technique of obtaining a single equation and adding terms 
one at a time arises in the expansion of determinants in Chap. 10. The 
block-diagram technique, however, is particularly well suited to iso¬ 
lating the effects of physical parameters of a system and can be applied 
to any type of system, as illustrated in the next article. 

8.6. Vibration Absorber 

A vibration absorber is a spring-mass system which is mounted on 
another mass to absorb the vibration at a particular frequency. The 
analysis can be carried out in block-diagram form and suggests a 
means of stabilizing a system having a resonant component. 

A mechanical diagram of a vibration absorber is shown in Fig. 8.9. 
The large mass M 1 is typically a unit, such as a turbine, which is subject 
to a driving force of constant frequency due to unbalance of the rotating 
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Fj sin co d t 


member. The vibration absorber is the small spring-mass combination 
attached to the turbine. The natural frequency of the vibration absorber 
itself as a single unit is made equal to the driving frequency m, with the 
result that the mass M 2 transmits a force to the large mass Mi equal 
and opposite to the applied force. 

The block diagram of such a system (Fig. 8.10) can be set up step by 
step as follows: The main line of action of 
the signals is set up first, with the feed- * 2 | 

back point of undetermined quantities 
merely indicated. Thus the applied 
force F\ sin u d t minus the coupling force 
fa from the spring K 2 and the restoring 
force from the spring Ki is the net force 
acting on the mass Mi. This net force 
is equal to the mass times acceleration 
of the mass Mi. The displacement xi is 
obtained by multiplying the net force by 
the transfer function 1 /Mis*. Subtract¬ 
ing the motion x 2 from Xi leaves the 

stretch of the small spring, which, when multiplied by the spring constant 
Ki, gives the force acting between the two masses, f i2 . This force is the 
only external force acting on M 2 ; therefore, multiplying by the transfer 
function 1 /M 2 s 2 gives the displacement x 2 . 

Now all the quantities are present in the block diagram (see Fig. 8.10), 
from which the previously indicated feedback signals may be obtained. 
If some signal has been overlooked in the process, it can be included very 
easily. Thus if some damping is present in the mount for Mi, then an 


_ 1 

H 

JM 2 

k 

O 

O 

- M, 

1 

1 

_1 

s* 

1 


Fig. 8.9. 
system. 


The vibration-absorber 



Fig. 8.10. Block diagram of vibration absorber. 


extra signal Dsx 1 would be fed back from the displacement Xi to the 
input point. 

The block diagram can be simplified by thinking in terms of super¬ 
position of signals. The total force acting on Mi due to the motion xi 
is the sum of the forces due to Ki and K 2 . The force on Mi due to x 2 
is K 2 x 2 . A block diagram suggests itself with two simple spring-mass 
systems having a force on Mi due to motion x 2 , as shown in Fig. 8.11. 

The inner loops are simple resonant systems for which the transfer 
functions have poles along the jco axis. Closing the outer loop introduces 
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the effect of the force acting on the mass Mi due to the motion x 2 . The 
root-locus plot with K 2 as the loop gain is shown in Fig. 8.12. The low 
natural frequency is driven lower, and the high natural frequency is 
driven higher. This result can be checked by physical reasoning directly 
from the mechanical diagram of Fig. 8.9 by noting that for the low- 



Fig. 8.11. Modification of Fig. 8.10 to isolate individual spring-mass systems. 


frequency vibration of Mi, the motion of M 2 is in phase and makes K 2 
appear to be a weaker spring than if M 2 were fixed. 

The transfer function from the input, denoted in Fig. 8.10 as F 1 sin udt, 
to X\ is given by 

Xi , ,_ (1 + Mtf/Kt)/Ki _ ( . 

Fi W (1 - «/ri)(l - «/r,)(l - «/r,)(l - «/r 4 ) 

The zeros of this function are ±j y/K~ 2 JW 2 , because these points are 


I ► 

>\jy/KjM 2 

yjj(K l +K 2 yM l 


'2 , 

j! 

>[ 

'V. 

Fig. 8.12. Root-locus plot for system 
in Fig. 8.11 versus K t in the outer 
loop. 


poles of the feedback function in Fig. 
8.11. Suppose that the driving fre¬ 
quency ud is not fixed but may have a 
small deviation from its normal value. 
The frequency response of the system 
can then be obtained by the product 
of vector lengths to the point s = jw d . 

The displacement xi is zero if the 
driving frequency is exactly equal to 
the given frequency \Z'K 2 /M 2 of the 
vibration absorber. For slight devia¬ 
tions of the driving frequency co d from 
this value, the amplitude is propor¬ 
tional to the deviation. If the driving 
frequency happens to be equal to the 
resonant frequency r x of the system, 
the oscillation would build up to am¬ 
plitudes of oscillation limited only by 
the nonlinear behavior of the mounts. 
If some variation of the driving fre¬ 
quency is expected, therefore, the 
spring K 2 will have to be large enough 
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that the root r z is shifted by a safe distance from the zero at j s/Ki/Mi. 
The vibration damper demonstrates a principle which will prove useful in 
control systems which have a similar characteristic. 

8.7. Stabilization of System with Resonant Inner Loop 

A system with a resonant inner loop can be stabilized by addition of 
phase lags so that 180° phase shift is introduced in the outer loop at 
the resonant frequency of the inner loop. A bridge circuit is prefer¬ 
able to multiple-lag circuits because less attenuation of the damping 
signal is involved. 

Consider the system shown in Fig. 8.13. The input is the gauge pres¬ 
sure P in the bellows, and the output is the shaft displacement x 0 of the 
free end of the spring. At equili¬ 
brium, the force on the mass M due 
to the gauge pressure in the bellows 
is balanced by the spring force. 

With the servo loop open, this 
spring-mass system has a natural 
resonant frequency. With the 
servo loop closed, a pick-off signal 
x a acts through the transfer func¬ 
tion KG(s ) of the amplifier and mo¬ 
tor to change the output angle, 
which in turn produces a force on 
the mass through the spring. A 
block diagram may thus be constructed with the inner loop resonant and 
the servo in the outer loop, as shown in Fig. 8.14. 

If the transfer function G(s ) is simply 1/s, then the locus of roots 
of the outer loop versus gain K is as shown in Fig. 8.15. The root ri 
moves directly to the right from the pole at ju> 0 , because 180° phase 

shift is already present at that point, 
arising from vectors from the poles 
at the origin and at —juo. This 
initial direction of the locus could 
be reversed if an additional 180° 
phase shift were introduced. A 
simple way to achieve this phase 
shift is to make G(s) = 1/(1 + Ts) 3 s, 
in which T = 2/to 0 (Fig. 8.16). 

The locus from jw 0 is now reversed, and the gain may be increased until 
the new roots which break away from the real axis cross the jo> axis. 
Consider, however, the amount of damping obtained in the root r x if 


PA ^ _ 1 r - ™ “1 Xn 


K b +K 0 


Kc 


Fig. 8.14. Block diagram for system in 
Fig. 8.13. 


M 



Pig. 8.13. A system with a resonant com¬ 
ponent. 
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the gain is limited to critical damping on the roots r 3 and r<. Each term 
1/(1 + Ts) introduces an attenuation of about 2 for s = ri but an 
amplification of about 1.3 for s = r 3 . The triple delay 1/(1 + Ts)* then 
introduces an attenuation of 8 at s = r x and an amplification of 2.2 at 
s = r 3 . From this cause alone the length of the vector ri — ju 0 is limited 
to one-twentieth the length of the vector from the origin to 7 * 3 . To 
achieve greater damping in ri, select a function (?(«) which gives phase 



Fig. 8.15. Root-locus plot for system in Fig. 8.16. Root-locus plot for system 

Fig. 8.14 with K = K 0 as loop gain and in Fig. 8.14 with G(s) = 1/(1 + Ts)**. 

(?(«) => l/s. 


shift without attenuation of signal. This result is achieved by use of a 
phase-shifting bridge circuit for which the transfer function from input 
Vi to output v 0 is given by 



1 - Ts 
1 + Ts 


(« ~ 1/D 
(« + 1/D 


T = RC 


( 8 . 20 ) 


Selecting T for 120° phase shift at ju , 0 , the corresponding locus of roots 
is as shown in Fig. 8.17. 

Greater damping can, of course, be obtained by adding one simple time 
delay to bring the total phase angle to 180°. The system in which this 
circuit has been used, however, has additional delays in the system not 
specifically shown in the block diagram, which bring the total phase 
shift to 180°. 

If the value T is to be selected for maximum gain before any root 
crosses the jca axis, the roots from ±juo and the roots from the real 
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axis meet at points in the left half 
plane. Still higher gain would 
cause one set of roots to cross the ju 
axis. The gain is maximum for this 
system because the attenuation 
from the frequency-dependent por¬ 
tion of the transfer function is the 
maximum possible for any point 
between 0 and ju 0 . 

The plot near the point of inter¬ 
section of the loci is not critical; any 
point in this region will have a 
measured phase-shift angle of nearly 
180°. The expression for transient 
response involves a special case, 
which is considered in Chap. 11. 
Further improvement of the system 
requires the use of an active circuit. 



Fig. 8.17. Root-locus plot for system in 
Fig. 8.14 with 6(8) = (1 — Ts)/{ 1 + Ts)s. 


8.8. The Active-compensation Technique 


“ Active compensation” involves an amplifier in the forward path 
and a passive circuit in the feedback path of a loop. For high loop 
gain, the over-all transfer function is approximately equal to the 
reciprocal of the feedback function. 

Consider the system shown in Fig. 8.18. The transfer function from 
the output of the amplifier v 0 to the feedback voltage v { is given by 

Yi( S ) _ i/ft = 1 

V 0 w 1/Cs + R+Ls 1 + RCs + LCs 2 

= (1 - «/ fll )(l - «/?,) (8 ' 21) 


The input resistors Ri are equal; therefore, the input to the amplifier 
is the average of the input voltage v, and the feedback voltage Vj. Nega¬ 



Fig. 8.18. An active-compensation net¬ 
work. 


tive feedback is achieved by having 
the amplifier have an odd number of 
stages so that the output is of op¬ 
posite sign from the input. 

The root-locus plot for the loop 
satisfies the condition 

(i - «/«o(1 -«/{«) - (822) 

The roots having exactly the same 
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damping as the poles, the natural frequency increases with loop gain 
K a . 

The transfer function from input to output for this closed loop is then 


Vo , X _ (1 - */?i)(l - s/q 2 ) K a , 

Vi w “ (1 - «/n)(l - s/n) K a + 1 


(8.23) 


Consider now the use of this active network as G(s ) in the system shown 
in Fig. 8.14. As a first trial, select the natural frequency of the zeros 
qi and q 2 to be equal to that of the poles ±juo. The corresponding 


locus-of-roots plot is shown in Fig. 



Fig. 8.19. Root-locus plot for sys¬ 
tem in Fig. 8.14 with G(s ) given by 
the active-compensation network 
in Fig. 8.18. 


8.19. 



Fig. 8.20. Root-locus plot for the system 
in Fig. 8.14 with G(s) given by the active- 
compensation network of Fig. 8.18 and 
(1 - 7W(1 + Ts). 


The locus starts vertically from ju 0 and curves around in a semicircle 
to qi. The locus from r 2 , on the other hand, heads to the right like the 
locus from jm in the uncompensated system shown in Fig. 8.15. If the 
loop gain is to be limited by these roots, then the zeros q\ and q 2 should 
be selected with a lower natural frequency than the poles at ±ju 0 in 
order that the locus from ±jw 0 may start to the left. 

Actually the type of correction used in Fig. 8.17 can be used in this 
case in order to reverse the locus from r 2 . This bridge circuit will intro¬ 
duce phase shift in the region of jw 0 also; thus the natural frequency of 
the zeros should be slightly less than w 0 . The root-locus plot for such a 
system is as shown in Fig. 8.20. 
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Results such as this tend to imply that any undesirable characteristic 
of a linear system can be corrected by introducing a compensating char¬ 
acteristic in series. In so far as the assumptions of linearity and absence 
of unwanted signals are justified, this conclusion is true. However, such 
systems are susceptible to a return to the original characteristic when 
some condition such as saturation makes the linearity assumption void. 
Tests on a system whose linear analysis corresponds to the plot of Fig. 
8.17, for example, match this behavior quite well for normal amplitude 
of signals. A very large signal, however, maintains continuous oscilla¬ 
tion. Such test results are mentioned in order to avoid giving the 
impression that any characteristic can be obtained by adding a sufficient 
number of amplifiers and networks. 

These examples do provide a background of block-diagram manipula¬ 
tion and characteristics of corrective networks, however, which are 
helpful in attacking a more complex problem, such as autopilot design. 

8.9. Roll Autopilot Control 

An autopilot incorporates all the sensing elements and control- 
surface actuators necessary to maintain an airplane in straight and 
level flight in spite of disturbing action such as wind gusts. 

The simplest function of an autopilot is to maintain the plane level 
in roll. A block diagram of the system is shown in Fig. 8.21. A gyro 



Fig. 8.21. The roll autopilot system. 


provides a horizontal reference position from which the error angle 6 e 
of the plane in roll is measured. This signal input to a controller with 
transfer function KG(s ) provides an output which is the desired angle 
of the control surfaces, X,-. The servo actuator drives the ailerons to an 
angle \ a . The aileron deflection causes a torque on the plane which 
determines the change in roll angle of the plane, 6 0 . In analyzing this 
system, the transfer functions of each component are assumed to be of 
the form shown in Fig. 8.21. 

The servo loop can be replaced by the single block shown in Fig. 7.18. 
Assuming the values of r x , r 2 , r 3 , and —1/T„ shown in Fig. 8.22 with 
G(s) = 1 , the locus versus KK a is as shown by the dashed lines. If a 
higher gain is needed in this system, a lead network may be added to 
bend the low-frequency locus away from the j axis. The network with 
G(s) equal to (1 + Ts)/( 1 + aTs), having the values shown in Fig. 8.23, 
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produces a new plot in which the two loci meet and then break away. 
The gain is limited for such a system, because the locus is sure to cross the 
j axis below r x . Increasing the gain within the servo loop would raise 
the natural frequency of r x but would also decrease the damping of that 
root. Inserting a lead network within the servo loop, however, would 
increase the damping of r x , and the zeros of the lead network would also 
be present in the transfer function around the outer loop. In selecting 



Fig. 8.22. Root-locus plot of system in Fig. 8.21 versus KK a with G(s) = 1. 



Fig. 8.23. Root-locus plot of system in Fig. 8.21 versus K with (7(a) = (1 + Ts)/ 
(1 + ocTs). 


this lead network, it is convenient to combine the two feedback paths 
around the servo function, making the transfer function from \ 0 to X, 
become 


/ \ . , Ka _ K a ( 1 s/?l)(l ®/ Q 2 ) 

A„ W (1 + T a s)s ~ (1 + T 0 S)S 


(8.24) 


The zeros of this function, q x and q 2 , are the values of s which make the 
ratio of the two terms equal to — 1, and they can be found by a simple 
quadratic plot. 

Replacing the two feedback paths by their single equivalent, and 
using the lead network in the servo function, the loop transfer function is 
then 

Ki (1 + Ts) K a ( 1 - s/?i)(l - s/q 2 ) _ 

(1 + Ti«)(l + T 2 s)s (1 -f a Ts) (1 + T a s)s 
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The resultant root-locus plot is shown in Fig. 8.24. For frequencies 
high compared to qi the poles and zeros near the origin cancel. The 
plot then is based upon the pole at — 1/aT rather than a pole at the 
origin as in Fig. 7.8. 



Fig. 8.24. Root-locus plot of system in Fig. 8.21 versus Ki with (1 + Ts)/(1 + aTs) in 
inner loop. 


8.10. Pitch Autopilot Control 

A pitch autopilot must control altitude as well as attitude of the 
airplane. The basic block diagram involves almost complete inter¬ 
coupling of loops; a solution is obtained by considering a locked- 
control operation first and then combining the two control functions. 

The variables involved in a pitch autopilot system are shown in Fig. 
8.25. All angles are variations from their steady-state values for straight 

Center 
✓ line 

^Horizontal 

Fig. 8.25. The pitch autopilot system. 

and level flight. The change in angle of attack, a, is then the change in 
attitude angle of the plane, 7 , minus change in the angle of the velocity 
vector with respect to horizontal, /?. This angle of attack determines 
the net torque and lift forces which act on the airplane, owing to aero¬ 
dynamic forces, when the controls are locked. The complete block dia¬ 
gram of the system (Fig. 8.26) can be built up in simple steps. 


+m 
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Consider first the main line of action of signals from the input signal 
\i to the final output 0 . The servo moves the elevators through the 
angle X 0 , which in turn causes a torque on the airplane, m t . The resultant 
acceleration, limited by the inertia J, changes the attitude angle of the 
plane, y. The angle of attack a also changes, producing a lift force on 
the plane /. This force produces an acceleration and hence vertical 
velocity, or it changes the angle 0 of the total velocity vector. 



Fig. 8.26. Block diagram of system in Fig. 8.25 written directly from inspection. 

The natural feedback signals are the restoring torque Cita on the plane 
due to angle of attack a, and the subtraction of 0 from y to give a. 
The servo signals come from a gyro measurement of attitude, K y G y y, and 
a pressure or radar measurement of altitude, KjG v y. The complete block 
diagram involves intercoupling of loops to the extent that no signal loop 
can be solved directly. The emphasis in such a system thus shifts to 
the pattern of simplification required to obtain a solution. 

If the control loops are opened, KjG v = 0, KjG y = 0, corresponding 
to locking the control surfaces, the remaining block diagram is of some¬ 
what the same form as that of Fig. 8.10. Using superposition of signals 
in the same manner, the block diagram can be simplified to the form 
shown in Fig. 8.27. 



Fig. 8.27. Simplification of the block diagram in Fig. 8.26 for the special case of locked 
controls. 

The loop gain for this system is fixed at unity; the resultant root-locus 
plot is shown in Fig. 8.28. For the loop gain of 1 involved in this loop, 
the root from —Cl/ MV moves to the origin, and the roots from the ./'to 
axis move to the left by approximately Cl/2MV. 

In setting up the complete block diagram again, note that the angle 7 
is simply 1 + (MV$/Cl) times the angle /3; therefore, the attitude control 
signal can be taken from /S, as shown in Fig. 8.29. 
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Note that the control functions are in parallel and that a feedback 
signal produced by one could have been produced by the other. To 
minimize the complexity of the system, consider first the total feedback 
which can be obtained by letting both 
G y and G v be 1 and varying the ratio 
of gains K y /K y . 

The zeros of this combined feedback 
function can be found by plotting the 
locus of values of s which make the 
ratio of the two individual functions 
on the left side of (8.26) equal to —1. 

The locus plot is that of a typical quad¬ 
ratic, and the zeros have a damping 
constant — Cl/2MV, which is equal to 
that of the poles si and s 2 of the locked- 
control transfer function. By proper 
selection of the ratio of gains K v /K y 
the zeros qi and q 2 can be made to 
nearly coincide with the poles Si and s 2 . Since |si| 2 is approximately equal 
to Cm/J, the required gain ratio K v /K y is ( M/Cl)(Cm/J ). After setting 
this gain ratio, the combined feedback signal is then passed through a lead 
network Kc(l + Ts)/(1 + aTs). Denoting the servo transfer function 



tem in Fig. 8.27. 


K 




„ Ao. „ m i . 

l/Cjf 

. 13 

* OClVO ^ ^ 

(1-S/Si)(l-S/S 2 )s 

. \ N 


KyGy 


1 ±MVs/C l 


KyGy 


V/s 


Fig. 8.29. Modification of block diagram of Fig. 8.26 to use locked-control transfer 
function obtained in Fig. 8.28. 

as (1 — s/ri)(l — s/r 2 )(l — s/r 3 ), the loop transfer function for the system 
in Fig. 8.29 is 


Ct/Cm 


(1 — s/ri)(l — s/r 2 )(l — s/r 3 ) (1 — s/si)(l — s/s 2 )s 

KyVQ. - s/ gl )(l - 9/qt) Kcjl + Ts) 
* S 1 + aTs 


= -1 (8.27) 
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With all values as shown on Fig. 8.30, the locus of roots versus loop 
gain is shown by the dashed lines. The lead network provides the neces¬ 
sary damping for the roots pi and p 2 . The pair of roots which move from 
Si and s 2 toward qi and q 2 mean that the natural response of the airplane 
denoted by Si and s 2 is not appreciably influenced by the control loop. 

This solution is not necessarily the best solution for the system; it 
merely illustrates the procedure by which the block diagram may be 
manipulated in order to solve such a system. The solution is not yet 



Fig. 8.30. Root-locus plot for system in Fig. 8.29 with combined feedback functions. 

complete, in that the roots constitute the poles of the transfer function 
between any two points but the zeros depend upon the input and output 
point. The zeros can often be found by recalling that the zeros of the 
transfer function from an input to an output of a single-loop system are 
the zeros of the forward function and the poles of the feedback function. 

8.11. The Problem Presented by Multicoupling 

A multicoupled system is one which is described by a set of equations 
in several variables. The block diagram can be manipulated to 
obtain a solution, but more powerful methods are desirable. 

The block diagram of the pitch autopilot involves intercoupling of 
loops, but the natural procedure of considering locked-control perform¬ 
ance first provides a simplification sufficient to permit a solution. Sup¬ 
pose, however, that the deflection of the elevators produces a force on the 
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airplane which is not negligible. This would require an additional signal 
path in Fig. 8.26 from X„ acting through C R (not shown) to add to C L a. 
The three variables 7 , 0 , and X,, are now each involved in three equations: 
those for torque, lift, and control. Such a system is said to be multi- 
coupled. The definition is not precise, but the term multicoupled system 
is used in this text to describe a system in which the primary problem 
is that of establishing the pattern of solution, as distinguished from a 
multiloop system, in which the sequence of closing loops is reasonably 
apparent. 

The system described above will be reduced to a multiple-loop system, 
however, and then to a single transfer function between two points. 



Fig. 8.31. Block diagram of Fig. 8.26 modified to include all possible intercoupling and 
arranged in symmetrical form. 

The block-diagram reasoning may then be correlated with other tech¬ 
niques discussed in Chaps. 9 and 10. The first step is to develop a block 
diagram in which the symmetry of the flow of signals is emphasized, as 
shown in Fig. 8.31. 

The main line of action of signals is clockwise around the triangle. 
The desired elevator angle X acting through the servo transfer function 
produces the actual elevator angle X 0 . This angle causes a torque on the 
plane and a resultant attitude angle 7 . The angle 7 causes a lift force / 
to be present, which changes the angle of the velocity vector of the plane, 
0 . The resultant vertical displacement is then measured and acts 
through the control function KjG v to give a signal to the servo, thus 
closing the main loop. The coupling effects present in this system intro¬ 
duce additional signal paths as shown. These signals are not simple 
feedbacks, in that all the loops are linked. Simplification in form can be 
obtained by treating only the angles X 0 , 7 and 0 as variables and identify¬ 
ing transfer functions by subscripts, as shown in Fig. 8.32. 

This modification involves only the multiplication of the transfer 
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functions between two angles in each case. The variables 81 , 82 , and 0 3 
correspond to \ 0 , y, and 0, respectively. The transfer functions are 
identified by their positions in the block diagram. 

In finding the transfer function from 8 X to 0j, the variable 8 2 need not 
be preserved as a distinct quantity. The flow of signals at that point 
can therefore be clarified by identifying each path as shown in Fig. 8.33. 
The signal a 2 i0i, for example, feeds back on 81 , as well as going on through 



Fig. 8.32. Modification of Fig. 8.31 to use general transfer functions, in which the sub¬ 
script identifies the input and output signals. 



Fig. 8.33. Modification of Fig. 8.32 to eliminate ^asa variable. 

Os 2 to help produce 83. In particular, the path from 83 through o 2 3 and 
O 12 to 0i is simplified by avoiding the crossover pattern in Fig. 8.32. The 
transfer functions, including feedback loops and combining parallel 
paths, take the form of a single main loop, as shown in Fig. 8.34. Each 
function is obtained in factored form by a root-locus plot. The final 
loop plot involves the complete complexity of the system, but after these 
roots are found, the transfer function from 0* to 83 may be expressed in 
factored form. 
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This technique could, of course, be extended to a system of any degree 
of complexity, but the problem of organizing the step-by-step solution of 
a complex system is so significant that other methods should be consid¬ 
ered. The general problem is the solution of a set of simultaneous 
equations. The particular aspect of that problem being investigated 
here is the application of root-locus plots successively to solve the prob¬ 
lem. Note that all that one plot can do is to find the values of s which 
make the sum of two terms equal to 0. Each term may be of any degree 
in s as long as its numerator and denominator are factored. A large 
number of plots, of course, are apt to be involved; the saving feature 



Fig. 8.34. Simplification of Fig. 8.33 to a single loop by combining inner loops and 
parallel paths by inspection. 

is that often only an approximate answer is needed and each plot can be 
sketched quickly. Finally, when accuracy is needed, the rough plots 
should indicate the parts of each plot which are critical in establishing 
the final plot. 

In any case, however, the number of plots should be kept to a minimum 
and the significance of each one understood. Suppose, for example, that 
a complete system such as the pitch autopilot were analyzed and then the 
effect of some one parameter, such as the weight of the plane, was to be 
determined. This situation recalls a similar problem in circuit analysis, 
where the effect of varying a single resistor of a complicated network is 
involved. In this case Th6venin’s theorem proves very effective by 
establishing the characteristics of the complete network as seen from the 
resistor. 

Determinants provide an orderly procedure for the solution of simul¬ 
taneous equations. A particular advantage is that the significance of 
any function is specified just by its position in a determinant. This 
simplification should help to catalogue the various problems. 

The use of circuit-analysis concepts in conjunction with root-locus 
plots is presented in Chap. 9. The examples involve circuits which are 
frequently used in improvement of control systems. Determinants are 
considered in Chap. 10. 


Digitized by 


Goggle 


Original from 

UNIVERSITY OF MICHIGAN 




Generated on 2020-O5-2O 08:36 GMT / https://hdl.handle.net/2027/mdp.39015002933185 

Public Domain, Google-digitized / http://www.hathitrust. 0 rg/access_use#pd-g 00 gle 


CHAPTER 9 


CIRCUIT ANALYSIS 


The representation of a system by a block diagram is very convenient 
for setting up root-locus plots when the variable is to be loop gain. 
Frequently, however, the loop gain is specified, and the optimum value of 
a circuit parameter, such as the capacitance in a lead network, must be 
selected. The circuit itself can be set up in block-diagram form, but the 
application of circuit-analysis concepts is suggested. Th6venin’s the¬ 
orem in particular proves to be a rapid means of setting up a root-locus 
plot with any circuit parameter as the variable. The theorem, which is 
easily proved by use of superposition, can be extended to apply to 
mechanical problems, such as the effect of compliance of a load shaft. A 
general procedure is established in which the zeros and poles for a root- 
locus plot are determined from the special cases when a parameter is 
zero and infinite. This technique is usually quite rapid and applicable 
to any system in which the parameter can be made to appear in only one 
equation. 

9.1. Block Diagram of Circuits 

A circuit can be set up in the form of a block diagram by treating 
impedances as transfer functions. The transfer function of a 
combination lag-lead circuit is then obtained by means of a root- 
locus plot using the long time constant as loop gain. 

Several circuits are used so frequently in control systems that they 
are practically standard. These circuits form a convenient set of exam¬ 
ples in blending together concepts such as “impedance” in circuit 
analysis and “transfer function” in block diagrams. Start with the 
example of the integral network shown in Fig. 9.1a. 

The transfer function from Vi to v 3 is needed. The circuit-analysis 
solution involves dividing the input voltage by the total impedance of 
the loop to find the current i, and then multiplying by the impedance of 
the output branch to find the output voltage. 

«][?«] 

_ _I_ (ft I j \ _ 1 + /Q , X 

Ri + R% + (1 /C&) \ rt2 ^ C 2 sJ 1 + (R 1 + R 3 )C 2 s 
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Zi = 


1 


Ri 


(9.2) 


(1 /Ri) + Cis 1 + R 1 C 1 a 

The transfer function from Vi to v 2 can then 
be obtained in the same manner as in (9.1). 

R 2 


3 «- 


R 2 + Ri/(1 + RiCis) 

_ ^2(1 “I - RiCis) 


Ri + R 2 + RiR 2 C lS (93) 

The combination lag-lead network shown 
in Fig. 9.1c has a transfer function from v 2 to 
v 2 which could be obtained in the same 
manner. The algebra becomes somewhat 
involved, however, and the effect of indivi¬ 
dual parameters tends to become lost. Some 
interesting concepts are introduced in this 
example by solving the circuit in block-dia¬ 
gram form, as shown in Fig. 9.2. 
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The impedance of the loop is the reciprocal of the transfer function 
from the applied voltage to the resultantcur- 
rent. The impedance of the output branch 
is the transfer function from current i to volt¬ 
age v 2 . The transfer function from t>i to v 2 is 
then the product of the two transfer func¬ 
tions, as given in (9.1). 

The lead circuit shown in Fig. 9.16 has the 
impedance of Ri and Ci in parallel treated as 
a single impedance, using a formula which is 
based on expressing the admittance of the 
parallel branches as the sum of the admit¬ 
tances of the individual branches. 



Ci 

Hh 


( 6 ) 

Ci 



If 


- 

Cf 

n 


(c) 

Fig. 9.1. Circuits commonly 
used in control systems: (a) 
an integral network; (b) a 
lead network; (c) a combi¬ 
nation integral and lead net¬ 
work. 


The difference between the input voltage Vi and the output voltage v 2 
is the “error voltage” v 3 . This voltage acting across Ri and Ci is multi- 



Fiq. 9.2. Block diagram of circuit in Fig. 9.1c using voltages and currents as signals and 
impedances as transfer functions. 


plied by the sum of the admittances to obtain the total current i. This 
current times the impedance of the output branch is the output voltage 
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v 2 . The roots of the characteristic equation of the complete loop are the 
values of a which make the transfer function around the loop equal to — 1 : 


1 -I - R 1 C 1 S1 -|- R 2 C 2 s 


Ri 


C 2 s 


= -1 


(9.4) 


The root-locus plot versus I/.R 1 C 2 as “loop gain” is shown in Fig. 9.3. 
For low values of gain the root ri is essentially equal to — 1 /RiC 2 . Once 
a value of R\C 2 is selected, the position of r 2 is automatically fixed. The 
transfer function from Vi to v 2 is then 


V 2 , s _ (1 + #i(7is)(l + R 2 C 2 s) 




(1 — s/ri)(l — s/r 2 ) 


(9.5) 


jut 


The lead terms are present in this function because these terms were 

present in the transfer function of the 
forward path (Fig. 9.2). 

Reviewing the transfer functions of 
these circuits reveals a characteristic 
which is common to them all and should 
provide a means of simplifying the 
analysis. Thus, in (9.1) the pole 
— l/(Ri +R 2 )C 2 corresponds to a tran¬ 
sient exponential decay of C 2 through Ri 
and R 2 in series, with the input short- 
circuited. Similarly, in (9.3) the pole 
— (Ri + R 2 )/R\R 2 Ci corresponds to the decay of C 1 through Ri and R 2 
in parallel. Such values might be obtained directly from inspection of 
the circuit, as will be investigated in the next article. 



Fig. 9.3. Root-locus plot of system 
in Fig. 9.2 versus l/RiCt as loop 
gain. 


9.2. Zeros and Poles by Inspection 

A pole of a transfer function corresponds to a transient of the form 
e pit which can exist in the output with no input. A zero corresponds 
to a voltage of the form e 9lt which can be impressed at the input vrith 
no voltage of that form appearing at the output. The poles and zeros 
can be determined by inspection for a system having a single energy 
storage. 

The three circuits studied in the previous article have transfer func¬ 
tions (F 1 /F 2 )(s) as given in (9.1), (9.3), and (9.5), respectively. In the 
first two circuits only one capacitor is involved, and the pole in each case 
corresponds to the exponential decay of that capacitor with the input 
voltage source treated as a short circuit. In the third circuit, two 
capacitors are involved, and the poles are obtained by making the transfer 
function around the loop in Fig. 9.2 equal to — 1. This condition makes 
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t >2 + v 3 = 0 and thus Vi = 0; therefore, the poles again correspond to 
transients which can exist with the input short-circuited. 

The zeros are also of the form —1/RC for each circuit. In Fig. 9.1a, 
the zero corresponds to the output branch being short-circuited, with the 
transient being the decay of C 2 through R 2 . In Fig. 9.16 the zero cor¬ 
responds to the decay of C 1 through R h which would occur if the input 
were treated as an open circuit. Finally, in Fig. 9.1c, the zeros corre¬ 
spond to the two cases just considered. The consistency of these results 
suggests that obtaining the zeros and poles by direct inspection of a circuit 
would be a very useful procedure if it were thoroughly understood. 

The significance of zeros and poles can be appreciated by study of the 
differential equations. Recall that a transfer function is obtained from 
a differential equation by substituting s for the operation d/dt (Chap. 4). 
The reverse substitution applied to (9.1) gives 

^1 + R 2 C 2 vj. = £l + (Ri + R2)G2 V 2 (9.6) 

The output v 2 is the sum of a steady-state and a transient response. 
The steady-state output is of the same form as the input voltage v ly but 
the transient is the sum of the terms of the form e*‘ which make the right 
side of (9.6) equal to zero. The value s = —l(Ri + R 2 )<7 2 satisfies this 
condition by making the total iR drop equal to the voltage across the 
capacitor at all times. The input is treated as a short circuit because 
it is a fixed connection in the circuit whose internal resistance has been 
assumed to be zero. The poles of a transfer function are the roots of the 
characteristic equation and correspond to transients of the form e*‘ which 
can exist in the output with no input function of that form. Thus, if r 2 
were equal to in (9.6), the left side of the equation would be zero. 

Inspection of Fig. 9.1a shows that a current of the form e~ t/R,Ct flowing 
around the loop causes the output voltage v 2 to be zero because the sum of 
the iR 2 drop and the voltage across the capacitor C 2 is zero. No short 
circuiting of the output branch is involved; the path for the current is com¬ 
pleted through the original circuit. The zero — I/R 1 C 1 noted in (9.3) 
which arises for the circuit in Fig. 9.16 corresponds to the decay of C\ 
through Ri. Again if the input voltage happened to be of the form 
g-i/sici an( j 0 f the same magnitude as the drop across R 1 , the current flow 
through the main loop would be zero. The output voltage can then be 
zero because the input is balanced by an equal and opposite transient 
elsewhere in the circuit. The same type of reasoning used in these 
examples serves to explain the zeros and poles of the transfer function 
of the combination circuit. 

The procedure in establishing the transfer function by direct inspection 
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of a circuit can now be shown for a new circuit which involves a resistance 
load across the output of an integral network, as shown in Fig. 9.4. 

The transfer function from v 3 to v 2 , by direct inspection, is 

V2 , V Rj _ l + R2C28 _ /Q -S 

Vi Ri + R» 1 + •+■ [RiRz/(Ri ■+• f2s)]}C2S 


The d-c value of the function is the simple resistance ratio because 
the capacitor Ct then appears to be an open circuit. The zero is the same 
value — I/R 2 C 2 as before, because with v 2 zero for this form of signal the 
presence of R* has no effect. The pole, however, is modified, because 

the decay of voltage from C 2 is now 
through Ri and then R z in parallel with 
Ri. 

This method is very effective in sys¬ 
tems in which only one energy storage 
is involved. When two or more forms 
of energy storage are involved, as in Fig. 
9.1c, a root-locus plot will in general be 
needed to find the roots of the charac¬ 
teristic equation of the circuit. Thus far, a block diagram is first set up 
to determine the function to be used in making the plot. A method of 
setting up the plot directly from the circuit would be useful, particularly 
if any circuit parameter could be used as the variable. This procedure 
suggests the use of Th^venin’s theorem, which replaces an entire network 
by a single loop in order that the effect of one parameter may be studied. 



Fio. 9.4. An integral circuit with 
resistive load. 


9.3. Use of Thevenin’s Theorem 

Thevenin’s theorem states that, for the purpose of finding the current 
in a single branch, the remainder of the circuit can be replaced by the 
open-circuit voltage and the impedance seen from the branch. This 
theorem, which is easily proved, suggests a means of setting up a 
rootrlocus plot versus the value of the parameter in the branch. 

The proof of Th6venin’s theorem is more valuable than the theorem 
itself. Consider the circuit shown in Fig. 9.5a: two batteries of equal 
voltage V' but of opposite sense are introduced into the branch in which 
the current is to be found. At first consider only the input battery 
voltage V and the top battery voltage V' to be acting in the circuit. If 
the voltage V r is made equal to the open-circuit voltage which would 
exist across the output terminals, then no current will flow through the 
load branch. Now consider the effect of the lower battery V' acting 
alone; the other two batteries have already been considered and are 
replaced by short circuits (Fig. 9.56). The current produced in R 3 by 
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the remaining battery is limited only by the resistance Rz itself and the 
resistance of the rest of the circuit as measured between the output 
terminals with Rz open. 

The reasoning used in proving the theorem for the simple circuit 
above can be readily extended to apply to the circuit problem shown in 
Fig. 9.6. The problem is to find the effect of changing the load resistance 

Rx 

V ' 

V' 

(a) ( b) 

Fia. 9.5. A justification of Th6venin’s theorem: (a) a d-c circuit with equal and 
opposite batteries inserted in the load branch; (5) circuit after action of all but one 
battery is considered. 




Rz upon the transfer function from Vi to v 2 of the combination lag-lead 
network. The input voltage Vi may be any arbitrary function of time, and 
the voltage v' inserted in the load branch may also be considered a func¬ 
tion of time, with its instantaneous value being such that the current is 
zero in the load branch. The determination of this voltage v' due to the 
input voltage Vi is then exactly the same problem that was solved for 


Fig. 9.1c with the result given in Eq. 
(9.5). Thus (F'/Fi)(s) for the sys¬ 
tem in Fig. 9.6 is equal to (F 2 /Fi) (s) 
for the system in Fig. 9.1c, as given 
in (9.5), because the Rz branch is 
open in both cases. 

The only current flowing in the 
resistor R 3 is then that due to the 
opposite voltage v' acting down. 
The impedance Z' of the original cir¬ 
cuit as seen from the output terminals 
could be found in the usual manner 



Fig. 9.6. The circuit of Fig. 9.1c with 
equal and opposite variable voltages 
inserted in the load branch. 


of circuit analysis, but it is useful to determine this impedance by inspec¬ 
tion, knowing that it must be of the form 


rj, _ rj (1 - S/?0(1 - */?*) 

z (i - 8/ V x){ 1 - s/p*:) 


(9.8) 


The d-c value of this impedance is simply Ri, because the capacitors 
are then open circuits. The zeros such as q x correspond to currents of the 
form e qit which can flow into the impedance with the voltage across the 
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impedance being zero. The only zero is then qi = —I/R 2 C 2 correspond¬ 
ing to current e~ t/R,pt flowing through R 2 and C 2 . The poles such as p\ 
correspond to voltages of the form e Plt which could be impressed across 
the impedance without any current flowing in. These poles are the roots 
determined in Fig. 9.3 and are the same as the poles of the transfer 
function given in Eq. (9.5). The poles of the impedance function are 
always the same as the poles of the open-circuit transfer function because 
exactly the same circuit is involved; the input voltage is zero, and tran¬ 
sients in the output voltage are being considered. The impedance look¬ 
ing into the circuit from the output terminals, given in (9.8), can thus be 
specified to be 


ryt _ Tf 1 + R2C2S 

‘(1 - •/ri)(l - •/»» 


(9.9) 


The justification of this determination of the impedance by inspection 
is the same as that given in Art. 9.2 for the transfer function and is based 
on the meaning of the differential equation. An interesting check on the 
value of the impedance at very high frequencies can be obtained by 
simplification of (9.9) by approximating 1 + R 2 C 2 s as R 2 C 2 S, etc., to give 


r^/i _ t > R2C2S _ R1R2C2S _ 1 

1 J‘»1 - "1 («/n)(*/r,) “ fliCi# 2 C 2 s 2 “ CiS 


(9.10) 


The product (l/rj)(l/r 2 ) must be equal to R 1 C 1 R 2 C 2 , because the 
transfer function in (9.5) must be 1 for very high frequency signals. The 
final result 1/C 18 checks the circuit in that the impedance of the capacitor 

Ci is lower than that of any other 
Ju) branch for high-frequency signals. 

Using Th4venin’s theorem, the 
transfer function from Vi to v 2 in Fig. 
9.6 can now be expressed as 


f 2 r 2 


?1 ft 





R 2 C 2 



Vi 

V 




Fig. 9.7. Root-locus plot of system in 

Fig. 9.6 with R t variable. The poles of this function are the 

roots of the equation Z'/R 3 = — 1; 
these are determined in Fig. 9.7 and denoted as Si and s 2 . The function 
(V'/Vi)(s) for the system in Fig. 9.6 is equal to (F 2 /Fj)(s) for the system 
in Fig. 9.1c, given in (9.5). Substitution of this function and of Z' from 
(9.9) into (9.11) would show that the zeros of (9.11) are — 1/R\C\ and 
— I/R 2 C 2 . These zeros could also be stated by inspection of Fig. 9.6 
because the presence of R 3 does not change the arguments used to find 
the zeros of the system in Fig. 9.1c. The value of (9.11) for d-c signals, 
i.e.y for s = 0, is 1/(1 + R 1 /R 3 ), making the full expression for (9.11) 
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become 

V 2 _ (1 + R 1 C 1 s)( 1 + R 2 C 2 s) 

Vi w (1 - «/«i)(l - «/•*)(! + R 1 /R 1 ) 


(9.12) 


9.4. Impedance Characteristics of Passive Networks 

The impedance function of an RC network must have alternate zeros 
and poles along the real axis, with a pole \>einq nearest to the origin, 
if the addition of another branch is not to lead to oscillatory roots. 

Networks are a very convenient way to introduce new transfer func¬ 
tions into control systems, and it is well to know their characteristics. 
In particular, a passive network has no amplifier or other energy source, 
and therefore limitations can be specified independent of the arrange¬ 
ment of elements used. Networks involving only resistors and capacitors 
are particularly common, because inductances are heavier, subject to 
saturation, and not so readily avail¬ 
able. Consider a general network 
with a resistance in one of the 
branches being variable, as shown in 
Fig. 9.8. 

The purpose of this study is to 
determine as much as possible about 
the characteristics of the impedance 
Z as seen from the terminals outside the dashed-line box. Thdvenin’s 
theorem is not needed; the analysis can start from the voltage equation 
around the loop, treating Z as a single impedance. 

iZ + iR = 0 or Z + R = 0 (9.13) 

The roots of the characteristic equation of this network are then the 
values of s which make the sum of the impedances zero or make the ratio 
of the impedances equal to —1. 


1- 

1 _ _l/l 


-1 

IQ 


m 

j_ 




R=\/G 


Fig. 9.8. A general network of re¬ 
sistances and capacitors. 


z 



= ZG = -1 


(9.14) 


Now Z is a ratio of polynomials both the numerator and the denominator 
of which can be expressed in factored form, even though the values of 
these zeros and poles are not as yet known. Writing Z in the general 
factored form, we have 


ZG = Z de 


(1 - s/qi)(l - s/q 2 ) 


G = -1 


(9.15) 


(1 - */pi)(l - s/pi) • 

Consider now that the admittance G of the external branch is changed 
gradually from zero to infinity, corresponding to a change from an open- 
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circuit load to a short-circuit load. For a very low value of admittance, 
the natural transients of the circuit are essentially the same as when the 
external branch is open. But note in (9.15) that, for very small values 
of G, the impedance Z must be very large in order that the product ZG 
may be 1. For Z to be very large, the value of s must be nearly the 
same as one of the poles, such as pi, in order that a denominator term 
may be very small. This checks the previous result that poles of the 
impedance function are the* roots of the characteristic equation of a 
circuit. 

At the other extreme, where G is very large, Z must be very small. 
Thus, 8 must be nearly equal to one of the zeros in order that a numerator 

term may be very small. The zeros 
are the roots corresponding to the case 
when the external branch is a short 
circuit. Another possibility for a root 
exists in both cases, depending upon 
whether the numerator or the denomi¬ 
nator is of higher order in s. If the 
denominator is of the fourth degree, 
for example, with the numerator of 
third degree, then the impedance can 
be made zero by an infinite value 
of s. 

The roots correspond to transients of the form e rt which can exist in 
the transient response of the network. Such a transient could be started 
by charging up one capacitor with all others discharged. The one 
capacitor would then discharge through resistors into other capacitors, 
dissipating its stored energy either as heat in the resistors or by storing 
the energy in other capacitors. But the discharge must proceed with 
the current in any branch always being from a point of high potential 
to a point of lower potential. The voltage on the capacitor which had 
been charged will thus always decrease, never going negative or oscillat¬ 
ing. Thus, all the roots of the system must be negative real numbers, 
because complex ones would correspond to oscillations. This restriction 
on the roots is true regardless of whether the external branch is open 
circuit or short circuit, and thus all zeros and poles of Z must lie along 
the negative real axis. 

The roots must also always lie along this axis for any intermediate value 
of G. The locus of roots versus R for an arbitrary sequence of zeros and 
poles, however, would be as shown in Fig. 9.9. Two zeros or two poles 
being adjacent to each other permits the locus to break away from the 
real axis; therefore, the zeros and poles must alternate. The only 
remaining question is whether the point nearest the origin should be a 



Fio. 9.9. A root-locus plot versus R 
for the circuit in Fig. 9.8, assuming 
random sequence of zeros and poles 
of the input impedance function. 
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zero or a pole. To establish this point, consider that the external 
branch is a capacitor; then G in (9.14) is replaced by Cs, which introduces 
a zero at the origin. Therefore, the first point of the impedance must 
be a pole if the alternation of poles and zeros is to be maintained. 

The same type of reasoning can be applied to a general circuit contain¬ 
ing capacitors and pure inductances. The limitations in this case are 
described by Foster’s theorem; root-locus plots provide an interesting 
demonstration. Foster’s theorem states that the zeros and poles are 
conjugate pairs which alternate along the jw axis. If the pair nearest 
the origin are poles, then a zero exists at 
the origin; if the first pair are zeros, then 
a pole exists at the origin. Consider 
the addition of either a capacitor or an 
inductance whose value may be varied 
from zero to infinity. The locus must 
now lie along the ju axis because the cir¬ 
cuit elements can neither dissipate nor 
supply energy; oscillations once started 
continue at constant amplitude. The 
admittance of the capacitor puts a zero 
at the origin, and that of the inductance 
puts a pole at the origin. In any case, 
however, the product has either no zeros 
or poles at the origin or a pair of one of 
them; thus, the locus from the origin 
moves along the jw axis also. Fig. 9.10. Root-locus plot for the 

For a general circuit containing resist- addition of resistance, capacitance, 
ance as well as inductance and capaci- or inductance across a circuit having 
tance, the restrictions are not easy to input impedance R(i — s/q x )/ 
specify, because the zeros and poles can s Pl 8 Vl ' 

then be anywhere in the left half plane. A single example, however, shows 
the effect of adding another branch. 

The impedance Z as viewed from a given pair of terminals is assumed 
to be 



R{ 1 ~ s/qi) 

(1 - s/ pi) (1 - 8 /p t ) 


(9.16) 


The admittance of the added branch may be either 1 /R, Cs, or 1/Ls 
depending upon the element added. The initial direction of the locus 
in each case is shown in Fig. 9.10. 

For resistance added, no pole or zero is present in the admittance G; 
the locus starts from the pole pi in a circle about qi as a center. For a 
capacitor added instead, a zero is added at the origin, and the locus starts 
from pi in a direction which is counterclockwise from the previous locus 
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by the angle <f>°. Similarly the connection of the inductance adds a pole 
at the origin, and the locus starts in a direction which is <j>° clockwise 
from the locus versus 1 /R. 

9.6. Analysis of a Bridged-T Network 

The zeros of a bridged-T network can be determined by a root-locus 
type of plot. For a very low damping ratio of the zeros, the resist¬ 
ances should be equal and the ratio of capacitors should be small. 


A modulated carrier signal arises in control systems when a synchro, 
excited at a carrier frequency of, say, 400 cps, is modulated by mechanical 
oscillation of the rotor at a low frequency, such as 5 cps. A bridged-T 



for convenience in finding roots. 9.11 with I/R 1 C 1 as the variable. 

network is used to achieve the same effect with this type of signal as that 
produced by a simple lead network with a d-c potentiometer signal. It 
will be shown in the next article that the bridged-T network character¬ 
istic versus frequency must have a very low output at the carrier fre¬ 
quency and a rapid increase in output on either side of this frequency 
point. Such a characteristic requires that a zero of the transfer function 
be close to the ju axis at the carrier frequency. 

First consider the problem of finding the poles of this transfer function. 
Using the concepts of the previous article, the network may be divided 
into two sections, each of which has an impedance as viewed from the 
two terminals of the break. The poles are then the values of s which 
make the sum of these two impedances equal to zero or make their ratio 
equal to — 1. A very convenient way to divide the circuit is shown by the 
dashed line in Fig. 9.11. 

The product of the impedance of the upper section times the admittance 
of the other section becomes simply 

ZY = ( R ' + i*){i + c “) (917> 

The roots of the network equation are then the values of s which make 
this product or 1 /ZY equal to —1, as shown in Fig. 9.12. 
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The next problem is to find the zeros of the transfer function; these 
are values of s corresponding to transients of the form e“ which can exist 
in the input with no output. The equations will be set up for the circuit 
according to the loop currents as shown in Fig. 9.11. 

The summation of voltages around the C 2 loop is 

cb) < 9 - 18 > 


iiRi = %2 ^^1 


+ Ri ■+■ 


The condition for zero output voltage can be expressed as 
i\ ~—|- i 2 R 2 = 0 (9.19) 

Lf 1 S 

No equation is needed involv¬ 
ing Vi because vi can be whatever is 
necessary to make the currents flow 
with no output voltage. Solve for 
ii from (9.19) and substitute it into 
(9.18): 

1 (Ri R2 )C 2 s 


R 2 CiS -J- 


RiC 2 s 


= 0 
(9.20) 



Fig. 9.13. Root-locus plot to determine 
the zeros of the transfer function of the 
circuit in Fig. 9.11. 


The roots of (9.20) are then the 
values of 8 which make the ratio of 
these two functions equal to — 1, as 
shown in Fig. 9.13. 

This locus of roots is a circle about 
the point — l/(Ri + R 2 )C 2 as center, making |1 + (Ri + /2 2 )C 2 s| = 1, 
and thus 

l?l1 = VtfiC'ifl 2 C2 (9 ’ 21) 

For small values of </>/2, the damping ratio is 




f = = 2 Wl ( Rl + Ri)Ct ~ 2 


1 R 1 -|- R 2 



(9.22) 


The damping ratio must be of the order of 0.05 in order for the network 
to be effective on the modulated carrier signal, as discussed in the next 
article. Therefore, the ratio of C 2 /C 1 must be very small; the values Ri 
and R 2 should be equal if the sum over the geometric mean of resistances 
is to be a minimum. The roots of (9.20) are the zeros of (V 2 /Vi)(s), 
making the complete transfer function for the circuit 


Z* m = (1 ~ s/<7i)(l ~ s/gz) 
7 X W (1 -«/ri)(l -s/r t ) 


(9.23) 
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9.6. Modulated Carrier Signals 


A modulated carrier signal can be resolved into two sine waves, 
having frequencies above and below the carrier frequency by the 
amount of the modulated frequency. These signals are transmitted 
through the bridge network and then recombined into a modulated 
carrier. A vector construction shows that a zero close to the jw 
axis at the carrier frequency produces phase lead for the modulation 
envelope. 

A synchro transmitter, having a constant angular error, will give an 
a-c signal of the frequency of the excitation of the synchros, o> c /2x = 400 
cps. If the angular error itself is a sine wave of a much lower frequency, 
w m /2x cps, the instantaneous value of the error-voltage signal in terms 

of vector lengths in Fig. 9.14 will 
be 

OP = OM cos vijt, cos a m t (9.24) 

The terms “carrier frequency” 
w e and “modulation frequency” 
w m are used because the same type 
of signal is common to radio 
circuits. 

The instantaneous voltage can 
be represented vectorially as 
shown in Fig. 9.14. The vector 
e >w rotates at a circular frequency 
03 c ; its projection on the real axis 
OQ is cos 03 e t. The vector 
rotates at angular speed w m ; the 
projection of cos 03 c t on it, OP, is cos 03 c t cos 0 o m t. The same length OP can 
be obtained as the average of projections OA, from e M , and e -,w , directly 
on e~ iumt . The proof is that the line lengths MQ and QN are equal by 
symmetry; the projections AP and PB of these line lengths on the line OC 
are also equal. The instantaneous value of the voltage, OP, is then the 
average of the two values OA and OB. 

The geometry of obtaining OA and OB is exactly the same, however, if 
the reference line OC is held fixed at the real axis and the top vector made 
to rotate at the rate « c + «m and the bottom vector made to rotate at 
the rate « c — 03 m . 

COS 03 J, COS 03 m t = £[C0S (o3e + 03 m )t + COS (o3 e — W m )f] (9.25) 

This vectorial conversion can also be carried out by means of trigono¬ 
metric identities. The significant thing is that the modulated carrier 



Fig. 9.14. A vector diagram to demonstrate 
the equivalence of a modulated carrier signal 
and two signals with offset frequencies. 
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signal is exactly equal to the sum of two sinusoidal signals having fre¬ 
quencies which are the sum and difference of the carrier and modulation 
frequencies. 

When the modulated carrier signal is impressed at the input of the 
bridged-T network, the output can be found by considering the signal 
to be the sum of the two beat-frequency signals. The value of the 
transfer function can be easily estimated from the complex-plane plot 
shown in Fig. 9.15. A general value of the complex number s is shown. 
For s equal to zero the phase shift of the bridge is zero, and the attenua¬ 
tion ratio is unity. As s moves up the jw axis, all the vectors in the 
transfer function follow the s point, pivoting at the poles and zeros. In 



(a) (6) 


Fig. 9.15. Transmission of signals through the circuit in Fig. 9.11: (a) vectors from all 
poles and zeros of the transfer function; (6) expanded view of the effect of the zero qi 
near the jw axis. 

the region of ju e the effect of all vectors is nearly constant except for that 
of the one pivoted at the zero qi. A close-up of this region, shown in 
Fig. 9.156, indicates that the higher-frequency signal is given a phase 
shift by an angle 0 more than that of a signal at carrier frequency and 
the lower-frequency signal is given phase-shift lag by the angle <f>. 

The rotating-vector picture for the output signals of the bridged-T 
network is shown in Fig. 9.16. The phase lag caused by the poles at ri 
and r 2 and the zero at rotates each vector back toward the time axis, 
OM to OM' and ON to ON', as shown in Fig. 9.16a. The average of 
the projections OA and OB upon the time axis can be resolved into a 
single vector OP, obtained by projection of OM’ to OQ and then to OP, 
to give a modulated carrier signal again. This effect is to shift the phase 
of the carrier only, not of the modulation envelope. 

The opposite phase shifts <f> due to the zero qi, however, require that 
the top vector OM be rotated away from the time axis and the bottom 
vector ON be rotated toward the time axis. The same relative shift 



Original from 

UNIVERSITY OF MICHIGAN 




Generated on 2020-O5-2O 08:40 GMT / https://hdl.handle.net/2027/mdp.39015002933185 

Public Domain, Google-digitized / http://www.hathitrust. 0 rg/access_use#pd-g 00 gle 


160 


CONTROL-SYSTEM DYNAMICS 


can be achieved simply by rotating the time axis OC through the angle <j> 
to OC', as shown in Fig. 9.166. Again the same construction as in Fig. 
9.16a obtains OP as the average of OA and OB, to give a modulated 
carrier signal. The effect of the zero qi, however, is to shift the phase 
angle of the modulation envelope ahead by the angle <f> without affecting 
the carrier. This shift in the envelope is the lead angle <f> desired and 
is equal to tan -1 w m /f w c , in which f is the damping ratio of qi. 



Fig. 9.16. Effect of bridged-T network on a modulated carrier signal: (a) equal phase 
Bhift of both signals; ( b ) opposite phase shifts due to zero near to jw axis. 

9.7. Choice of Capacitor in a Complete System 

The locus of roots can be 'plotted, versus capacitance if the rest of the 
system is treated as an impedance. The poles of the impedance 
function are the roots of the system with capacitance zero; the zeros 
are the roots with capacitance infinite. These extreme conditions 
correspond to open circuit and short circuit, for which the roots are 
already known from a plot versus loop gain. The subsequent 
locus versus C permits the direct choice of C for maximum damping 
of the complex roots. 

Circuit concepts, such as input impedance, can be applied to the 
problem of selecting the capacitor to be used in a lead network. The 
standard system (Fig. 5.1) is represented in Fig. 9.17 in a form which is 
partially circuit and partially block diagram. 

The entire control system is shown enclosed in a dashed block, because 
it will be treated as a single impedance as viewed from the terminals 
of the capacitor. This impedance is the ratio of the impressed voltage 
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to resultant current. The d-c value of impedance involves replacement 
of the capacitor by a d-c battery; current will flow around the loop 
through R\. If current flows through R 2 , the voltage input to the 
amplifier will cause the motor to drive the output until the output of 



to treat the entire system as an impedance viewed from the terminals of the capacitor. 


the first amplifier opposes the applied battery voltage and reduces the 
current through R 2 to zero. The d-c value of the impedance, as viewed 
from the terminals of the capacitor, 
is thus simply Ri. 

The roots of the equation of the 
complete system are the values of s 
which make the impedance Z times 
the admittance of the capacitor, 

CiS, equal to —1. 

7Y = fliC 1 ~ $/gi)(l ~ s/gz) • • ' 

(1 - s/p i)(l - s/p 2 ) • • • 

CiS = -1 (9.26) 

The zeros and poles of this im¬ 
pedance function can be determined 
by use of the same arguments as in 
Art. 9.4. For Ci = 0 the roots of 
the system must be equal to the 
poles of Z, such as pi; for C 1 = «>, 
the roots of the system must be the 
zeros of Z, such as q 2 . These con¬ 
clusions are based on keeping the 
magnitude of ZY equal to 1 as the 
value of Ci is allowed to approach 0 
and 00 , respectively. But for 
Ci = 0, the system is the original 
system, whose roots have been determined by a locus plot in Fig. 7.8 with 
loop gain K 2 and are denoted by the points p h p 2 , and p% in Fig. 9.18. 



Fig. 9.17. With Ci variable, solid lines; 
versus K, dashed lines. 
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The attenuation of the resistance net is canceled by an equal amplifier 
gain, so that the net d-c gain of the loop, K, is not changed. At the 
other extreme, C 1 — <*>, the voltage across C x will always be zero; there¬ 
fore, the attenuation of the resistance network is eliminated. The loop 
gain is thus increased by the factor (R x + R^)/Ri, and the roots are 
farther out along the dashed locus, as shown by the points 51 , g 2 , and q 3 . 

In the solution of (9.26) the poles are the start of the locus versus C x 
and the zeros are the terminal points. Note that the admittance C x s 
adds a zero at the origin. The locus versus C x is shown in Fig. 9.18 by 
solid lines. 

Suppose that the capacitor C x were replaced by a variable resistance; 

in this case the admittance would have no zero 
introduced at the origin. Increasing G would 
simply increase the loop gain, and the locus would 
move out along the same path as that versus gain 
K. But the addition of the zero at the origin 
which arises for F = C x s causes an additional 
phase lead to be present at p x equal to <f>o- The 
locus thus starts from p x at the angle <po counter¬ 
clockwise from the gain locus in order that a com¬ 
pensating lag angle <f> 0 may be introduced by the 
vector s — pi. 

The locus from p x to qi is approximately an arc 
of a circle, as can be shown by assuming that only 
the vectors from the points pi and qi change ap¬ 
preciably (Fig. 9.19). The net angle of lead at r x 
due to the pole at pi and the zero at q x is (7 + 180) — a. But 
180 — a is / 8 ; therefore the net lead angle is 7 + (3. The angle 13 + 7 is 
constant if r x lies along the arc of a circle between pi and qi. The net 
phase angle of other vectors in Fig. 9.18 is not constant, however, causing 
the locus to be distorted from a circular shape. 

The maximum damping constant of the complex roots r x and r 2 can 
be achieved at the point of tangency of the locus with a vertical line. 
The corresponding value of C\ is then calculated from (9.26). As a first 
approximation, assume that the product of all terms involving the zeros 
and poles of Z is equal to The magnitude condition of (9.26) is then 
satisfied simply by making R 1 C 1 = 3/|r x |. 

The roots of the system are the poles of the transfer function from 0< 
to 0 O . The zeros of this function are the values of s corresponding to 
transients of the form e“ which can exist in the input 0< with no output 00 - 
Inspection of Fig. 9.12 reveals that the only zero is — l/R x Ci, because an 
input voltage e~ l/RlCi could cancel a transient voltage across Ri, leaving 
the voltage across R 2 zero. The complete transfer function is, therefore. 



Fig. 9.19. Circular locus 
between a pole and a 
zero, assuming that net 
phase shift due to all 
other poles and zeros is 
a constant. 
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0£ / N _ _ 1 + RjCjS _ 

0 ,- W (1 - s/r x )( 1 - s/r 2 )(l - s/r 3 )(l - s/r t ) 

The root r 4 is off scale on the plot. 
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(9.27) 


9.8. Simultaneous Choice of Two Parameters 

Addition of a shunt capacitance to a lead network can be studied by 
the technique of finding the roots for the open-circuit and short- 
circuit conditions. A grid of loci can be sketched in the complex 
plane to permit simultaneous selection of both values of capacitance. 

The process described in Art. (9.7) can be used to include new changes 
in the system. Thus by adding a capacitor in series with R 2 , a combina¬ 
tion integral-lead network is ob¬ 
tained, as shown in Fig. 9.20. 

For constant-velocity inputs, the 
steady-state error signal is not atten¬ 
uated by a resistor divider as before. 

For C 2 = «, the circuit is the same 
as in Fig. 9.17, and the roots of the 
system are the values determined in 
Fig. 9.18. The root to the left of q 3 
is neglected. At the other extreme, 

C 2 = 0, the attenuation of the resist¬ 
ance network is eliminated for all signals, and q h q 2 , and q 3 in Fig. 9.18 
become roots of the system. The equation for the roots of the system in 
terms of the admittance of the network, Y 2 , and the impedance of the 
capacitor, 1 /C 2 s, will be shown to be 


C, 



Fig. 9.20. A combination integral-lead 
network added to the basic system of 
Fig. 5.1. 


1 _ (1 — s/gi)(l ~ s/g 2 )(l - s/qz ) 1 + R 1 C 1 S 1 = 
C 2 s (1 — s/ri)(l — s/r 2 )(l — s/r 3 ) R 2 C 2 s 


The open-circuit roots are the zeros of the admittance function, and 
the short-circuit roots are the poles. The d-c value of the admittance 
can be shown to be l/R 2 by replacing the capacitor with a battery and 
noting that the steady-state current flow makes v 2 = 0. The new zero 
— I/R 1 C 1 is due to the new transient which can exist with C 2 = 0 because 
a circulating current around the R 1 C 1 loop cannot be influenced by any 
action of the servo. 

The root-locus plot for (9.28) versus C 2 is shown in Fig. 9.21. The 
locus from ri now starts to the right and crosses the ju axis quickly, 
making the allowable value of 1 /R 2 C 2 very small. The change in the 
angle at which the locus emerges from r x compared to the direction of the 
locus in Fig. 9.18 is due to replacement of the zero at the origin by a pole, 
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with the new zero appearing at — I/jRiC'i. A new root is between 
— I/R 1 C 1 and the origin; analysis of the same result in Art. 5.10 shows 
that the low steady-state error allowed by C 2 is achieved slowly. Reduc¬ 
ing C 2 is desirable to move this real root to the left, but some means of 
increasing the damping of the complex roots must first be found. 

Reduction in gain achieves greater damping. The amplifier gain had 
been increased to compensate for the attenuation of the lead network; 
then the insertion of C 2 avoided this attenuation. The net result is 



Fig. 9.21. Root locus of the system in Fig. 9.22. Region of shift of the root r t 

Fig. 9.20 with Ci fixed and Cs variable. due to variation of both C 1 and C 2 . 


that static gain is higher by the factor ( R\ + Rt)/Rt than the originally 
specified value. A reduction of gain could be made as a new modification 
of the existing system, or the gain could be lowered in Fig. 9.18 and the 
sequence of plots resketched. This second sketching of the plots is 
faster than the first, because the zeros and poles involved in each plot, 
as well as the general shape of the loci, are already known. Moreover, 
the study of the simultaneous choice of both capacitors is aided by 
establishing a grid of loci across the region in which the roots must lie, as 
shown in Fig. 9.22. 

The upper curve is the locus versus Ci with C 2 infinite; the lower curve 
is the locus versus C 2 with C 1 zero. The locus from ri to qi is similar to 
the locus established in Fig. 9.21. Other loci can be sketched from one 
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curve to the point qi in each case. This grid of lines aids in the simul¬ 
taneous choice of C 1 and C 2 . 


9.9. Locus Versus a Mechanical Parameter 


The technique of establishing the position of the roots for a param¬ 
eter having the extreme values of zero and infinity can be used with 
mechanical parameters. When the compliance of a motor shaft is 
variable, the limiting cases are a solid shaft and a broken shaft. 

Consider the standard system (Fig. 4.1), but let compliance of the 
shaft between the motor and the load be varied, as shown in Fig. 9.23. 
This spring effect is present in an autopilot servo in the shaft connecting 
the actuator to the control surface. The effect is sufficiently serious 



Fig. 9.23. The basic system of Fig. 4.1 with compliance of the shaft between motor and 
load added. 

that the actuator must often be mounted very close to the control sur¬ 
face, even though a simpler design could be made using a torsion tube 
between the actuator and the control surface. 

The application of Th6venin’s theorem involved the concept of the 
impedance of the system as seen from the terminals of the variable ele¬ 
ment such as a capacitor. For this mechanical system the "mechanical 
impedance” of the system seen from the spring K D is the ratio of the 
torque impressed on the system between the ends of the spring and the 
resultant angle 6 U — Ol, in which 8m is the motor angle and d L is the load 
angle. Denoting this impedance as K(fifc(s), the characteristic equation 
of the system is 

Kc ® c ( s ) = -l (9.29) 

Ad 


Nothing has as yet been determined about KcGc(s), but writing it in 
terms of its zeros and poles with the possibility of zeros or poles at the 
origin makes (9.29) become 


ffcs 7 (l — s/gi)(l — s/q 2 ) • • • 1 
(1 - s/pi)(l - s/p 2 ) • • • K d 


(9.30) 


For K d infinite, the system is the same as that in Fig. 5.1, for which 
the root-locus plot versus gain K is given in Fig. 7.8. Selecting K = K 2 , 
the roots are r x , r 2 , and r 3 , which are replotted from Fig. 7.8 in Fig. 9.24. 
For Kd = 0, the control loop is broken, and the roots of the system are 
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the roots of the equations for the individual components. One root is 
— l/Ti for the generator field; the other is — I/T 2 for motor acceleration, 
although the numerical value would be altered from that previously used 
because the inertia of the load is uncoupled from the motor. The poles 
and zeros of (9.30) are thus determined, but Kcs y depends upon the 
steady angle 6u — 6l produced by a steady-state torque between motor 
and load. This torque would act through the transfer function 1 /JlS 1 
to produce 6l, which in turn acts through K 2 /s to produce da- The 
specific form of (9.30) is therefore 


J l s 2 s 


(1 -+■ Ti«)(l + T28) 


K 2 (1 — s/ri)(l — s/r 2 )(l — s/r 3 ) K D 


' =-1 


(9.31) 




X 

v T, 


- 1 /T, 


TiTrX A 


The root-locus plot for (9.31) versus K D as the variable is then as 

shown in Fig. 9.24. As the compli¬ 
ance of the load shaft increases from 
zero, the locus from the poles at ri 
and r 2 moves up, around to the left, 
and then back into the real axis. 
This locus corresponds to the servo 
roots returning to the open-loop 
poles as the loop is opened gradually 
by weakening the load shaft. A 
new pair of roots starts from the 
ends of the^'w axis; these correspond 
to the natural resonance of the shaft 
itself. As the shaft is weakened, 
these roots are moved into the right 
half plane by the action of the servo, 
as shown by the roots S 3 and s«. 
For very high values of compliance, 
friction effects will no longer be 
negligible. For very low values of 
compliance, very short time con¬ 
stants not considered in the equa¬ 
tion will influence the position of 
the locus with respect to the ju> axis. 
The limiting positions of the locus 
are thus convenient in establishing the plot, but the limits themselves 
should not be accepted unless the assumptions are still valid. 


-i/r,/ 

/ % 
*2 


/ 

I** 

/ 

Fig. 9.24. Root-locus plot of system in 
Fig. 9.23 versus compliance of shaft, 
1 /K d . 


9.10. Correlation with Other Methods 

The technique of sketching a locus versus any variable can he justi¬ 
fied using either block diagrams or determinants. The simplest test 
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of applicability of the technique is that a set of equations can he writ¬ 
ten describing the system in which the variable appears in only one 
equation. 

Any one of the systems solved in this chapter could have been set up 
and solved in block-diagram form. Thus the final problem of the previ¬ 
ous article (Fig. 9.23) would appear in a block-diagram form as shown 
in Fig. 9.25. 

This block diagram can be set up in simple form by assuming that the 
compliance of the load shaft is zero. Then include compliance by hav¬ 
ing the twist of the shaft subtracted from motor angle Om to produce the 



Fig. 9.25. A block diagram of the system in Fig. 9.23 with the compliance isolated. 

load angle Ol. The load angle Ol times J L s 2 is the torque m L which 
must exist in the spring. This torque multiplied by the compliance 
1/K d then determines the twist of the shaft. Compliance is thus 
obtained as a parameter which appears in only one loop. The rest of 
the system can be reduced to a single function as seen from this loop, 
and the final root-locus plot is made with compliance as the variable. 
These loci must be continuous curves which start from the points for 
compliance zero and end on the points for compliance infinite. These 
sets of points must be the poles and zeros of the transfer function of the 
system from Om — Ol to mi, in order that these end conditions may be 
met. Being poles and zeros of the loop transfer function, these points 
must also be the base points for vectors which determine the position 
of the locus.’ The significant point to note from the block-diagram 
reasoning is that the element in the system which is to be varied should 
be set up as an isolated parameter in a single loop. 

An example where a parameter cannot be isolated occurs in the study 
of the effect of the angular momentum of a gyroscope on the roots of a 
system containing that gyroscope. The momentum will appear in two 
blocks of the block diagram, because deflection of the momentum vector 
in either of two directions is important. 

The procedure of setting up a root-locus plot versus a variable in the 
system can also be justified by using some of the concepts usually associ¬ 
ated with determinants. The arguments are quite simple and can be 
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illustrated in terms of the equations directly. The system shown in 
block-diagram form in Fig. 9.25 will be used. Letting 0, = 

m L = Ml e“, 6 l = 0z,e*‘, and d M = OmC*, these equations become 


0i = 

0 = 

0« + 0L 

KOe 

-Ml - 

(Ds + J jfS 2 )0if 

(9.32) 

(9.33) 

1 + T is 

0 = 

0L 

~k M > 

+ 0Af 

(9.34) 

0 = 

J l& 2 Ql 

-Ml 


(9.35) 


Note that the compliance 1 /K D appears in only one term of one equa¬ 
tion. To find the roots of the system, these equations are to be com¬ 
bined to form one equation in one variable. For the purpose of this 
argument, the exact form of the equation need not be determined. The 
position of the variable 1 /K D , however, is kept clear-cut by the following 
sequence of manipulations. Multiply (9.32) by K/( 1 + 7\s) and sub¬ 
tract from (9.33) to eliminate the variable 0« from (9.33). Similarly, use 
the new form of (9.33) to eliminate the variable Qm from (9.34). Finally 
use (9.35) to eliminate Ql from (9.34). The final form of (9.34) is in 
terms of M L as the only variable. The coefficient of Ml will be the 
sum of many terms, some of which contain 1/Kd. The equation can be 
expressed in the form 

0 = Fiis) ± r^F 2 (s) (9.36) 

Ad 


This form is possible because 1/K D cannot appear as a squared term, 
as shown by the sequence of elimination of variables described above. 
The roots of this characteristic equation for the special case of 1 /K D 
being zero are the zeros of the function Fi(s). The denominators of any 
terms which might appear in the final form of (9.34) are cleared; the 
functions Fi(s) and F 2 (s) in (9.36) have no denominators. For 1/K D 
infinite, the only values of s which can be roots are values that make 
F 2 (s) equal to zero. Denoting the first set of roots as pi, p 2 , ... , 
(9.36) can be written in the form 


• ± i( 1 -^)( 1 -^) •=° < 937> 

The sum of these two terms can be made zero for intermediate values 
of 1/K d by making the ratio of the two terms equal to ± 1. 

(V^Kl - Vg,)(l - «/8J : • • _ ± ! (9.38) 

(1 - s/p i)(l - s/p 2 ) • • • 
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The sign of ±1 can usually be easily determined in any particular 
system by some physical condition which is satisfied for one choice of 
sign but cannot be satisfied by the other. This line of attack thus pro¬ 
duces the same conclusion as that involving block diagrams. 

The use of determinants to solve a set of simultaneous equations offers 
many advantages in organizing a complex system and will be the next 
topic of study. 
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CHAPTER 10 


USE OF DETERMINANTS 


A block diagram of a system emphasizes the cause-and-effect sequence 
of signals in the system. Thus a block diagram can be built up step by 
step without ever thinking of the complete set of simultaneous equations 
involved. The circuit method of the last chapter treats the entire system 
from the point of view of one element, and system behavior is then 
described completely by the roots of the system for the extreme cases 
when that one variable is zero and infinite. Determinants, on the other 
hand, are a shorthand method of dealing with simultaneous equations. 
The manipulations with them correspond to setting up new equations, 
either by adding two equations or by changing variables. 

Each of these methods is just a different way of solving the same 
problem. The operations in one method would therefore be expected 
to be similar to or the same as those of another, as will be shown to be 
the case. The value of one method compared to another depends upon 
the clarity with which it presents the system and the pattern of solution 
which it suggests. The expansion of a determinant, for example, may 
be done in any one of several ways. Considerable attention will be paid 
to obtaining the simplest sequence. 

10.1. Correlation with Block Diagrams 

A block diagram emphasizes cause and effect; a determinant 
normally expresses a set of simultaneous equations. By proper 
arrangement of the determinant, however, the corresponding block 
diagram is immediately evident. 

The purpose of this article is to demonstrate that a determinant can 
be interpreted as a block diagram. Consider the autopilot system shown 
in Fig. 8.26 for the special case of K y and K y equal to 0. Lower-case 
letters X«, y, a, and /3 are used in the block diagram because time-varying 
signals are here pictured. For equations, however, the corresponding 
capital letters will be used: A>, T, A, and B. The change corresponds to 
considering signals of the form e*‘ throughout, such as a = Ae*‘. Starting 
with X<, as the independent variable in this case, the equations at each 
succeeding junction from left to right are then 

170 
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0CVA* - Cm A) = r (10.1a) 

r - B = A ( 10 . 16 ) 

ife;A = B (10.10 


Note that, as one reads these equations, the sequence of cause and 
effect is still preserved, in that the variable determined by an equation 
is stated last. The pattern of equations for use in determinants, how¬ 
ever, requires that all terms involving a given variable be listed in one 
column, as shown by 


-Js 2 T - CmA = -C t Ao (10.2a) 

T - A - B = 0 (10.26) 

ClA - MVsB = 0 (10.2c) 

The independent variable for this case is listed in the right-hand 
column; the other three variables are all dependent. Note the pattern 
that the variable T determined by the first equation is listed in the first 


r A B Ao 


Cy 

0 


u 

Fig. 10.1. Array of coefficients of simul¬ 
taneous equations of the pitch motion of 
plane. 


-Js 2 

-C u 

0 

+1 

-1 

-1 

0 

C L 

-MVs 



Fig. 10.2. Modification of Fig. 10.1 
to indicate equivalent block dia¬ 
gram. 


column; the variable A determined by the second equation is listed in 
the second column, etc. The variable determined by each equation is 
thus located along the so-called “principal diagonal” from upper left 
to lower right of the array. The determinant itself is simply the array 
of coefficients which remains after eliminating the variables, although the 
variables are identified at the top of the columns in Fig. 10.1. 

A block diagram can be regained from this figure by treating each 
coefficient as a transfer function, as shown in Fig. 10.2. The independent 
variable A 0 multiplied by the transfer function C T acts to produce a 
change in the variable T. Assuming that A is known, then —CmA is 
the other torque acting to change T. The top row of Fig. 10.2 represents 
Eq. (10.2a). 

To determine the variable T, the sum of these torques must be divided 
by Js\ 

{-CmA + CtAo) = r (10.3) 
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The significance of the dashed block in Fig. 10.2, therefore, is that the 
input signals must be multiplied by the negative reciprocal of the function 
in this block to obtain the variable in that column. The sign of the 
coefficient of the input variable K is changed because this term is brought 
back to the left side of the equation. The same reasoning is applied to 
the other rows, thus setting up the pattern of signal flow as shown. This 

symmetrical arrangement of trans¬ 
fer functions is such that the arrows 
need not be drawn; the position of 
the transfer function alone specifies 
its meaning. The control equation 
which determines X 0 must also follow 
this pattern (Fig. 10.3). The block 
diagram in Fig. 10.3 now is identical 
to that in Fig. 8.26 except for the 
Fig. 10.3. Modification of Fig. 10.2 to in- use of the symbols F y for K y G y , Fp 
elude autopilot control functions. for Kfi y V/s, F x for the inverse 

transfer function between X< and X 0 , and X for the input at the extreme left 
of Fig. 8.26. One advantage of the use of determinants is that the array 
is set by a given choice of columns for the variables whereas a block 
diagram might be drawn in many ways. 

10.2. Meaning of Determinant Manipulations 

A determinant is a shorthand form of expressing simultaneous 
equations in which each row represents an equation, each column a 
variable, and each element of the array a coefficient. Addition of 
rows involves addition of equations; additions of columns involves 
changing variables. Manipulations which produce a zero element 
eliminate the effect of the variable in that column from the equation 
in that row. 

The general form of the pitch autopilot system is shown in Fig. 8.32, 
in which a function such as a i2 represents the transfer function to 6i from 
d 2 along the given path. The elimination of the variable 0 2 will be 
achieved by determinant manipulations to provide a comparison with 
the block-diagram method in Art. 8.10. The equations at each junction 
point for symbols of the form 


Oi = e t €** 

(10.4) 

— 0* = —01 “b &1202 + 01303 

(10.5a) 

0 = 021©1 — 02 “t" 02303 

(10.56) 

0 = 03101 + 03202 — 03 

(10.5c) 
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m 


Note that the equations are written so that each variable appears in a 
separate column; omitting the variables leaves the array of coefficients 
shown in Fig. 10.4. 

Each row represents an equation with the variables understood to be 
those given at the tops of the columns in Fig. 10.4. A new equation in 
which the coefficient of 0 2 is zero may be obtained by multiplying each 


©1 

© 2 

©3 

-1 

a l 2 

®13 

®21 

-1 

®23 

a 31 

®32 

-1 


Fig. 10.4. The array of coeffi¬ 
cients for simultaneous equa¬ 
tions corresponding to the 
block diagram in Fig. 8.32. 


©. 

0 2 

©3 

-1+a 12 a 21 

0 

a 13 +a 12 a 23 

«21 

-1 

a 23 

a 31 + °32 a 21 

0 

-1+032(123 


Fig. 10.5. The array of coefficients 
for simultaneous equations corre¬ 
sponding to the block diagram in 
Fig. 8.34. 


coefficient in the second equation by ai 2 and adding them to corresponding 
coefficients in the first equation. Similarly, multiplying each coefficient 
in the second row by +a 32 and adding to the third row eliminates the 
coefficient of 0 2 in the third equation. The determinant array corre¬ 
sponding to the new equations is shown in Fig. 10.5. The variables 
0 i and 0 3 can now be determined from the first and third equations with 
the second equation merely determining 0 2 from 0i and 0 3 . 

Another procedure to eliminate 0 2 involves addition of columns of 
coefficients. Thus if the second 
column of Fig. 10.4 is multiplied by 
a 2 i and added to corresponding ele¬ 
ments of the first column, the ele¬ 
ment in the position of a 2 i will now 
be zero. The equations will remain 
valid, however, only if a variable is 
changed. Specifically the first equa¬ 
tion, represented by the first row in 
Fig. 10.4, would be greater by the 
quantity a 2 ia J2 0i arising in the first 
column but would be less by exactly 
the same amount since the variable in the second column was changed from 
0 2 to 0 2 — a 2 i0i. Repeating the procedure by multiplying elements in 
the second column of Fig. 10.4 by o 23 and adding them to elements in the 
third column gives the determinant shown in Fig. 10.6. The variable 
in the second column is now zero. The coefficients in the second column 


©. 

e 2 

-a 2 i0| 

-«23^3 

©3 

— l + a 21 

a 12 

ai3+a 12 <*23 

0 

-1 

0 

a 31 +a 32 a 21 

a 32 

— 1+ a 32 <i 2 3 


Fig. 10.6. Elimination of one equation 
by change in variable from Fig. 10.4. 
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of Fig. 10.6 can thus be eliminated from the first and third rows without 
changing these equations. 

10.3. Development of Cramer’s Rule 

The transfer function from an input to an output of a system can be 
expressed as a ratio of determinants. A determinant is a square 
array of elements whose value is the sum of all possible products 
involving one element from each row and column with proper choice 
of sign. 

The manipulation of equations in the previous article demonstrates 
that a set of equations can be reduced to a single equation in a single 
dependent variable; the functions obtained are the sums of various prod¬ 
ucts of elements in the array of coefficients. The purpose of this article 
is to investigate the form which these functions must have, before con¬ 
sidering a proof. 

In solving for the transfer function from an input to an output, the 
values of s which make the denominator zero correspond to output 
transients which can exist when the input is zero. But if the input is 
zero, its column of coefficients can be neglected. The remaining array 
of coefficients is called the characteristic determinant of the system and 
is independent of the output being determined. The values of s which 
make the numerator function zero, however, correspond to inputs of 
the form e’ f which can exist when the output is zero. In this case, the 
column of coefficients for the output variable will have no effect upon 
the solution. The problem of finding the zeros of the transfer function 
is thus separated from the problem of finding the poles. In each case a 
set of three equations in three variables must be solved by reducing each 
set to a single equation in a single variable. Any of the manipulations 
of the previous article may be used because the only object at this point 
is to find the roots of the equations. 

A single equation may be obtained in a single variable by following a 
consistent pattern for obtaining zero elements. If the procedure of multi¬ 
plying rows by an element and adding rows, which was used in obtaining 
Fig. 10.5, is continued, no product will arise which has two elements of 
the same row involved. Similarly, if the procedure of multiplying and 
adding columns, which was used in obtaining Fig. 10.6, is continued, no 
product will arise which contains two elements in the same column. 
Either procedure will produce the same final function; therefore, no 
product in this function can contain two elements in the same row or 
column. 

The product of elements such that no row or column is duplicated 
suggests a concept of feedback paths, as illustrated in Fig. 10.7. The 
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elements in the principal diagonal are all made — 1 for convenience. An 
element such as o 2 i is then the transfer function from 81 to 0 2 . The 
closed path of a signal then involves a transfer function from each row or 
column only once, as shown by the arrows. The transfer function around 
the loop is 0210320 x 8 and is positive. For a third-order determinant of 
the form of Fig. 10.7, in which the only minus sign occurs along the 
principal diagonal, all the loop transfer functions 
are positive. The signs of the terms thus ob¬ 
tained are consistent with those which will be 
given for determinants in the next article. 

The above correlations between block dia¬ 
grams and determinants are given to show the 
similarity between the two. The block-dia¬ 
gram concept is useful in writing the equations 
on the basis of cause and effect. A determinant 
can then be used simply as a logical method of 
arrangement of a block diagram. 

The transfer function between any input and 
any output is conveniently found by use of Cramer’s rule. This rule is 
stated and shown to be valid in a typical example in the next article. 



Fig. 10.7. A term in a 
determinant expansion 
identified as a transfer 
function around a loop. 


10.4. Statement and Proof of Cramer’s Rule 


Cramer’s rule is a procedure for expressing the solution of a set of 
simultaneous equations in terms of the coefficients of these equations. 

The procedure is illustrated for a system of three equations. The 
proof consists of showing that the result given by the rule does satisfy 
the equations. 

Three equations in general form are 

OioXo = anXi + 012X2 + O13X3 ( 10 . 6 a) 

a 2 oXo = a 2 iXi + 022 X 2 + 023 X 3 ( 10 . 66 ) 

030 X 0 = O 31 X 1 + 032 X 2 + 033 X 3 ( 10 . 6 c) 

The independent variable is Xo, in that it would be an input to a control 

system; the variables Xi, x 2 , and x 3 are dependent, in that they are out¬ 
puts determined by the input. 

Cramer’s rule gives a single equation in a single dependent variable by 
expressing the function in determinant form: 


dio 

Cl 12 

cin 


an 

a\2 

013 

d 20 

&22 

d23 

Xq = 

CI 21 

CL 22 

023 

dzo 

Clz2 

dzz 


dz\ 

032 

Clzz 


(10.7) 


Note that the determinant associated with the dependent variable is 
the array of coefficients of the set of simultaneous equations. The 
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determinant associated with the independent variable is the same array 
with the column of coefficients of the dependent variable Xi replaced by 
those of the independent variable Xo. 

A determinant is a sum of products, in which each product, such as 
U 11 U 23 O 32 , contains one and only one element from each row and column. 
A convenient method for obtaining all such products and giving them 
the proper signs is expansion by minors. A typical term in such an 
expansion is 


Ondn — U 11 


O 22 

o 32 


®23 

O33 


( 10 . 8 ) 


The determinant dxx in (10.8) is called a “minor.” Note that it is the 
same as the previous determinant except that the row and column of the 
factor an are eliminated. By selecting as outside factors all the elements 
of a particular row or column, the sum of the terms such as ( 10 . 8 ) will 
include all possible terms in the over-all determinant. 


Di — dn 


d22 

d32 


®23 

<*33 



>21 

&23 

+ Ol3 

a 2 1 

CL 22 

CL 12 






CLz\ 

(Lzz 

CLzi 

CLz2 


(10.9) 


Note that the signs of the terms alternate, starting with plus for the 
term involving the element in the first row and column. This procedure 
of expansion by minors can be continued until all possible products are 
obtained. For the given set of three equations, this is not necessary 
unless the expansion of a second-order determinant is considered to be 
expansion by minors. 


U22 

® 32 



The total expansion of a determinant is then 


( 10 . 10 ) 


D 1 — dn(d22U33 — O23U32) — ®12(U2ld33 — d3ld23) 

+ dis(d2ld32 — U 31 U 22 ) (10.11) 

Note that all possible products involving one and only one element from 
each row and column have been obtained by this procedure of expansion 
by minors. 

A proof of Cramer’s rule is to show that all the original simultaneous 
equations are satisfied. In this proof use will be made of the concept of 
minors to abbreviate the algebra. 

First consider the special case in which the input variable acts in only 
the first equation; i.e., a 2 0 and d 30 are zero. This permits the solutions 
for the dependent variables to be expressed as 


Xi = 


diodn 

Dx 


Xo 


Xi - 


— dlpd l2 

Dx 


Xo 


x% = 


axod 


13 


Dx 


xo (10.12) 
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Substituting these solutions into the first equation (10.6a) gives 


aio^o = -jy (flndn — 012^12 + ciizdn)xo ( 10 . 13 ) 

But the determinant D 1 can be expressed as the sum of the terms in 
parentheses; thus (10.13) is satisfied. 

Substitution of the values of the variables from (10.12) into the second 
equation (10.66) gives 


020 X 0 = ■fT' X 0 (O2ldil — 022^12 4* 023 ^ 13 ) 
J-f 1 


(10.14) 


The sum of the terms in parentheses in this case could be expressed as 
a single third-order determinant in which the elements such as 021 are put 
into the first row, as shown in (10.15): 



a 21 

022 

023 

021^11 — 022^12 + 023^13 — 

021 

022 

023 


031 

032 

033 


(10.15) 


Expanding this determinant by minors about the first row gives the 
sum of the terms shown on the left. But the value of the determinant is 
not changed by subtracting the second row from the first row, giving 


0 

0 

0 

021 

022 

023 

031 

032 

033 


= 0 


(10.16) 


Note that the new first row has all elements zero, and therefore expan¬ 
sion by minors about this row would give zero as the value of the over-all 
determinant; hence the right side of (10.14) is zero. Thus Eq. 10.66 is 
satisfied by the solutions obtained by Cramer's rule, since 020 was taken 
as zero. The same procedure will show that Eq. (10.6c) is also satisfied 
in the special case under discussion. 

Consider now the case in which a 2 o has a definite value but Oi 0 is now 
zero. Repetition of the entire argument will show that all equations are 
again satisfied. Similarly, if a 30 has a definite value, with oio and 020 
both zero, all equations are satisfied. If Oio, O 20 , and a 30 are all present, 
the solutions for xi, x 2 , and x% will be the sum of the solutions for each 
term individually. By superposition, the complete form of the solutions 
for x\, x 2 , and x 3 will satisfy all three equations. 

The argument used here for an example of a system with three simul¬ 
taneous equations apply equally well to a system with any number of 
equations. Thus when solutions are expressed in the form using minors, 
as in (10.12), no restriction is made regarding the order of the minor. 
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10.6. Pitch Autopilot System 

The solution of the pitch autopilot system achieved in Chap. 8 by 
block-diagram manipulation is easily followed in determinant form. 

The addition of a lift force from the elevator involves adding one more 
term to the determinant. 

The pitch autopilot system shown in block-diagram form in Fig. 8.26 
is shown in determinant form in Fig. 10.8. 

The column at the left gives the various inputs which might act on the 
r A g system. The first row corresponds 

to the moment equation, the third 

-C 0 C r ° W ^ e 0 ua ti° n i an d the 

u T fourth row to the control equation. 

The first simplifications of the 

0 +1 -1 -1 0 system are carried out in terms of 

these equations; determinant-ex- 

0 ^l ~ MV * 0 pansion rules are not involved until 

after application of Cramer’s rule. 

A F, 0 F p F k Thus A is eliminated by multiply- 

Fiq. 10.8. The pitch autopilot system of j n g the second row of coefficients 

Fig. 8.26 shown in determinant form. , n , , , ■ 

by — Cm and adding to the first row, 

and multiplying the second row by C L and adding it to the third row, to 

give Fig. 10.9. 

Divide the first row of Fig. 10.9 by Cm and the second row by Cl to 
give Fig. 10.10. The new terms which are used are identified by their 
positions; thus cm = y/C*f]J, R T = C t /Cm, and T, 3 = MV/Cl. 


-(Js*+C M ) C M 


-(1 -a/j(D x )( 1 +s/M) 1 


C, ~{C,+MV„) 0 Fi/C L 


1 -(l + T^s) 0 


Fig. 10.9. Elimination of the variable A 
by addition of equations in Fig. 10.8. 


Fig. 10.10. Modification of Fig. 10.9 using 
dimensionless ratios. 


The locked-control case has F, and Fp zero; the value of the character¬ 
istic determinant is then simply 

A '- n [( 1 -^)( 1+ ^) (1 + r#s) - 1 ] (iai7) 
The zeros of the function in brackets are determined in the root-locus 
plot in Fig. 8.28 and are denoted as Si and s 2 . The full value of the 
determinant in Fig. 10.10, as expressed by expansion by minors about the 
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third row, is 

A 2 = F\ ^1 — —^ ^1 — —^ s + F.y/?r(l 4" Tps) 4" FpRr (10.18) 

The solution in Art. 8.10 involves combining the two control functions 
into a single function, as expressed in (8.26). The zeros of this function 
are qi and q 2 , and a lead network is then inserted in series of the form 
&c(l 4- Ts)/{ 1 4- aTs). The inverse transfer function between X< and 
X, is (1 — s/ri)(l — s/r 2 ){\ — s/r 3 ), making the determinant now take 
the form 

s)(* - 5)(‘ -;)(■- ;)(■-?> 

R T K y V (1 — a/gi)(l — s/q 2 ) 2Ec(l 4~ Ts) 

S 14" aTs 


+ 


(10.19) 


The roots of this equation are the values of s which make the ratio 
of the two terms equal to —1, the latter equality being identical to 
(8.27). The roots are determined in Fig. 8.30. If the transfer function 
between A and T is desired, Cramer’s rule is used for the determinant in 
Fig. 10.10. The numerator determinant then has only one term, 
ftr(l 4- Tps), making T /A = Rt(1 4- Tps)/A 2 . Cramer’s rule could also 
be invoked to find the transfer function from any other input to any 
other output. Another advantage of using determinants is the pro¬ 
cedure for adding another coupling in the system, as discussed next. 

The effect of the lift force of the elevator is neglected in Art. 8.10. 
This force can be included in the equations represented in Fig. 10.8 by 
changing 0 to — Cr in the third row, A« column. In Fig. 10.10 the term 
would appear as — Rr = —Cr/Cl in the second row, A« column. The 
previous solution for A 2 need not be repeated; any expansion of the 
characteristic determinant is simply greater by Rr times its minor: 

= (ia20) 

The values of F$ and F y used previously should again be inserted and 
the zeros of (10.20) found. The characteristic equation for the new 
system is then 

A 4 = A 2 4- A 3 (10.21) 

This equation is then solved by a root-locus plot in which Rr is the 
variable. The numerator determinant of any transfer function previ¬ 
ously determined by Cramer’s rule should also be increased by Rr times 
its minor in that determinant. Thus A 0 /A would be 

r = -Rr + flr(l + 7» 

A A 2 4” A3 


( 10 . 22 ) 
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10.6. Roll-Yaw Coupling 

The yaw system is described by three simultaneous equations, roll by 
two. Each of these systems, treated independently, can be solved 
readily. Some aerodynamic effects couple the two systems together, 
but a new solution for the complete system can be built from the 
individual solutions. 

The motion in yaw is described by a moment equation, a side-force 
equation, and a rudder-control equation. The variables are the angles 
shown in Fig. 10.11a; the equations are of the same form as those of 

pitch. The roll system is described 
by a moment equation and by an 
aileron-control equation; these an¬ 
gles are shown in Fig. 10.116. 
Many intercoupling effects are pres¬ 
ent however. When the plane has 
a roll rate, for example, the angle 
of attack on the rising wing is 
decreased, which decreases the drag 
on that wing. The opposite effect 
occurs on the lowering wing, and 
thus a net yawing moment is 
created. Coupling from yaw into 
roll occurs with the plane yawed, 
because the force on the vertical 
tail surfaces acts above the roll axis 
of the plane and thus introduces a 
rolling moment. 

The purpose of this article is to 
Fig 10.11. The airplane angles involved s how how these intercoupling effects 
in roll-yaw cross coupling. , . , , , , 

can be introduced, drawing upon 

the previous solutions for roll and yaw as independent systems. The 
symbols used in the determinant in Fig. 10.12 are therefore selected with 
subscripts to identify the row and column in which the symbols appears. 
The symbol C denotes a given function, and F an adjustable function. 
The element Cu arises from the yaw torque produced by the roll rate. 
Similarly C u arises from the rolling moment produced by the yaw angle. 

The dashed lines separate the yaw and the roll systems. The deter¬ 
minant in the upper left of Fig. 10.12 is the characteristic determinant of 
the yaw system, and its zeros are presumed to be known from a study of 
that system. Similarly the determinant in the lower right is that for the 
roll system, and its zeros are also presumed to be known. These deter¬ 
minants can be used in the solution for the complete determinant by the 
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following procedure: Assume that 0i is known; therefore the input to the 
roll system is C4i0i. Solve for 0 4 using Cramer’s rule. 


e. = A 

A roll 


-c 


41 


C 45 
<756 


0lA 


14 


Iroll 


(10.23) 


The change in sign of C\i in using Cramer’s rule arises because the rule 
is based upon the column of coefficients being on the other side of the 
equation rather than on the same side. 


©1 

e 2 

0 3 

1 

1 

©4 

05 


O u 

c l2 


1 

1 

C, 4 


Yaw moments 

C 2 1 

c 22 


1 

i 

1 

C 2 4 


Side forces 


*32 

C33 

1 

1 

| 



Rudder controls 

C 41 



l 

“T“ 

1 

I 

c 44 

C 45 

Roll moments 




1 

1 

C 5 4 

^55 

Aileron controls 


Fig. 10.12. The determinant of the roll-yaw system isolating the individual determi¬ 
nants. 

With 0 4 known, the inputs to the yaw system are known and 0i can 
thus be found by use of Cramer’s rule. 

-C 14 C 12 C n \ 

~~ Cu C22 C2.1 . = 

C s~i I ^—5 yaw 

32 t 33 1 

The transfer function around the complete loop obtained from (10.23) 
and (10.24) is equated to +1 to obtain the characteristic equation. 


0i = 


04 


04A41 


(10.24) 


01 / N 04 / X _ A 14 A 41 
04 W 01 W ~ A roll A y ,„ 


= +1 


(10.25) 


The complete determinant would then be: 

A = ArollAyaw — A 14 A 41 (10.26) 

The complete determinant in Fig. 10.12 could have been expanded 
by any of the usual methods, and the final solution for the roots of the 
characteristic equation would, of course, be the same for the same values 
of the constants. The indicated procedure preserves the picture of 
cause and effect, however, and makes use of the individual determinants 
for the roll and yaw systems already solved. 

The coupling loop could be broken by adding a function F bi such that 
the numerator of the transfer function from 0i to 0 4 is zero. 


04 = 


Aroll 


-C 4 1 

-F 5 1 


c 45 

C55 


0 


(10.27) 
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Solving for F 6i gives: 

F 61 = (10.28) 

C«6 

10.7. Effect of Small Additional Couplings 

The roll-yaw system has many small coupling effects for which a 
complete solution is not justified. Two simplifications may be 
exploited: neglecting all terms involving the product of two small 
numbers, and solving for the shift in the critical roots only. 

The roll-yaw system can be solved by the preceding method very 
conveniently when the number of coupling coefficients is small. Many 
other coupling effects are present, however, as indicated by the following 
examples: The coefficient Cu, for example, would introduce a yaw 
moment due to an aileron deflection. The coefficient C 42 introduces the 
decrease in rolling moment due to change in angle of attack in yaw with 
sidewise velocity. The coefficient C 23 introduces the side force due to 
rudder deflection. Any one of these coefficients could be added to the 
determinant array shown in Fig. 10.12 with only one or two terms added 
to the expanded form of the determinant. If all such terms are con¬ 
sidered simultaneously, however, the minor associated with each coeffi¬ 
cient will in turn require several plots to obtain the factors. The addi¬ 
tional terms introduced by the latter procedure are those involving 
products of small terms such as CibCV The consideration of these 
coefficients one at a time in the basic determinant is a convenient way to 
obtain the major effect of a small term. 

Another simplification that may be exploited is that the basic determi¬ 
nant frequently has only one pair of roots, say r\ and r 2 , near the jw axis. 
The substitution of this specific value for s = ri in the determinant makes 
each element have a specific value. The minor associated with a new 
coupling term can then be evaluated by the usual numerical determinant 
methods rather than by separate root-locus plots. The minor need be 
evaluated only to perhaps 20 per cent accuracy, a fact which suggests 
a rapid procedure using vector diagrams. Each element in the minor is 
shown as a vector. Multiplying a row by a vector changes all the ampli¬ 
tudes by the same factor and rotates all vectors through the same angle. 
Adding one row to another can produce zero for one element in the new 
row, with the other elements determined by direct vector addition. A 
pattern of manipulation can be developed to make all elements above the 
principal diagonal equal to zero. The value of the minor, denoted as 
A#'*, is then simply the product of elements along the principal diagonal. 
The original determinant before the addition of the coupling term Cj is 
denoted as A x with known zeros r h r 2 , r 3 , etc. The complete determinant 
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in the region of s = n is then 

A = A x + A 2 = Ci (l — ■£) (l - ^ • • • + C t A*» (10.29) 

Expressing 1 — s/r 4 as (s — rf)/—r\, the change s — r 4 in the position 
of the root n can be found directly from (10.29): 


- ri = 


— CiAte’* 


[Ci(-l/n)(l ~s/r 2 ) ■ • 


(10.30) 


Very often the change s — r x thus found will be small, and therefore 
a more complete solution is not justified. 


10.8. The General Problem 

For an nth-order determinant, the number of terms obtained by 
direct expansion is nl; if each element is quadratic, the degree of a 
polynomial is only 2 n. The general methods of polynomial solution 
should therefore be used; a rootrlocus plot is useful only for the case 
of two terms each of which is already factored. 

The root-locus plot was introduced in Chap. 7 for a single-loop control 
system; the plot is ideal for that problem, because the open-loop transfer 
function is known in factored form and loop gain is the main variable of 
interest. The applications of the plots to multiloop systems in Chap. 8, 
to circuits in Chap. 9, and to determinants in this chapter complete this 
study. This final topic logically demonstrates that the other methods 
are preferable for many problems. Thus an nth-order determinant would 
have n! terms, which would require nl — 1 plots. On the other hand an 
expansion into a polynomial would make the degree of the highest term 
2n if each element were a quadratic. Substitution of numerical values 
makes the expansion into a polynomial comparatively fast; the effect of 
any one parameter can be seen by similarly computing the minor associ¬ 
ated with that parameter. For finding the zeros of an mth-degree poly¬ 
nomial, the method described in Art. 8.5 would require m — 1 plots. 
The total number of plots can be reduced by about two by factoring, as in 

ass 6 -(- a 4 s 4 -f- a 2 s* -J- a 2 s 2 <Zi s -J- do 

= s 4 (dsS + at) + s 2 (a 2 s + a 2 ) + (dis -4- do) (10.31) 

If quadratic functions are factored separately, then the number of 
plots for an mth-degree polynomial can be reduced to about m/3 by 
expanding, as in 

OfS 6 + ats* + a 3 s 3 + a 2 s 2 + a\s + a 0 

= s 8 (o 5 S 2 + a 4 s + a 3 ) + ( a 2 s 2 -4- ais + ao) (10.32) 
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A more rapid method of finding the approximate values of the roots, 
however, is to plot each term of the polynomial versus the magnitude 
of 8 on a log-log scale, as in Fig. 10.13. Each of the coefficients is plotted 
on the line for 8 = 1. The term ai8 is then plotted through ai with a 

100,000 
10,000 
1,000 

_ 100 

— 10 
1 

V10 

V100 
V 

Fig. 10.13. Approximate solution for roots of a polynomial. 

slope of 1, the a 2 s 2 term through o 2 with a slope of 2, etc. The largest 
terms for each range of values of s are then evident. At point A the 
terms a 0 and cqs are larger than all others and are equal to each other, 
making an approximate root s = —a 0 /ai. At point B the terms 01 S 
and a 3 s 3 are the largest and are equal to each other; 
the magnitude of s can b e read on the horizontal scale 
or computed as -\Zai/a 3 . If s were jw, the two terms 
would cancel, leaving the a 2 s 2 term as the largest term 
in the function. Actually a complex value of s can be 
determined from a vector picture such as Fig. 10.14. 

Considering the OiS and a 3 s 3 terms as having a mag¬ 
nitude of unity, then the a-js 2 term must have the value 
2f. After the approximate value of all roots are thus 
determined, several procedures are possible to obtain 
greater accuracy. At point B, for example, the re¬ 
maining value of the function is a 0 . The derivative 
of the polynomial is another polynomial, which can 
also be plotted on a log-log scale versus the magni¬ 
tude of 8. The value of the derivative for the approxi¬ 
mate root determined for B can thus be computed by using the largest 
terms and vector addition if necessary. A correction to the root is then 
the remainder a<> divided by the derivative. 



Fig. 10.14. Vector 
plot of terms in Fig. 
10.13 for|a| = y/ oi/a». 
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An interesting possibility for high-order determinants is to identify 
the largest terms without need for expansion of the determinant. Any 
method which first obtains an approximate solution, with a logical pro¬ 
cedure for improving the accuracy of this solution, has several advantages 
over one which requires a complete expansion first. The approximate 
solution is less likely to involve numerical errors, and the analysis can be 
terminated as soon as the required accuracy is obtained. 
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CHAPTER 11 


TRANSFER FUNCTIONS AND 
TRANSIENT RESPONSE 


The analysis of a system in Chaps. 7 through 10 is carried to the point 
of determining the zeros and poles of the transfer function of the system. 
The transient response is a sum of terms of the form e*‘, one for each 
pole, with the amplitude given by the formula (4.21). The plots in the 
complex plane are an aid in evaluating these amplitudes, as illustrated 
in the solution of previous problems. In Art. 6.5 the amplitude is found 
by incremental lengths on a conformal map of the transfer function. In 
Art. 7.9, an amplitude is found by the ratio of vector lengths on the 
root-locus plot. In Art. 7.10 the effect of a zero and pole pair is evalu¬ 
ated. These methods are generalized in this chapter to apply to any 
problem in which the input is a simple function. 

If the input is itself an arbitrary function of time, several possibilities 
are open. First, the curve can be approximated by a sum of exponential 
terms, so that its transform may be found, thus permitting the output 
to be evaluated by the same methods as above. Second, the frequency 
spectrum of the input and output could be used. Third, the curve 
might be used directly by a graphical procedure. Of these three, the 
first and third are considered in this chapter because the frequency- 
response method is well treated in other texts. 


11.1. Amplitude of Transient Term from Known Zeros and Poles 

The amplitude of a transient term for a given pole is proportional to 
the product of vectors from the zeros to that pole and inversely propor¬ 
tional to the product of vectors from all other poles to that pole. 

The net result of an analysis in which the roots of the characteristic 
equation are found is that the transfer function from input to output is 
known in factored form. 


00 , . = (1 - s/gi)(l - s/q 2 ) • • • 
0< (1 - s/Pi)(l ~ $/Pi) • • ' 


( 11 . 1 ) 


If the input is some simple function, a unit step, for example, it can 
be considered to have been produced by pure integration of a unit 
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impulse. The transform of the input, or the transfer function between 
a unit impulse and the input, is then 1/s. The transform of the output, 
or the complete transfer function from a unit impulse to the output, is 
then 


Oo(s) — 0»(s) 



1 (1 ~ s/gOO ~ 8/qt) ‘ ' ' 

s (1 - s/pi)( 1 - s/pi) ■ • • 


( 11 . 2 ) 


The inverse transform, or the output function of time, is given in a 


table of Laplace transforms or ob¬ 
tained as described in Art. 4.6. The 
result can be expressed, in general, as 

e 0 = Aoe Pl,t + Aie Plt + Ait?* + • • • 

(11.3) 

A term exists for each value of s 
which makes the denominator of (11.2) 
zero, and the amplitude of the ith term 
is given by 

Ai = [e*(s)(s - p<)],_ P< (11.4) 

Note that this amplitude is obtained 
from the transfer function by first can¬ 
celing the term which would make the 
denominator zero (s — p<), and then 
substituting s — Pi throughout. The 
amplitude A 0 is calculated from (11.2) 
for s = 0, with s omitted from the 
denominator, giving Ao = 1. 

This formula for amplitude involves 
vector calculations which are the same 
as those used in computing gain in a 
root-locus plot. Consider the ex¬ 
ample of the plot shown in Fig. 11.1, 
Pi = —1.5 + j7.2. The amplitude of 



puting amplitude A 1 of transient term 
Aie p i‘. 

in which p x = —0.6 + j'1.5 and 
the term A \ is then 


A ,- . , ■ . , (11.5) 

Note that the factor pi is canceled by the factor l/pi, which is present 
because the input is a unit step. The remaining factors are all ratios of 
lengths from other poles or zeros to the given poles compared to their 
lengths to the origin. Thus pi — p 2 is the vector from p 2 to pi, and — p 2 
is the vector from p 2 to the origin. Such a ratio is itself a vector, whose 
magnitude is the ratio of the magnitudes and whose angle is the difference 
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of the angles. These values are easily estimated by eye from the diagram, 
as illustrated by the substitutions: 

1/45° 

Al ~ ( — l)(1.9/20 o )(1.2/10°)(0.8/ —10°) ~ _0 - 6 /25! (H-6) 

The calculation for the pole p 2 would be identical except that the 
phase angles would all be opposite in sign. The combination of these 
two terms is then simplified because they are complex conjugates. The 
j parts thus always cancel and the real parts add, making their sum twice 
the real part of either of them (Fig. 11.2). 

Aie p,t + A 2 e Plt = 20i(A 1 e Plt ) = 2(—0.6)e~ 0W cos (1.5< + 25°) (11.7) 

The same combination procedure can be applied to the sum of the 
terms involving the conjugate complex roots p 3 and p 4 . Note that the 
root p 3 , being farther from the poles pi and p 2 than these poles are from 

the origin, causes the amplitude A 3 
to be small. The complete solution 
becomes 

6 0 = 1 - l.2e~ 0M cos (1.5 1 + 25°) 

- O.le -1 - 6 * cos (7.2 1 - 135°) (11.8) 

An approximate criterion of the effect 
of a pole is that poles nearest the origin 
correspond to transient terms with large 
amplitudes. A pole near a zero in¬ 
volves a small transient term. Two 
adjacent poles produce two large transient terms which nearly cancel, as 
demonstrated by the case of equal roots in Art. 11.3. The method in this 
article requires that all the poles be known. A method which is occasion¬ 
ally more convenient determines the amplitude directly from the root- 
locus plot of the open-loop function, as discussed in the next article. 

11.2. Transient from Root-locus Plot 

The amplitude of a transient term can he determined directly from 
the root-locus plot of the open-loop function. The amplitude for a 
unitrstep input is the ratio of the percentage shift in the root divided 
by the percentage change in gain which causes this shift. 

The formula used in the previous section requires that all the roots 
be known in order to find the amplitude of a transient term for a single 
root. In the conformal-mapping method of finding roots, however, it is 
necessary and possible to find the amplitude of a term if only that par¬ 
ticular root is known. The formula (6.9) involves the derivative of the 



Fig. 11.2. Cosine wave as the sum of 
two oppositely rotating vectors. 
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transfer function with respect to s, which may be evaluated directly 
from the plot (Fig. 6.9). The same type of result can be expected for 
the root-locus plot. The formula in (11.4) will be evaluated for the case 
of 0 o (s) = (0o/6;)(s)0,-(s), in which 0/s) = 1/s. The evaluation of 
(0i/0 o )(s) at s = pi would give zero; therefore the derivative of the 
function is taken to obtain the value of the function near s = pi. Then 
s — pi is an increment As, which is allowed to approach zero. 


At = 


lim 

A»—>0 


As/pi 


(«) 


+ 

_ «—Pi 



(•) 


As 

_ 8 =Pl 


(11.9) 


The function (0,/0 o )(s) is zero at s = pi; therefore, only the derivative 
remains in the denominator. If the feedback function is 1 and if the 
inverse system function is taken to be 1 /KG(s), then 




( 11 . 10 ) 


The derivative is to be evaluated as a ratio of the increment in s and 
the corresponding increment in the function for the system in Fig. 5.1 
with the root-locus plot given in Fig. 11.3. The increment in s is a 
vector along the locus as shown. The increment in the function for 
these two points can be found by simple but careful reasoning. The 
values of gain marked at the two points are the values of gain necessary 
to make 1 /KG(s) equal to —1 and are therefore the values of —1/G(s) 
at these points. The increment in is thus —A K, and 

a _ 1/Pi _ (1/Pi) As _ As/pi . 

1 a/Ki)A[l/G(s)]/As (l/Ki)(-AK) -AK/Ki ^ LAL) 


The amplitude of a transient term is thus equal to the ratio of the 
percentage change in the vector s to the percentage change in the gain 
factor K which produces it. For the plot shown in Fig. 11.3, AK/Ki = 1, 
and the amplitude can be estimated to be 

0.5/-30° 

Ai = —= -0. 5/-30° (11.12) 


Note that this value checks the value obtained in (7.45) roughly. 

The system with root-locus plot in Fig. 11.1 has increments marked in 
Fig. 11.4; applying (11.11) gives 


. _ Asi/pi _ 0.5 /30° 

Al ~ -AK/Ki 


-0.5/30° 


(11.13) 
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Similarly the calculation of A 3 from Fig. 11.4 gives 


, _ A s s /p 3 0.07 /-120 0 

1 - AK/K 3 -1 


-0.07 /-120° 


(11.14) 


Note that these values check roughly with those of (11.6) for A\ and 
Az - -0.05 /-135 0 . 

One advantage of this method is that the angle of the amplitude term 
is known immediately from the angle of the locus. The shift in the posi¬ 
tion of the roots for various values of gain may already be known in many 



Fig. 11.3. Computation of amplitude 
of transient term from incremental 
lengths on root-locus plot. 



Fig. 11.4. Use of the 
method shown in Fig. 
11.3 for the system in 
Fig. 11.1. 


problems in which gain variations are unavoidable. If the shift in the 
roots from the poles is small compared to the distance between poles, the 
increment in s can be taken to be the distance from a pole to its root, thus 
making the ratio AK/K equal to 1, so that only one calculation of gain 
is required. 



11.3. The Special Case of Equal Roots 

The transient response for two equal roots can he found by consider¬ 
ing the roots to be slightly separated and then letting the difference 
approach zero. The terms for the two roots prove to be d(Ae ,t )/ds, 
in which Ae*' is the transient which would be present for a single 
root at that point. 
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LT> 


The simplest system in which two equal roots can arise is shown in 
Fig. 11.5. Consider the case in which the roots are nearly equal. The 
transient response of the system according to (11.3) is then: 


0o = 


nr 2 

n — r 2 


ptlt 


+ 


nr 2 

r 2 — n 


pTlt 


(11.15) 


Note that the difference r x — r 2 between the roots is very small, and 
therefore the amplitude of each term is very large. But the sign of the 
terms is different, and the transients are of 
approximately the same shape; therefore, 
the two terms nearly cancel. If r x — r 2 
were allowed to approach zero in (11.15), 
the result would be the indeterminate re¬ 
sult of two infinite terms which cancel 
perfectly. 

The net result can be obtained by letting 
r\ = r 2 + dr and combining terms: 


0 o = r -p {e^dr)t _ e r„) = r JpL e r^^rt _ J) 

ar ar 

(11.16) 



Fig. 11.5. Quadratic system 
having two nearly equal roots. 


The function in parentheses can be expanded, giving 

6 0 = -£-V«‘ [l + drt -f + • • • - lj = r x r^H (11.17) 

The term dr t is the only significant term in the bracket, thus permitting 
cancellation of dr and giving the simple result shown at the right. 

Consider now the general problem of finding the terms due to two equal 
roots when a general function F(s), which may have poles, is involved. 


e„(s) = 


F(s) 


(5 - ri) (s - r 2 ) 
The transient response according to (11.4) is then 


0« 


= ' 1 + [ J^L , 

Ji - r 2 J,_ ri J_r 2 — rij._ r . 


,r»i 


+ 


The two terms in (11.19) might also be expressed as 
0g = [F(s)^] Wl - [F( S )e»«],_ ft + . 


r 1 - r 2 


(11.18) 


(11.19) 


( 11 . 20 ) 


The numerator will now be recognized as being the increment in the 
function F(s)e*‘ as s changes from r x to r 2 . The denominator is the incre- 
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ment in 8 itself, and therefore the limi t of the ratio as ri — r 2 approaches 
zero is simply the derivative. 

«■ - [s (u - 2i) 

The transient [F(s)e* ,< ] f _ ri is the transient term which would be present 
if only one of the equal roots Were present. 

11.4. Matching Initial Conditions 

The operational formula for amplitudes automatically satisfies 
initial conditions of a system. For the special case when the input 
to a quadratic system is a polynomial function of time, however, the 
output terms can he conveniently calculated, one at a time, directly 
from the initial conditions. 

Consider the problem of finding the output for an input of the form 
Vt acting on a system with an undamped sinusoidal response. The fact 

that the system is quadratic means 
that two time delays are involved. 
The input has an initial velocity; 
therefore, the output will have zero 
initial velocity and zero initial ac¬ 
celeration. The steady-state re¬ 
sponse is of the form Vt, and the tran¬ 
sient is of the form A sin (ut + 4>), in 
which the amplitude A and phase 
angle <t> are to be determined from 
the initial conditions. In order for 
the output to have no initial accelera¬ 
tion, the phase angle of the sine wave 
must be either 0 or 180°. The veloc¬ 
ity is then maximum, and the ampli¬ 
tude selected is such that the velocity of the steady-state response is 
canceled, as shown in Fig. 11.6. 

The output will then be expressed as 

d 0 — Vt — — sin wt (11.22) 

10 

The same type of reasoning applied to a more complicated case is that 
of a parabolic input a 0 t 2 to a system having a damped sinusoidal response. 
The steady-state response is a 0 t 2 ; the transient Ae ct sin (ut + <f>) must 
have an amplitude and phase angle such as to cancel the acceleration in 
the steady-state term initially without introducing any jerk or third 



Fig. 11.6. Simple example of determin¬ 
ing amplitudes from initial conditions. 
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derivative. These conditions are conveniently determined by a vector 
diagram in which the projection axis for zero time is determined at the 
last, as shown in Fig. 11.7. 

Start with the position of the amplitude vector horizontal to the right. 
The velocity vector is then ahead of this at an angle where cos \p = <r/u 0 . 
The vector for acceleration is ahead 
of the velocity vector by \f/, and the 
jerk vector in turn is ahead of that. 

The initial value of jerk must be 
zero, making the real axis at zero 
time be the dashed line shown. The 
projection of the acceleration vector 
on this axis must cancel the accelera¬ 
tion of the steady-state response, 
which determines A from 

Aco 0 2 sin ^ = 2o 0 (11.23) 

The transient sine wave is now 
determined, but note that it has an 
initial velocity. Another transient term must arise to cancel this initial 
velocity; fortunately Vt will do this without upsetting the previous con¬ 
ditions of zero initial acceleration and jerk. The constant term C is 
also added to make the initial displacement zero, and again the other 
initial conditions are not disturbed. The total transient response is thus 

0 = — 5 ^ —7 [e 9 * sin (c ot — 3\p) — wot sin ( — 2 \f/) — sin (—3^)] (11.24) 
wo 2 sin ^ 

The problem could, of course, have been solved by several other meth¬ 
ods, but the significant point is that the initial conditions can be satisfied 
one at a time without simultaneous equations in several variables arising. 

11.6. Aids in Sketching Transients 

Only two points are necessary for sketching the transient for a real 
root: the initial amplitude and the time constant of decay. Oscilla¬ 
tory roots require in addition the initial phase angle and the period 
of oscillation. 

The formula for the transient often gives a satisfactory picture of the 
transient; therefore plotting is not needed. In other problems, the plot 
itself is necessary to determine some critical points, e.g., time for the 
error to reach zero, peak overshoot, or time for the error to reach a given 
percentage of the step input. The plotting techniques are standard but 
are given here for completeness and as an aid in studying the reverse 
process of finding a transfer function from a transient curve. 



Fig. 11.7. Vector diagram to determine 
amplitude and phase angle of damped 
sinusoidal oscillation started by parabolic 
input. 
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Consider the example of a cubic system in which a lead network is 
used to increase the loop gain; the resultant root-locus plot is shown in 
Fig. 11.8. 

Using the methods of either Art. 11.1 or Art. 11.2, the transient for a 
unit-step input is approximately 

0 O = 1 — A\e Cit cos (coif — 1 ) — A%e s * — Atff* (11.25) 

The significant points in plotting this transient are shown in Fig. 11.9. 
The initial amplitudes of all terms are shown along the vertical axis. The 



Fig. 11.8. Root-locus plot for simple system with a lead network. 

time constant of decay of each transient, l/|<r|, is marked along the time 
axis. The half period of the oscillatory root is determined, and peak 
points and zero points are laid off from the initial phase-angle point. 

In sketching the actual transients, the decay curves start tangent to 
the straight lines of Fig. 11.9 but then curve away, making the amplitude 
of the curve 1/e or three-eighths of the initial amplitude at the time- 
constant point (Fig. 11.10). The damped oscillation is sketched to be 
tangent to the decay envelope at the peak points of the sine wave and to 
cross the zero axis at the designated points. 

In sketching the total transient, note that the initial amplitude is -1 
and that the initial slope is zero. After the A i e a<t term is negligible, the 
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output curve is sketched below the oscillatory curve by the amount of 
the long exponential transient. 

The above sketching technique gives the shape of the response and 
locates critical points for which specific calculations can be made. If 
greater accuracy is desired on the basic sketch, the use of some standard 
curves is helpful. A single sine wave and a family of exponential decay 



Fig. 11.9. Significant lines in constructing a plot of transient response. 


Fig. 11.10. Complete transient response sketched from Fig. 11.9. 

curves are sufficient for the given problem. The points in Fig. 11.9 
are marked on a transparent sheet, which is laid over the standard curves 
to permit tracing the particular curve which is needed. 

11.6. Transfer Function from Transient Response 

The dominant oscillation and decay rate of a transient can usually 
he identified by inspection. The corresponding exponential terms 
can be estimated and subtracted from the transient, thus permitting 
identification of lesser terms or corrections to the original estimates. 

The corresponding transfer function can be written as the sum of 
terms and then combined into a product. 
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If the transfer function is known, the transient response to a step 
input can be written by inspection and the curve plotted. If the tran¬ 
sient curve is given, however, the determination of the transfer function 
is basically a trial-and-error process. Fortunately, most systems have 
one or two modes dominant so that they can be directly determined with 
reasonable accuracy. For convenience, the curve obtained in Fig. 11.10 
will be used as an illustration in comparison of the direct and inverse 
processes. Admittedly the answer is already known in this case, but 
the methods are believed to be applicable to any linear system. 

The oscillation is the dominant mode of the transient, but it is not 
centered about the zero line. Ignoring the zero line, the envelope of 



Fig. 11 . 11 . Construction to approximate a given transient response by exponential 
terms. 

the oscillation can be sketched as the dashed lines shown in Fig. 11.11. 
A dashed median line for the oscillation can then be sketched midway 
between the two envelope curves. 

The period of the oscillation is measured along the median line, as 
shown. The time constant of decay of the oscillation is determined by 
drawing a line from a point on the median line tangent to the envelope, 
as noted by l/|<n|- The amplitude of the oscillation can be calculated 
from the single ordinate A x . The value Ai at t = 0 is then computed 
from A x at t = h. 

A x = A\e 9ltl cos («xfi — <f> x) = Aie aitt (11.26) 

The ordinate A* is measured at the peak of an oscillation so that the 
cosine term is unity. 

The median curve itself is another term in the transient response which 
can be approximated by a single exponential decay. Its time constant 
l/|<r 3 | can be determined by sketching a tangent to the median curve 
and noting the intersection point with the zero axis. 

The sum of these two terms from the oscillatory and the median curves 
can be compared with the actual transient, as shown in Fig. 11.12. The 
approximation is reasonably exact along the portion of the curve at which 
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the measurements are made; the deviation at the start of the transient 
can be approximated by the addition of another exponential term with a 
short time constant l/|<r 4 |. 

The complete approximation for the transient in Fig. 11.11 is then: 

6 0 = 1 — \A i|e fflt cos (w x f — fa) — A z e '•* — A&'* (11.27) • 

The methods of Art. 4.7 can be used to determine the transfer function 
which would have the above output for a unit impulse input. Or the 



Fig. 11.12. Comparison of actual transient with first approximation. 

Laplace transform described in Appendix A could be used to obtain the 
transform of 0 O denoted as 0 o (s) 

e„(s) - i-I41I [ —- + e+ Z . 1 - 4 i- 

S Z \_S — OI — J 0)1 S — (T1 + J&1 J S — <T 3 S — IT 4 

(11.28) 

The result is the same by either method. The expression in (11.28) 
could also be expressed as a product of factors, one of which is 1/s. 



Unit Unit 

impulse step 


Fig. 11.13. Block diagram of system to produce the transient approximated in Fig. 
11 . 12 . 


Since the transient in Fig. 11.11 is actually for a unit step input the 
factor 1/s is then dropped to obtain the transfer function of the system 
(Fig. 11.13). The numerical values of the constants such as wi obtained 
by fitting the curve of Fig. 11.11 in this article would of course be only 
approximations to the values in (11.25) from which the curve in Fig. 
11.10 was plotted. 
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11.7. Graphical Solution of Differential Equation 

The effect of a simple transfer function, such as 1/(1 + Ts), upon 
an arbitrary function of time can be approximated quickly by a 
graphical solution of the differential equation. 

If the transfer function between and 0 o is 1/(1 + Ts), the correspond¬ 
ing differential equation is 

T^ = di- 6 o (11.29) 

At any instant, the slope of the output curve projected for a time con¬ 
stant T must equal the difference between the input and the output. 
This condition can be satisfied graphically (Fig. 11.14). 



Fig. 11.14. Sketch of the effect of the transfer function 1/(1 + Ts) on an arbitrary 
input. 

The time scale is divided into time-constant intervals for convenience, 
and the input curve is shifted ahead by one interval. The output curve 
starts at zero and heads toward the initial point of the input curve. 
The process is continued, with the output curve always being sketched 
toward the point on the input curve which is one time constant ahead. 
The differential equation is thus always satisfied. 

An approximation to this construction can be obtained by pulling a 
weight with a string; the length of the string corresponds to the time- 
constant interval, and the weight traces the output curve if the other 
end of the string is moved along the input curve. Actually, the hori¬ 
zontal distance between the input curve and the weight should be held 
constant, although the error does not exceed 10 per cent if the angle of the 
string does not exceed 25°. 

The step-by-step solution of the response of a system can be carried 
through for several time delays in series just by letting the output of one 
delay be the input for the next delay. The method is not well adapted, 
however, to a system having an oscillatory response. 

The effect of a single lead can be found graphically rather simply, 
since the output is determined directly from the input curve at any point. 
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Thus, consider the problem of finding the output for a system having the 
transfer function 1 + Ts and the input shown in Fig. 11.15. Any one 
point on the input curve is extrapolated ahead by the time constant T 
at the slope of the input curve at that point. For convenience, the curve 
is divided into sections separated by the time-constant interval. The 
points thus extrapolated ahead form the pattern for the continuous dashed 
curve. Each point of the output thus obtained occurs at the same instant 
of time as the corresponding input point. Thus, the actual output curve 
is shifted back to the left by the time constant T. Note that the peak 



of the pulse of the new curve is ahead of the input and that the amplitude 
is higher than the input. 

For a system having a lead and lag in combination, it is convenient 
to divide through to obtain a constant plus a remainder. 


1 + Tis = Ti 1 ~ Ti/Tj 
1 + T 2 s T 2 1 + T 2 s 


(11.30) 


This equation means that the fraction T\/T 2 of the input would pass 
without any modification, and the remaining fraction 1 — T\/T 2 passes 
through the time delay 1 + T 2 s. 

The construction for a system having a transfer function with complex 
poles is considerably more difficult. Any form of transfer function can 
be handled using convolution, which is discussed in the next article. 


11.8. Convolution 

Convolution is a process for finding the output of a linear system 
for any arbitrary input and derives its name from the folding operas 
tion involved in the graphical procedure. The input is considered 
to be a series of impulses, each of which starts the characteristic tran¬ 
sient, of the system. This transient, plotted back from the present 
time, is termed the weighting function, because it weights each 
impulse of the input as a function of age of the transient in determin¬ 
ing the output at any one time. 
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Many methods can be devised for finding the output of a linear system 
for an arbitrary input. All are based on the principle of superposition, 
which is applicable to a linear system because the characteristics of the 
system are independent of the amplitude of the signals. In finding the 
output of a particular system for a particular input, attention should be 
given to exploiting all possible simplifications. The standard procedure, 
for example, is to approximate the input curve as a series of steps, sketch 
the outputs for each step, and add the outputs to find the total output. 
Usually, however, the input curve can be matched more easily with a 
series of straight-line ramps, and the number of transients introduced is 
smaller. Another simplification is to plot only the deviation of the out¬ 
put from the assumed input, so that the function being plotted does not 

build up with time. If a component of 
the transient is a sine wave, these succes¬ 
sive sine waves can be added vectorially. 
A more general method is to treat the 
input as a series of impulses; this leads to 
the concept of a weighting function, 
which is very useful. 

A system is completely specified by its 
transient response w(h — t) to a unit im¬ 
pulse, as shown in Fig. 11.16. An im¬ 
pulse is the product of a signal f(t) by the 
time interval dt over which it acts. Such 
an impulse is a unit impulse if the area 
involved is unity, or equal to that of the square shown in Fig. 11.16. Such 
an impulse cannot cause an immediate output but puts energy into the 
system which gradually decays. An interesting fact is that the area under 
the output curve is also unity if the d-c value of the transfer function is 
unity. This fact can be shown from a study of the differential equation 



Fig. 11.16. Transient started by a 
single impulse. 


a _L_ d0 i I d20 i I 

0i + ai di +a2 W + 


00 + bl lF + b2 W + ' ' ' (1L31) 


Integrating each side of the equation gives the impulse associated with 
each term. 


J $idt + ai J ~fidt + • • • = J e a dt + 6 X J ^dt + • • • (11.32) 

The impulse of the input is /0<df; all the other terms on the left side 
are zero, because the net changes in 0< and all its derivatives are zero. 
The final value of 6 0 is also zero; therefore, only the impulse of the output 
J0 O dt remains on the right side of the equation. The net area under the 
curve w(h — t) in Fig. 11.16 is thus unity. 
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An arbitrary input curve can be considered to be a series of impulses, 
each of which starts the characteristic transient of the system. Thus an 
impulse f(t ) dt acting at time t causes an output fit) dt w(ti — t) at time 
ti. The total output is the sum of the outputs due to all impulses acting 
between t = 0 and t — U: 

d 0 = £/(<) dt w(h -t) = f‘ l f(t)w(h - t) dt (11.33) 

The direct evaluation of the output according to the concept of adding 
transients would be very tedious, because each impulse must be short 
compared to the time of response of the system and thus many transients 
are involved. A slight change in concept, 
however, produces a very useful method. 

Note in (11.33) that each ordinate of the 
input is multiplied by the factor w{tx — t), 
in which <x — t is the time interval between 
the impulse t and the present time ti. This 
weighting factor w(ti — t) for each impulse 
can be quickly identified by plotting the 
transient-response curve back from the 
present time, as shown in Fig. 11.17. 

Each ordinate of the input curve can be 
multiplied by the corresponding ordinate of the weighting function to 
obtain the dashed curve. The area under the dashed curve is then the 
value of the output at the time t\. The numerical value of the area is com¬ 
puted on the basis of the area originally used in determining the transient 
for a unit impulse. The ordinate of the output times the unit base should 
thus equal the area under the dashed curve. 

To find the output at a later time, the weighting-function curve is 
plotted back from this time, a new dashed curve is sketched, and the area 
estimated. 

Note that the same output would be produced if the input curve and 
weighting-function curve were interchanged. This fact corresponds to 
the concept of interchangeability of blocks, discussed in Art. 4.5. Thus, 
the input curve can be considered to be the output of a block having a 
unit-impulse input. Interchanging this block with the block for the 
system would interchange the nature of the two curves. This fact will 
be useful in solving the inverse problem of finding the weighting function 
of a system when given the input and output curves. 

11.9. Numerical Convolution 

A function of time can be represented by a series of impulses with 
areas specified by a series of numbers. With the input function and 



Fig. 11.17. Use of a weighting 
function to determine an output 
for any input. 
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weighting function thus represented, the process of convolution can 
he carried out numerically by a process similar to multiplication. 

The inverse of convolution can then be carried out by a process sim¬ 
ilar to division. 

The process of convolution involves treating the input function as a 
series of impulses, each of which starts the characteristic transient of 
the system. The graphical procedure of Art. 11.8 illustrates that the 
net output is not affected by interchange of the input curve and transient 
curve and thus suggests that the transient curve be represented by a 
series of impulses also. The basic element of the output is due to a 



KA t*i 0 t 

Fig. 11.18. Convolution of Fig. 11.19. Representation of curves 

two impulses. by a series of impulses. 


single impulse of the input and a single impulse of the transient. For 
convenience, consider the special case when these impulses are rectangles, 
each of unit height and unit width. The output can then be shown to be 
a triangle of unit area (Fig. 11.18). 

The output when the two rectangles overlap is maximum and is unity. 
As the rectangles are displaced, the output falls off linearly, reaching 
zero for a unity displacement in either direction. The area of the triangle 
is half the base times the altitude, or unity. 

The impulse concept suggests a criterion for approximating a general 
input curve a or weighting-function curve b as shown in Fig. 11.19. The 
curves are divided into a series of equal time intervals; a series of rec¬ 
tangles are then sketched, with ordinates aj, a 2 , a 3 , . . . and 61 , b 2 , b 3 , . . . 
such that the area of the rectangle for each interval is equal to the area 
under the actual curve. Considering the time intervals to be unity, the 
ordinates are then numerically equal to the impulses. 

The impulses in the output can be located at the proper time interval 
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by the process shown in Fig. 11.20. The row of numbers a x b x , a x b 2 , 
a ib 3 , . . . represents the impulses in the output due to the first impulse 
ai of the input and all the impulses b of the transient. The next row 
is the impulses in the output due to the second impulse a 2 of the input; 



b 2 b 3 

• 

• 

a x 

a>2 &3 

• • 

a l b l 

(ll &2 ^3 

• • 


d 2 fl&2 ^2 

a 2 b 3 


Mi 

a 3 b 2 

a 3 b 3 






c l c 2 c 3 • • 

Fig. 11 . 20 . Numerical convolution. 




the offset of rows makes all the impulses in one column occur in the same 
time interval; thus 

c s = ciibs -f- a 2 b 2 U 361 (11.34) 

where the c’s are the impulses of the output. All parts of C 4 and beyond 
are not shown. The output is constructed as a series of rectangles with 
ordinates Ci, c 2 , Cs, , and then a smooth curve is sketched through 
the tops of the rectangles, making the area of a rectangle and that 
under the corresponding part of the curve match. 

The inverse of convolution involves finding the input curve to produce 
a given output for a system with a known weighting function. The 

dj a 2 • • • 

6, 6 2 63 • • • r"cj ~2 7 a ... 

Oj a 1 b 2 dj 63 ... 

0 a 2 &i c 3 -a x b 3 • • • 

a 2 6j a 2 b 2 • • . 

0 03 6j ... 

Fig. 11.21. Inverse of convolution. 


process can be illustrated by using the same symbols as before (Fig. 

11 . 21 ). 

The first impulse c x of the output is divided by the first impulse 61 of 
the weighting function to determine the first impulse a x of the input. 
The entire transient produced by this first impulse of the input, a x bi, 
a x b 2 , a x b 3 , . . . , is then subtracted from the corresponding impulses 
of the output to give the remainder of the output yet to be accounted for. 
In the next row the symbol a 2 b x is given for the difference c 2 — a^b 2 
because this impulse can be due only to the second impulse o 2 of the 
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input and the first impulse 61 of the weighting function. The process is 
continued until the entire input function is determined. 

The explanation above has assumed that the weighting function is 
known; the same process can be used, however, to determine the weight¬ 
ing function if the input and output functions of time are known. Phys¬ 
ically, subtracting the first row in Fig. 11.21 would correspond to subtract¬ 
ing all the impulses in the output caused by all the impulses in the input 
and the first impulse of the weighting function. 

The convolution process indicates the concepts involved in working 
directly with functions of time. The solution of any given problem, how¬ 
ever, is apt to be more tedious unless some form of mechanization of the 
routine is employed. These methods constitute a separate study in 
themselves and so are not treated in this book. 
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CHAPTER 12 


GRAPHICAL ANALYSIS OF NONLINEAR SYSTEMS 


The purpose of a graphical analysis of nonlinear systems is to develop 
some understanding of such common effects as coulomb friction, pick-off 
dead zone, and backlash of gears. These nonlinearities are simple in 
that they are all on-off effects; no arbitrary curve, such as the saturation 
curve of a magnetic field, is involved. The system is therefore linear 
within a definite range of operation; the only new problem is to determine 
quickly the points of discontinuity. 

A quadratic system is studied because only two variables are involved: 
displacement and velocity. A so-called “phase-plane” diagram of 
velocity versus displacement permits switching points to be determined 
readily and the initial conditions for each new transient to be auto¬ 
matically satisfied. 

The frequency-response method can be extended to apply to nonlinear 
components if the distorted output is approximated as the fundamental 
of a Fourier series. The higher harmonics are neglected, on the assump¬ 
tion that they are attenuated in other elements around the loop. 

A comparison of results of the phase-plane diagrams and frequency- 
response plots for simple systems shows good agreement regarding all 
effects studied. 

12.1. Sketch of Time Response 

A system which is linear except for an on-off error detector has a 
response which is a series of linear transients. The problem is to 
determine the switching points. 

A general single-loop system with an on-off pick-off is shown in Fig. 
12 .1. Consider the problem of sketching the transient response of this 
system using simplifications, such as treating the load as a pure inertia 
and neglecting the spring. The motor has a time constant T in coming 
up to speed for a suddenly impressed voltage; the relay contact circuit 
causes the motor speed to decay with the same time constant when neither 
relay is energized. 

If the input is suddenly moved through a large angle, closing the circuit 
of the forward, or F, relay, the motor speed and angle curves are as 
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shown in Fig. 12.2. The speed curve v a approaches a maximum velocity 
of V m exponentially; the angle curve 6 a approaches a constant slope 
which is offset along the time axis by the time constant T. 

At the dead zone in Fig. 12.3 the forward relay drops out, and a new 
transient is started. The speed starts to decay toward zero, and the 



Fig. 12.1. A general single-loop on-off system. 



0 T tO t 

Fig. 12.2. Sketch of initial Fig. 12.3. Transient within the dead 

portions of transient response. zone of the pick-off. 



Fig. 12.4. Standard curves of velocity and angle versus time: (a) with motor excited; 
( 1 b ) with motor not excited. 

angle continues to increase, with its maximum possible travel being the 
motor speed V A times the time constant T. Actually, at point B, the 
reverse, or R, relay picks up and starts another transient. The process 
could be continued, but this example demonstrates that the output angle 
d 0 must be known in order to determine a switching point; the velocity 
must be known to match the end of one interval with the start of the 
next. 

The construction could be made more rapidly by use of a standard set 
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of curves which could be used as templates (Fig. 12.4). The first set 
of curves is for the condition when voltage is applied to the motor so 
that the steady-state condition is constant velocity; the second set applies 
to the decay interval in the dead zone of the contacts. Either set of 
curves could be entered at any point and the next section of the transient 
traced. The plot of any one section of the transient can thus be made 
quickly, but the number of switching points involved makes the use of 
a plot of velocity versus displacement preferable, as shown in the next 
section. 

12.2. Phase-plane Diagrams 

A plot of velocity versus displacement of the output describes the 
system for each region of operation. Switching points are immedi¬ 
ately apparent, and initial conditions are automatically satisfied. 

If the standard curves shown in Fig. 12.4 were replotted as velocity 
versus angle, they would appear as shown in Fig. 12.5. The direct way 



Fig. 12.5. Curves of velocity versus angle: (a) with motor not excited; (b) with motor 
excited. 

to obtain these curves is to select a value of time in Fig. 12.4, read the 
corresponding values of both angle and velocity, and plot these values 
in Fig. 12.5. The limiting conditions on these curves can be sketched 
directly. The plot of velocity versus angle in the dead zone (Fig. 12.5a) 
is a straight line, because both variables approach their final values in 
the same manner. Thus, in one time-constant interval each variable 
decays to 1/e of its previous value; i.e., the ratio of velocity to the remain¬ 
ing angle change is constant. The slope of the line can be made unity 
by properly selecting the ratio of scales on the d„ and v„ axes. 

The curve for the case of positive voltage impressed across the motor 
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(Fig. 12.56) has a slope of 2 at negative maximum velocity. The curve 
approaches the maximum positive velocity asymptotically. The 0 o axis 
can be considered to be a time axis because the speed is nearly constant. 
The net speed change remaining thus approaches zero exponentially on 
the plot, as indicated by the tangent in Fig. 12.56. 

The curves in Fig. 12.5 describe angle changes as a function of velocity, 
but the initial value of angle can be offset by any arbitrary amount. This 
fact permits a family of curves to be drawn with different horizontal 
offsets, as shown in Fig. 12.6. The curves for negative voltage impressed 

on the motor are on the left side of 
the figure; the curves for positive 
voltage are on the right. Any 
transient can be sketched by start¬ 
ing at an arbitrary point and fol¬ 
lowing the pattern of the curves. 
Thus, a sudden displacement of the 
input can make the initial error at 
point A, which causes the motor to 
drive to nearly full speed before 
entering the dead zone, point B. 
The momentum of the load causes a single overshoot, with the transient 
ending at point E with the velocity zero in the dead zone. 

A quadratic system thus permits the characteristics of the system to be 
described by a set of curves from which any transient can be traced for 
any arbitrary initial condition. A continuously changing input, however, 
would require that the position of the dead zone be shifted continuously. 
The time involved in motion of the output would also have to be known 
in order to establish the time of entering the dead zone. 

12.3. Resonant System with Coulomb Friction 

The phase-plane diagram for a resonant system is a circle. Cou¬ 
lomb friction shifts the center of the circle with each change in velo¬ 
city, causing the amplitude of oscillation to decrease by a constant 
amount. 

The system shown in Fig. 12.1 can be solved very easily for the special 
case when the damping of the motor is replaced by coulomb friction and 
the spring action on the load is considered. The first step is to establish 
the curves of velocity versus displacement of the load with the motor not 
energized and the coulomb friction neglected. The remaining spring- 
mass system has a natural undamped oscillation. The displacement and 
velocity curves are thus sine waves which are displaced 90° in phase. A 
sine wave can be obtained as the projection of a rotating vector; the 90° 



Fig. 12.6. Phase-plane curves for the 
system of Fig. 12.1 without spring load. 
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phase difference can be obtained by separating the axis of projection by 
90°, as shown in Fig. 12.7. 

The projection of the vector on the verti¬ 
cal axis is velocity, and the projection on 
the horizontal axis is displacement. These 
conditions make the circular path of the 
head of the vector be the desired phase- 
plane curve. The angle of the vector is ut, 
which permits time to be read from the 
diagram in terms of angle divided by 
natural frequency. Any oscillation, once 
started, would continue at constant ampli¬ 
tude. A set of concentric circles thus Fig. 12 .7. Justification of a circle 
describes the behavior of the spring-mass as the phase-plane curve for a 
system itself. The effect of energizing the resonant system by projection of 
motor is to shift the center of the oscilla- a . r ° tetin * vector on two axes at 
tion by the steady-state deflection of the ng * ang es ’ 
spring produced by the motor torque. The phase-plane diagram for the 
system in Fig. 12.1 with relay action included is thus as shown in Fig. 12.8a. 





Fig. 12.8. Phase-plane diagrams for system in Fig. 12.1 with spring load and no 
damping: (a) circles offset, owing to motor torque; (6) offset dead-zone plot. 
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The relay dead zone is established with the center of the circles at the 
center of the dead zone for the condition of the motor being deenergized. 
At the left of the dead zone, however, the F relay circuit is closed. The 
motor torque shifts the center of the circles to the right by F/K, where 
F is the motor torque and K is the spring constant. Similarly, operation 
to the right of the dead zone involves the center of the circles being shifted 
to the left by F/K. 

Another form of presentation involves keeping the center of the circles 
fixed but shifting the position of the dead zone, as shown in Fig. 12.86. 
The circle arcs in this figure are exactly the same as those in Fig. 12.8a. 
The dashed lines from B to B' and from C to C' represent the instan¬ 
taneous shifts in the apparent posi¬ 
tion of the dead zone with respect to 
a fixed center of oscillation. This 
construction is perhaps less natural 
than the former one, but it does per¬ 
mit a more rapid estimate of the time 
involved per cycle. Thus, the angles 
representing wt all have a common 
center; the subscript F is for forward, 
D for dead zone, and R for reverse. 
The period of oscillation for the 
servo system compared to the load itself is reduced by the fraction 
u(t F + t D -f t R )/ir. Coulomb friction is assumed to produce a constant 
force on the load opposing the existing motion. The response of the load 
without servo action is then as shown in Fig. 12.9. 

Start with the load displaced at the point A ; the friction force causes 
the apparent neutral position of the spring to be shifted to the right by 
f/K. After a semicircle, the velocity reverses sense, and the center of 
oscillation now shifts to the left of the true neutral of the spring by f/K. 
The oscillation stops after this semicircle because the spring force is less 
than the coulomb friction force. 

A system with both relay action and coulomb friction would involve 
the same construction as before with the exception that the shift of the 
center of oscillation would occur both at the dead zone and at a change 
in velocity. 

12.4. Resonant System with Viscous Damping 

A damped oscillation can be represented by a rotating vector of 
decreasing length, so that the tip of the vector traces a logarithmic 
spiral. This spiral is the phase-plane curve if the velocity axis is 
tilted with respect to the vertical by the proper angle. 



Fig. 12.9. Effect of coulomb friction. 


Digitized by 


Goggle 


Original from 

UNIVERSITY OF MICHIGAN 



Generated on 2028-07-23 03:31 GMT / https://hdl.handle.net/2027/mdp.39015802933185 

Public Domain, Google-digitized / http://www.hathitrust. 0 rg/access_use#pd-g 00 gle 


GRAPHICAL ANALYSIS OF NONLINEAR SYSTEMS 211 

The differential equation for the load with inertia J, viscous damping 
D, and spring constant K is, 

Kx + D ^ + J W ’ =0 < 12 -» 

Assumin g a solution of the form Ae u leads to an algebraic equation in 
s for which the roots are 

5 - - & ± 'Jisy - f - «■ ±** - “-im. ( i2 - 2 > 

The transient response is thus a damped sine wave, which can be repre¬ 
sented by the projection of a rotating vector whose length is continuously 
decreasing (Fig. 12.10). The tip of the vector traces a logarithmic spiral 


V 0 



Fig. 12.10. Logarithmic spiral for a Fig. 12.11. Phase-plane diagram with 
damped resonant system with pro- shift of point of convergence of spiral due 
jection axes for angle and velocity to motor torque, 
separated by an oblique angle. 

whose radius decreases by the constant factor e ff(2r/ " ) = 0.14 for each revo¬ 
lution, corresponding to a root whose damping ratio f = 0.3 and whose 
angle is cos -1 f. The instantaneous value of displacement is the pro¬ 
jection of the vector on the positive real axis. Velocity changes are 
ahead of displacement changes by the angle \f/°, as shown. This rela¬ 
tionship can be checked by noting that the vector at point A represents 
the maximum displacement, because the projection line is tangent to the 
curve and the velocity projection is zero. The angle at the center 0 is a 
measure of the elapsed time for this spiral just as for the circle. 

Consider now the construction to find the response of the system as a 
servo. When a relay contact is picked up and full voltage impressed 
across the motor, the equilibrium position of the load is shifted by the 
amount of the spring displacement under full motor torque. The shift 
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is along the inclined axis, because the velocity cannot instantaneously 



Fig. 12.12. Comparison of transient 
responses: (a) undamped resonant 
system without servo; (6) undamped 
system with servo; (c) system with 
coulomb friction; (d) system with 
viscous damping. 


change at the time of switching (Fig. 
12 .11). Starting at the point A, the 
transient is a logarithmic spiral about 
the point L. A template, indicated 
by the dashed curve, can be used for 
tracing this curve. When the dead 
zone is reached at point B, the new 
equilibrium position is shifted to point 
0. The template can be shifted to 
this new position with center O as a 
pivot to rotate the template until the 
curve touches point B. After tracing 
the curve to point C, the template is 
shifted to point R as a pivot and the 
curve traced from C to D. This pro¬ 
cess can be continued until the load 
reaches zero velocity within the dead 
zone. 

A comparison of results is shown in 
Fig. 12.12. The undamped oscillation 
of the resonant load serves as a basis 
for comparison with other results. 
Servo operation (Fig. 12.12b) decreases 
the period of an oscillation without 
decreasing the amplitude. The ad¬ 
dition of coulomb friction or viscous 
damping causes the oscillation to die 
out. 


12.5. Relay Time Delay 

Relay time delay causes an oscillation to be maintained at a small 
amplitude. A counteracting effect can be achieved by applying 
reverse voltage on the motor as soon as the forward relay drops out. 

A typical small relay will have a time delay in picking up or dropping 
out of the order of 5 msec. For a system whose natural frequency is 
5 cps, this time delay is about one-sixth of the time for 1 rad of oscillation 
and might well be expected to have an appreciable effect on the response. 
The phase-plane construction for the system in Fig. 12.1 is basically the 
same as that in Fig. 12.11, except that relay time delay shifts the point 
of switching (Fig. 12.13a). 

The transient starts at the right and continues to the dead zone, at 
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which time the relay is deenergized. The time delay before dropout 
causes the motor to remain energized for a time corresponding to a 10° 
angle on the logarithmic spiral. The pivot point of the template is then 
shifted to the center of the dead zone. The template is then traced 
beyond dead zone by 10°, to allow for relay pickup time, before the 
pivot point is shifted again. The construction is repeated for the remain¬ 
ing cycles shown. 

Note that the decrease in amplitude becomes less on each cycle; thus 
the system might settle down to continuous oscillations at an amplitude 
which is slightly smaller than that of the last cycle shown. An inter- 



fa) (6) 


Fig. 12.13. Effect of relay time delay: (a) convergence of large-amplitude oscillation; 
(b) build-up of small-amplitude oscillation. 

esting way to check this possibility is to start a transient at an amplitude 
which is less than the suspected equilibrium amplitude and note whether 
the oscillation will build up (Fig. 12.136). The amplitude does build up 
with successively smaller increases. The limiting cycle of oscillation 
must be between the two limits, build-up in Fig. 12.136 and convergence 
in Fig. 12.13a. 

Relay time delay is thus the first of the effects studied which causes 
an oscillation to maintain itself in spite of damping on the load. The 
delay in relay dropout causes the motor to continue to accelerate the 
load after the dead zone is entered. The delay in relay pickup allows the 
load to overshoot the dead zone before motor plugging action takes place. 
For very large amplitude oscillations, these effects are more than counter¬ 
balanced by the damping forces on the load. At small amplitudes, 
however, the increase in velocity of the load due to relay-drop-out delay 
becomes greater, and the velocity lost per cycle due to damping becomes 
less. The oscillation reaches an equilibrium at an amplitude such that 
the velocity increase per cycle is equal to the velocity decrease per cycle. 
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The study of the effect of relay time delay suggests a change which 
should have a counteracting effect. Plugging action of the motor could 



Fig. 12.14. Circuit to achieve advance motor plugging. 

be started as soon as one relay drops out rather than being delayed until 
the other relay picks up (Fig. 12.14). The relays F and R control the 

operation of the actual motor relays 
F' and R'. The control is such that 
R' is picked up as soon as F drops 
out, similarly F' is picked up as soon 
as R drops out. This advance 
pickup is effective for only a short 
time interval during which the con¬ 
tact of R, for example, would in 
turn cause R' to hold in. If R is 
not picked up, then R' drops out 
after this short interval, allowing 
the system to come to rest. 

The corresponding transient is 
shown in Fig. 12.15. When the 
dead zone is entered, the reverse 
relay is energized and picks up after 
its own time delay. The plot is 
shown for the case in which the 
relay still picks up before contact on the far side of the dead zone is made. 



Fig. 12.15. Phase-plane diagram for 
system with advance plugging. 


12.6. On-Off Effects in Linear Quadratic Systems 

Many nonlinear characteristics can be approximated by straight 
lines, making the system linear within several ranges of amplitudes 
of signals. The phase-plane curves for each range of operation are 
often already known , so that the complete construction can be made 
very rapidly. 

The actual characteristic of a pick-off and amplifier combination is 
shown as part of the block diagram of the system in Fig. 12.16. The 
straight-line approximations to this characteristic define three ranges of 
operation of the system, each of which is linear. The corresponding 
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phase-plane diagram (Fig. 12.17) can be developed in a series of simple 
steps. 

First the three regions of operation are established by vertical lines. 
Each of these ranges represents a system which is discussed in a previous 
article. The dead-zone region |0«| < 6d is described by straight lines on 



Fig. 12.16. Block diagram with curve to denote flat spot and saturation of the pick-off 
and amplifier. 

the phase plane. Similarly, the saturation region is the same as that 
for a relay being energized. Finally, the linear range has motor torque 
proportional to angle change. 

An interesting aspect of this diagram is that the slopes of the curves 
do not change at the boundaries of the various ranges. Slope is associ¬ 
ated with acceleration because the 0 o 
axis can be considered to be a time 
axis, once a velocity is given. Accel¬ 
eration of the load due to the voltage 
applied to the motor has no discon¬ 
tinuities; therefore, the slopes of the 
curves will have no discontinuities. 

The phase-plane diagram is limited 
to a quadratic system; thus, the 
number of forms of velocity-displace¬ 
ment curves is limited. Three curves 
are shown in Fig. 12.17, and three 
more arise if the transfer function 
K/{ 1 + Ts)s is replaced by K/s 2 . 

Other on-off effects can be added to 
the given system by further dividing 
the operating ranges. Coulomb fric¬ 
tion, for example, would make the 
curves for positive velocity differ from those for negative velocity. Back¬ 
lash is a special on-off effect and is treated in the next topic. 



Fig. 12.17. Phase-plane diagram show¬ 
ing the various regions of operation 
due to characteristic shown in Fig. 
12.16. 


12.7. Backlash 

Backlash is a destabilizing effect, because it 'permits the motor to 
acquire a velocity at the reversal point before the output is changed. 
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Lowering the gain of the loop decreases the amplitude of oscillation, 
and coulomb friction may stop the oscillation. 


Backlash is somewhat more difficult to analyze than the other on-off 
effects, because two angles are involved. The motor angle d M takes up 
the backlash in the gears before the load angle 0„ must follow. The 
inertia of the load J L is not connected to the motor during this interval, 
which requires that the block diagram be as shown in Fig. 12.18. 



Fig. 12.18. Block diagram of system with backlash. 


The operation of the system is illustrated for one reversal of the motor 
in Fig. 12.19. The motor leads the load by half the backlash up to the 
point of reversal. The motor then accelerates through the backlash angle 
without motion of the load. This acceleration is essentially constant, is 
proportional to the fixed angle of the load, and is limited only by the 

inertia of the motor; a = Kd 0 /J M . The 
velocity acquired by the motor in rotating 
through the backlash angle d B is 



Vu 


= \Z2at0B = ^ 


2K6 0 d B 


(12.3) 


Fig. 12.19. Phase-plane dia¬ 
gram showing the effect of 
backlash. 


Assuming pure impact at the time of re¬ 
meshing of the gears, the total momentum 
of the motor and load is then equal to that 
of the motor alone before impact. The out¬ 
put thus suddenly acquires a velocity 

\/ 2K8 0 d B J m 


Vo = 


J mV m 
J L + J 


st 


JM + JL 


(12.4) 


A phase plane could be constructed with this velocity plotted as a 
function of the output angle at the point of reversal. The stability 
of the system alone, however, can be determined from a simpler diagram 
in which the velocity gains and losses per cycle are compared (Fig. 
12.20). The velocity gain due to backlash is proportional to the square 
root of the amplitude of oscillation. The decrease in velocity due to 
damping during linear operation is proportional to the amplitude of 
oscillation, as shown by the straight line. The intersection at point A 


Digitized by 


Goggle 


Original from 

UNIVERSITY OF MICHIGAN 





Generated on 2028-07-23 03:32 GMT / https://hdl.handle.net/2027/mdp.3901580293318 

Public Domain, Google-digitized / http://www.hathitrust. 0 rg/access_use#pd-g 00 gle 


GRAPHICAL ANALYSIS OF NONLINEAR SYSTEMS 217 


determines the amplitude of continuous oscillation. Lowering loop gain 
would cause less voltage to be impressed on the motor for a given ampli¬ 
tude, and thus less velocity of the load would be acquired during the 
backlash interval. Lowering the gain would also increase the damping 
ratio of the natural oscillation of the system, so that the velocity lost 
per cycle would increase. Both of these effects therefore cause the point 
of intersection in Fig. 12.20 a to move to a stable operating point of lower 
amplitude. 

For small amplitudes of oscillation the effect of coulomb friction is very 
important. Friction reduces the amplitude or velocity of an oscillation 




(a) (b ) 

Fig. 12.20. Effect of amplitude of oscillation on the velocity changes per cycle due to 
backlash and damping: (a) equilibrium condition at point A ; (b) effect of coulomb 
friction. 

by a fixed amount each cycle and shifts the straight line up, as shown 
in Fig. 12.206. If the friction were present on the motor side, it would 
decrease the torque available for acceleration during the backlash interval 
and therefore offset the parabola to the right. The combined effect 
of coulomb friction can therefore make the velocity lost per cycle always 
greater than the velocity gained, for any amplitude of oscillation. 

The concepts developed in the study of quadratic systems could be 
extended to more complicated systems. Such extensions, however, are 
always subject to error and therefore must be used with caution. For¬ 
tunately, the frequency-response method can be extended to non¬ 
linear systems in approximate form, as shown in the following articles. 
Finally, a comparison of results of the phase-plane diagrams and the 
frequency-response plots for simple systems indicates complete agreement 
qualitatively. 

12.8. Frequency Response of Nonlinear Components 

A nonlinear component produces distortion of its transmitted sig¬ 
nal; hence the amplitude of the output signal must he considered. 
However, components of the output above the fundamental are 
neglected. The phase shift and attenuation are then functions of 
amplitude of signal and are often independent of frequency. 
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The frequency-response method is based on the description of a system 
by its transmission of sinusoidal signals of different frequencies. A linear 
component has a sinusoidal output whose phase shift and attenuation 
describe the effect of the component on the signal. A nonlinear com¬ 
ponent, however, has a distorted output and requires that the funda¬ 
mental component of the output be 
considered in defining phase shift and 
attenuation. The higher harmonics 
are neglected because of the com¬ 
plexity of doing otherwise. The 
justification is that high-frequency 
signals are usually attenuated else¬ 
where in the servo system. The 
results are only approximate, how¬ 
ever; therefore further approxima¬ 
tions are justified for convenience in 
obtaining results rapidly. 

Consider first the output of an 
amplifier which has a dead zone in 
its characteristic for low-amplitude 
signals (Fig. 12.21a). A point P on 
the input curve is projected horizon¬ 
tally to the 45° line and then down to 
the amplifier characteristic. This point is projected back on the output 
to the same time base as the input curve, at point P'. Note that each 
point of the output is less than the input by the amount C, except for an 
input less than C, for which the output is zero. The construction is 
independent of frequency, and no phase shift is introduced because of 
the symmetry of the diagram. 


0 0 T 0 e r 

(a) (6) 

Fig. 12.22. Determination of the fundamental in a distorted output: (a) visual esti¬ 
mate; (6) use of weighted curve. 

Attenuation is a function of the amplitude of the signal compared to 
the offset C, as sketched in Fig. 12.216. The ratio of output to input is 
zero for 0* less than C and then builds up gradually for larger signals, 
finally approaching unity for very large signals. A simple way to esti¬ 
mate the fundamental component of the output is merely to sketch a 
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( 6 ) 

Fig. 12.21. Frequency response versus 
amplitude for a pick-off having a flat 
spot at low amplitude: (a) construction 
method; (6) attenuation versus ampli¬ 
tude. 
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sine wave on top of the output wave (Fig. 12.22a). The first tendency 
is probably to make the area under the sine curve equal to that under the 
output curve. This result is not correct, however, in that the ordinates 
of the output should be weighted sinusoidally, as given by the formula 

A = - / f(6) sin 6 d6 (12.5) 

TT Jo 

A direct evaluation of the formula involves sketching a new curve for 
the weighted value of the output and estimating the area under it (Fig. 
12.226). 



1 

h 


( 6 ) 

Fig. 12.23. Frequency response of an amplifier having saturation: (a) construction 
method; (6) attenuation versus amplitude. 

Another common nonlinear characteristic is saturation, as shown in 
Fig. 12.23a. The construction is independent of the frequency of the 
signal, and no phase shift is involved. Attenuation is a function of 
amplitude, as indicated in Fig. 12.236. For input signals above the 
saturation limit, the output remains nearly constant; therefore, the out¬ 
put-to-input ratio falls off hyperbolically. 

The pick-off for the relay servo (Fig. 12.1) has the nonlinear character¬ 
istic shown in Fig. 12.24a. The attenuation characteristic is shown in Fig. 
12.246. The presence of time delay in the relay pickup and dropout shifts 
the output square wave along the horizontal axis by a fixed time. The 
fundamental of the output is then shifted in angle in proportion to the 
frequency of the input wave. 

The hysteresis type of characteristic associated with backlash has the 
output angle for a sinusoidal motor angle shown in Fig. 12.25a. This 
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0 C 

( 6 ) 


Fig. 12.24. Frequency response of relay-contact-type pick-off: (a) construction 
method; (b) attenuation versus amplitude. 




Fig. 12.25. Effect of backlash on frequency response: (a) construction method; (6) 
phase shift and attenuation versus amplitude. 

diagram is independent of the frequency of the signal. Phase shift and 
attenuation are both functions of amplitude of signal, however, as shown 
in Fig. 12.256. For very large signals backlash has no effect, but for 
smaller signals the phase shift and attenuation both become significant, 
approaching 90° shift and complete attenuation for an input signal equal 
to half the backlash angle. 
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12.9. Frequency Response of Nonlinear Systems 

The frequency response of a nonlinear component can he combined 
with the frequency response of the remainder of the loop in order to 
determine the limits of stability of the system. The results for 
quadratic systems agree with the results obtained by phase-plane 
diagrams. 

The analysis of relay time delay is made with a system whose linear 
portion has a transfer function of the form K/ (1 + Ts)s. The frequency 
response of this part of the system can be combined with that of the 
relay itself, as shown in Fig. 12.26. 




Fig. 12.26. Determination of equilibrium operation of system with relay time delay 
by intersection of frequency-response curves: (a) frequency set by phase shift; (6) 
amplitude set by attenuation. 

The phase shift of each part of the system is a function of frequency 
only (Fig. 12.26a). The phase shift due to the relay is plotted up from 
180°, so that the intersection point with the curve for the linear part of 
the system determines the frequency for which the total phase shift is 
180°. The attenuation characteristics are a function of amplitude alone 
(Fig. 12.266). Setting the gain for the linear part of the system estab¬ 
lishes the gain which is required of the relay for the loop gain to be unity. 
The intersection points A and B, therefore, represent possible amplitudes 
of oscillation. Operation at point B corresponds to the limit cycle deter¬ 
mined in Fig. 12.13. The point A does not correspond to an equir 
librium condition, because a slightly larger amplitude would continue 
to build up whereas a slightly smaller amplitude would decay. 

The block diagram for the system having backlash is given in Fig. 
12.18. The transfer function from d 0 to d u is 


Om / x _ K + J lS 2 
0o W ~ (D + J„s)s 


( 12 . 6 ) 


The frequency response of the linear part of the system (12.6) is shown 
in vector form in Fig. 12.27. The frequency response of the hysteresis 
loop is plotted in inverse form to establish the gain and phase shift 
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required of the linear part of the system to bring the total to 180° shift 
and the loop gain to unity. Fortunately, the curve for the linear portion 
of the system is independent of amplitude, whereas the curve for the 
hysteresis loop is independent of frequency. The intersection point A 

therefore represents the conditions for 
continuous oscillation. Lowering the 
factor K lowers the frequency at which 
the function in (12.6) goes to zero and 
the angle at which the curve passes 
through zero. The intersection point, 
therefore, moves to a lower amplitude 
of oscillation. Addition of coulomb 
friction to the analysis could be shown 
to make the damping constant D in 
Fig. 12.18 increase for low-amplitude 
signals. A complete solution includ¬ 
ing coulomb friction requires the use 
of families of curves, because the func¬ 
tion in (12.6) would then be a function of both frequency and amplitude 
of signal. 

12.10. Conclusions 

The phase-plane diagram and the frequency-response method give 
comparable results for simple systems. The concepts can, therefore, 
be extended with some confidence to somewhat more complicated 
systems. 

The phase-plane diagram gives an exact solution for a system having 
no more than two forms of energy storage and capable of being approxi¬ 
mated by a series of linear regions. The limitation to two forms of 
energy storage arises because only two variables can be used in one plot. 
Another form of energy storage in the system would require that another 
variable be known at each switching point. This variable would in turn 
affect the curves for the other two variables, and thus the simplicity 
of the construction is lost. 

The frequency-response method is easily extended to systems with a 
greater number of energy storages because the linear part of the system 
is described by a single frequency-response curve. The complexity in 
this method arises with more than one nonlinear element, because the 
system as seen by one nonlinear element is then also a function of ampli¬ 
tude of signal. 

Another graphical construction is suggested by the fact that the same 
form of transient is started by each discontinuity in the system. These 



Fig. 12.27. Vector plot of frequency 
response of system with backlash. 
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transients can be traced from a template and added successively for a 
few cycles. 

The various tricks in graphical or analytical treatment have very 
limited application, however, compared to the total range of the nonlinear 
problem. They serve more as a means of establishing the effect of such 
common nonlinearities as relay time delay, coulomb friction, and back¬ 
lash. Relay action, for example, is a nonlinear form of amplification of a 
signal and is thus comparable to dead zone in a pick-off or saturation of 
an amplifier. The time delay in relay action can be treated separately 
and corresponds to a transfer function of the form e~’ h . Coulomb fric¬ 
tion is a nonlinear damping, because the input is velocity and the output 
is torque or force. Backlash is somewhat unique in that it permits the 
output to acquire a velocity at each reversal in direction. The effect 
is destabilizing and is more pronounced for signals whose amplitude is 
comparable to the backlash itself. The concepts developed from the 
study of simple systems serve as an aid to judgment for more complicated 
systems. 

The meager conclusions which can be reached for nonlinear systems 
serve to reemphasize the simplicity of concept in analysis of linear sys¬ 
tems. A linear system has characteristics which are independent of the 
amplitude of the signal, and therefore each signal may be treated inde¬ 
pendently. All natural transients of the system can be expressed in the 
form e“. Each transfer function of the system is then a vector which 
is a function only of the value of s. The natural modes of response of the 
system are the values of s which make the characteristic determinant 
equal to zero. After these roots are determined, the amplitudes of indi¬ 
vidual transient terms can be written immediately. The simplicity of 
analysis of the linear system is thus based on a series of powerful con¬ 
cepts, which successively reduce the problem to simple steps such as 
adding angles. Nonlinearities make the characteristics of the system 
depend upon the total signal present in the system and thus void the 
basic concepts which make linear analysis simple. 
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APPENDIX A 


THE LAPLACE TRANSFORM 


m 


The Laplace transform will he demonstrated by solving a simple 
problem. Study of the integrals involved will show why one integral 
is the inverse of the other and give some concept of the transform 
itself. 

Consider the example of a first-degree differential equation 

x i = x 0 + T^° (A.l) 

in which input x t = A&* and the initial value of the output is x o (0). 

The “transform” of each term in the equation is taken according to 
the definition 

X(s) = £x(t) = j* x(t)e~ tl dt (A.2) 

For the input term, the transform is 

f 00 f * I" * a ■ 

/ A^e- 1 dt = Ail «<•«->* dt = Ai\ - --(A.3) 

Jo Jo L«» - sjo s - Si 

The transform of x„(t) is by definition X 0 (s) ; a capital letter is always 
used for a transform. The transform of dx 0 /dt requires integration by 
parts, using the fact that, since 


d(uv) = udv + v du 


then 


(A.4) 

(A.5) 


fu dv = fd(uv) — fv du 
The integral of the derivative term can thus be treated as 

/ ^ = j e ~'* dx 0 = J d(er ,l x 0 ) — J x„(—s)e~ ,t dt (A.6) 

Since the last term is, by definition, — sX 0 (s), the right side is evaluated 
as 


L 


dx 0 


5? e-‘dt - — x o (0) + sX 0 (s) 
0 at 

225 


(A. 7) 
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The complete expression for the transform of (A.l) thus becomes 

—- = X 0 (s) + T[-x o (0) + sX 0 (s )] (A.8) 

$ — Si 


Solving for the transform of the output gives 



Fig. A.l. Path of integration in the « 
plane for the inverse Laplace trans¬ 
form. 


^ _ [Ai/(s - s,)] + Tx„{ 0) 

AoCs) x + Ts 

_ (Aj/T) + x o (0)(s — s,) 

(s - Si)[s + (1 /T)] ^ 

The output function of time is now 
determined by taking the inverse 
transform according to the definition 

x(t) = £~ l X($) 

= ± [ C+J ~ X(s)e"ds (A. 10) 
J c—j <*> 

The variable s is a complex number, 
and the path of integration is a line 
in the complex plane parallel to the j 
axis and offset to the right of any pole 
of the transform. 

The inverse transform of X a (s ) can 
be shown, by use of (A. 15), to be 


*.(«> - [— 


/T + x o (0)(s — s, 


s + 1 /T 


J #—# 


e «t 


+ 




:/T + x o (0) (s — s, 


S — Si 


-] 

J.^- 1/T 


e (—l/T)t ( A11 ) 


Note the form of the result: a term of the form appears for each 
pole of the transform; the amplitude of the term is equal to the transform 
evaluated at the pole with the factor involving the pole omitted. 

The same result is obtained using the methods of Chap. 4 or any other 
method because the differential equation and the initial conditions are 
satisfied. 

The integral for the inverse Laplace transformation can be shown to 
produce an opposite effect from the integral for the direct Laplace trans¬ 
formation by taking the simple case of the input itself. The transform 
of the signal A.-e**' is shown in (A.3) to be AJ (s — s<). The original 
signal should be obtained by taking the inverse transform 


\ 1 r c +y « 4 1 r c +y « 

JB" 1 ds = -X-. / F(s) ds (A.l 2) 

s — Si 2irj Jc-j„ s - Si 2 tj Jc-j . 


The significant features of this integration process are shown in Fig. 
A.l. The path of integration in the complex plane is along the vertical 


Digitized by 


Goggle 


Original from 

UNIVERSITY OF MICHIGAN 



Generated on 2028-07-23 03:34 GMT / https://hdl.handle.net/2027/mdp.39015802933185 

Public Domain, Google-digitized / http://www.hathitrust. 0 rg/access_use#pd-g 00 gle 


APPENDIX A 


227 

line to the right of the j axis. Completing the path of integration at 
infinite radius around the left half plane does not add anything to the 
integral because the factor l/(s — s») is zero for this part of the path. 
The line integral around the entire path can now be considered to be the 
sum of fine integrals around small areas such as those shown by the grid. 
The value of the line integral around a small area would be zero if the 
value of the function F(s) in (A. 12) were constant. The integral might 


pg * 1 fH 





dx 


Fig. A. 2. Integration around a differential area in the s plane. 

have a net value, owing to the rate of change of the function F(s ) indi¬ 
cated in Fig. A.2, given by 


dA 


_JaF(£ l^] jdy 


l dx 2 


L dy 


dx 


2 _ 

= dx dy 


dF(s ) dF(s ) 


(A.13) 


dx dy 

The partial derivatives can be expressed in terms of the derivative 


dF(s) _ dF(s) I _ f . dF(s) ds __ dF(s) ds 


dx 


dy J 


ds dx 


ds dy 


dFjs ) 
ds 


( ds _ds\ 
V dx dy) 


(A. 14) 


But s = x + jy, therefore ds/dx = 1 and ds/dy = j, making the value 
of the final parenthesis equal to j — j, 
or zero. 

If the derivative dF(s)/ds has a finite 
value, then the integral around any 
small area dA is zero. The line integral 
around the complete left half plane has 
a value then determined only by the 
area containing the pole at which the 
derivative is infinite. The value of the 
integral enclosing this pole can be ob- 



Fig. A.3. Integration around a pole 
in the s plane. ' 


tained readily by choosing a circular path about the pole as a center, as 
shown in Fig. A.3. 
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The integral in (A. 12) becomes 




2 vj 


2 


(A. 15) 


The value of the inverse transform is thus simple A,-e* rf , as originally 
specified in (A.3). 

If the transform has several poles, then the integral involved in the 
inverse transform encloses all these poles. The integral is the sum of 
terms of the form A m e ,mt , in which s m is a pole and A m is the value of the 
transform with s = s m and the factor s — s m omitted. This explanation 
is intended primarily to give a basis for understanding the Laplace trans¬ 
form. The concepts involving line integral in the complex plane are 

rather far removed from the problem 
of describing a control system, how¬ 
ever, and thus the topic of Laplace 
transform is given here as an appendix. 

An interesting concept of the signif¬ 
icance of a transform can be obtained 
by considering another simple system: 

m = -so*o + ^ (A.i6) 

The input /,(£) is arbitrary in form 
and is considered to be a series of impulses, as shown in Fig. A.4. 

A unit-impulse input would cause a transient output e** 1 . The impulse 
fit') dt' at t = t' will cause a transient after t = t' o{ 

dx 0 = f{t') dt' «••»-*'> = [fit') dt' e~ ,< *']e“ i (A.17) 

The transient has only the decay time t — t' between the time of the 
impulse t' and the time t being considered. A larger impulse fit') dt'e - ^' 
acting at the initial time t = 0 would produce the same transient at 
time t. 

The total output at time t can be found as the integral of the effect 
of each of the impulses of the input: 

x 0 = f*fit') = e aat f* fit')e-*' de (A. 18) 

The factor e** is a constant for the given integral and thus may be 
removed as a factor. The remaining integral has the same form as the 
definition of the Laplace transform, except that the upper limit of integra¬ 
tion is t rather than infinity. The integral represents the impulse acting 
at time t = 0 which would produce the same value of the output at the 
time t as does the actual input. If the input is of the form Aie* rf ', then 
the integral can be found and evaluated at the limits 0 and t. 



Fig. A.4. Graphical picture of con¬ 
volution. 
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x. 


= e” ot J Ai< 


0»1 t’g-Sot’ dl' — e *ol A ! 


= e? at Ai —--(- e? lt Ai 


S 0 S 1 


Si So 



(A. 19) 


Note that the integral evaluated at the limit t = 0 gives the amplitude 
of the term involving The value of the integral in (A. 18) evaluated 
only at the limit t = 0 then gives the effective value of the impulse acting 
at t — 0 which would produce the same amplitude of the e‘° l term as the 
actual input. The Laplace transform of the input evaluated for $ = $„ 
is then exactly equal to the effective impulse determined above, because 
the value of the integral in (A. 18) evaluated at t = <» is always zero. 

A standard method of explaining the Laplace transform starts from 
the Fourier series representation of a periodic function of time. The 
period is then allowed to approach infinity, which causes the Fourier 
series to become the Fourier integral. A decay factor is then intro¬ 
duced in order to make the integral convergent, making the Fourier 
integral become the direct Laplace transform integral. The inverse 
process of expressing a function of time from a Fourier series in turn 
becomes the inverse Laplace transform integral. For a rigorous and 
complete treatment of the Laplace transform, see Gardner and Barnes, 
“Transients in Linear Systems.” 
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AIDS IN SKETCHING ROOT-LOCUS PLOTS 


The main aids in sketching root-locus plots are the many special 
cases, such as intervals along the real axis and the asymptotes for 
large values of s. The intermediate portions of the plot can then 
usually he sketched by seeking to keep the net change in angle zero or 
by using the charged-particle analogy. 


The following aids for sketching root-locus plots are used throughout 
the book in solving the various problems; this appendix is intended as a 

summary. The simplest portions of the 
plot to establish are the intervals along the 
fo real axis, because all angles are then either 0 ° 

or 180° (Fig. B.l). Complex pairs ofzeros 
or poles contri bute no n et angle for poin ts 
al ong th e real axis. For a_180° lo cus, th e 
locus, will exist at intervals along the_ass 
wh ich have an odd to tal number of zeros an d 
poles to the .right of the interval. 

F or very large values of s, alTangles ar e 
essent ially equal (Fi g. B.2). The locus will 
th us finally approach asymptotes ? at. t,he 
angles^ 

180° ± n360° (R 1} 



JU> 


(b) 

Fig. B.l. Root-locus intervals 
along the real axis: (a) zero 
net effect from complex pairs; 
( b ) example of odd total number 
of zeros and poles to the right of 
an interval. 


Number of poles — number of zeros 

A quadratic system provides patterns 
which often exist in essentially the same 
form in more complicated systems (Fig. 
B.3). The vertical line is the perpendicular bisector of the interval along 
the real axis which joins the two poles in Fig. B.3a. The locus in Fig. 
B.36 is a circle. 

Breakaway points from the real axis occur where the net change in 
angle caused by a small vertical displacement is zero. In Fig. B.4o, the 
point P satisfies this condition if l/ 6 0 = I /61 + l/i> 2 - The contribution 

1 The use of the sum of the roots as.the center of the asymptotes to achiev e greater 
accuracy was developed by Robert M. Stewart, of California Institute of Technology. 
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of a complex pair of poles to the phase angle just above the real axis can 
be estimated by establishing equivalent points along the real axis, as 
shown in Fig. B.46. The phase angle j8 subtended at A is equal to 
{OP/ AP) sin <f>. The same angle 0 is subtended at B if OB = AP /sin <t>. 
The point B can be located by sketching a line from A perpendicular to 
the line OA. 

The initial direction at which a locus emerges from a pole can be 
established by considering trial values of s on a small circle around the 



\ 


(a) (6) 

Fig. B.2. Final asymptotes for root loci: (a) 60° asymptotes for system having three 
poles; (6) 45° asymptotes for system having an excess of four poles over zeros. 



(a) (6) 

Fig. B.3. Quadratic-system plots: (a) perpendicular bisector; ( b ) circle for system 
having one zero and two equal poles. 

pole. The angle of the vector from the pole to the trial value of s is 
selected so as to make the total angle 180°. One method, shown in 
Fig. B.5a, is to start with a reference line to the left of the point and then 
reduce the angle of the vector for each angle contributed by some other 
vector. Note that the angles need merely be sketched; numerical addi¬ 
tion is not necessary. 

Figure B.56 illustrates the case of a pole and zero which are reasonably 
far removed from any other zeros or poles in the plot. If the initial 
direction of the locus from the pole has been determined, then the direc¬ 
tion of the locus at the zero can be found by drawing a line between the 
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LT> 


pole and zero and making angle a be the same. In most cases the two 
points join in a circular-shaped arc. Figure B.5c illustrates a similar 
case in which the two points are both poles. The loci then emerge 
parallel to each other but opposite in direction. 




Fig. B.4. Breakaway points: (a) net sum of reciprocals of base lengths is zero; (b) 
complex pair of points replaced by equivalent pair of points along the real axis. 


The analogy between a root-locus line and a flux line in an electric 
field plot is useful in sketching the remainder of a locus once the starts 
have been determined. Thus a locus follows the path which a charged 

particle would follow if repelled from the 
poles and attracted to the zeros with a 
force inversely proportional to the dis¬ 
tance. The locus thus emerges from the 
pair of poles at the origin of Fig. B.6 and 
starts to curve around toward the zero, 
but the effect of the quadratic pair of 
poles is then to bend the locus back to 
the right. 

Figure B.7 illustrates two useful facts 
explained further in Art. 8.4: the fixed 
sum of roots for systems having two or 
more poles than zeros, and the substitu¬ 
tion of roots for poles as a means of con¬ 
tinuing a plot. The familiar locus for 
the cubic system is carried out to the 
point where the complex roots cross the; 
axis. The distance by which the pair of 
roots have moved to the right compared 




V 


A 


( b ) 


(c) 


Fig. B.5. Initial directions of loci: 
(a) subtraction at a pole of angles 
due to effect of other poles; (6) 
locus for an isolated pole and zero; 
(c) loci for an isolated pair of poles. 


to the original position of the poles is then equal to the distance by which 
the real root has moved to the left of its pole. Moreover, a plot which is 
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based on the roots, shown as triangles, would continue along the same path 
as the original locus. The use of the roots, however, permits the direction 
of the locus to be established as <f>° off the vertical. 

Figure B.8 shows systems which are nearly identical, although the first 
impression created by their root-locus plots is that they are quite differ- 



Fig. B.6. Sketch of locus using the Fig. B.7. Example illustrating the fixed 
charged-particle analogy. sum of roots and the replacement of poles 

by roots. 



(o) (6) (c) 

Fig. B.8. Plots for equal or nearly equal roots: (a) plot for complex poles slightly 
to the left of critical position; (6) critical plot for equal roots; (c) plot for complex 
poles slightly to the right. 

ent. Figure B.86 shows the critical case, in which the roots from the 
complex poles move straight down and meet the roots from the real axis. 
In Fig. B.8a, the poles are shifted slightly to the left, and the loci do not 
meet, as shown. Similarly, in Fig. B.8c, the poles are slightly to the 
right, and the loci now curve away in directions opposite to Fig. B.8a. 
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The root-locus plots in this case exaggerate the difference between the 
systems; if a transient response or frequency response were determined 
for the three cases, they would be found to be nearly the same. The 
region near the junction point of the loci in Fig. B.86 is indefinite; any 
point in the region will give nearly 180° shift and essentially the same 
value of gain. This condition exists near any point of equal roots, as 
can be shown by solving for the rate of change of the function below 
with respect to s: 

(1 + W] r = [2(1 + Ts)TU- 1/r = 0 (B.2) 

At the equal-root point, the rate of change of the function is zero, and 
for points near this point the rate of change is small. The effect is even 
more pronounced with three or more equal roots. 


\ 

\ 



j 


\ 


/w 

/ 



Fig. B.9. Reciprocal plot obtained by substituting s = 1 /m in the characteristic equa¬ 
tion: (a) standard plot in the 8 plane; (b) plot in the u plane. 


Occasionally the roots near the origin may be of particular interest, 
whereas the high-frequency effects are comparatively unimportant. A 
root-locus plot can be turned “inside out” by making a change in variable 
such as s = 1/m. Thus the original s plot in Fig. B.9a shows a low- 
frequency oscillation in which the poles far removed from the origin have 
a small effect. Substitution of s = 1/m into the original equation gives 
a new equation in u whose plot is shown in Fig. B.96. The poles which 
are distant from the origin in Fig. B.9a are close to the origin in Fig. B.96, 
although the angles are the same. Similarly all points on the locus have 
the same angle as in the first plot; the magnitudes are merely the recip¬ 
rocals of their previous values. The new plot has zeros at the origin 
corresponding to the excess of poles over zeros in the original plot. A 
point Mi corresponds to a root Si. The values of l/«ri and l/«i are 
obtained directly on the u plot by drawing a perpendicular to the radial 
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line to that point and noting the intersection with the real and j axes. 
The plot is, in general, more difficult to make because of the added zeros 
and because the original s plot is more familiar. The plot does, how¬ 
ever, have the advantage of permitting extra high-frequency poles to be 
added almost indefinitely in studying their effect upon the low-frequency 
roots. For the purpose of approximating phase angles, a cluster of pairs 
of zeros and poles near the origin can be replaced by a single pair having 
the same total horizontal separation. A similar simplification could be 
gained on the original s plot, however, by replacing quadratic points by 
points along the real axis, as in the determination of breakaway points, 
and then finding a single point on the real axis which contributes the same 
phase shift near the origin as the combination of points farther out. 



Fig. B.10. Geometry of a plot having a given phase lead from a circuit having 
minimum attenuation of a d-c signal. 

In some cases the desired position of a root is known. The total phase 
angle due to the given part of the system can be measured at this root, 
and it is necessary to determine a lead network so that the whole system 
will have the desired root. Let <f> be the phase lead necessary to make 
the net phase angle equal to 180°. The locus of points in the s plane 
for which a network gives a lead angle <f> is a circle, as shown in Fig. B.10. 

For the lead network to have minimum attenuation of a d-c signal, 
the circle should be tangent to the line of constant damping ratio at the 
desired root. A tangent to the circle at the zero q just makes the angle <f> 
with respect to the real axis. The two tangents intersect at the point N. 
The tangents Nr and Nq are equal, and therefore the triangle Nqr is 
isosceles with the base angles y equal. The angle between the two 
tangents at N is the difference \f/ — <f>, as shown. Both 2y and — <f> 
are the supplements of the angle rNq and therefore are equal to each other. 

2y - \p — <f> or y = — <j>) (B.3) 

In the given problem, therefore, the line rq is drawn at the angle y 
with respect to the line Nr in order to locate the zero q. The line rp 
is drawn through r at the angle $ with respect to the line rq in order to 
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locate the pole p. The attenuation ratio of the network is then measured 
as the ratio of line lengths Oq/Op . 1 

If the required lead angle is greater than can be achieved with a single- 
stage network, then a double or perhaps a triple lead network should be 
used. The angle <t» in Fig. B.10 then becomes the lead angle required 
per stage. For minimum attenuation of d-c signals, the phase lead per 
stage should be small. 

1 The method of selecting the desired position of a root and then solving analy¬ 
tically for the position of the zero and pole of a lead network was described in a North 
American Aviation memo by W. E. Dickinson, now with International Business 
Machines at San Jose, Calif. 
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USE OF THE SPIRULE 1 


The Spirule 2 is a plastic device which permits rapid addition of 
angles or multiplication of lengths of vectors. The spirule consists 
of an arm and disk held together with a light friction fit hy a special 
eyelet, which also serves as a pivot point. On a root-locus plot, the 
pivot point is placed at a trial s point and the arm rotated, with 
respect to the disk, through each of the vector angles, to obtain their 
sum. A logarithmic spiral curve on the arm permits the logarithm 
of a vector length to be obtained as an angle, so that the addition of 
such angles corresponds to the addition of logarithms. The Spirule 
can also be used in plotting vectors or as a circular slide rule. 

The Spirule is most easily explained by using it with a simple example, 
such as checking the root n in Fig. 7.15, which is duplicated for con¬ 
venience in Fig. C.l. The pivot point is placed at a trial position, r i} 
on the roughly sketched locus of roots. The small pin serves to hold 
it there. The zero angle of the disk is set at the radial edge of the arm; 
this edge is brought in line with the pole at the origin, as shown in Fig. 
C.2 a. 

The spiral curve and the logarithm scale on the disk are not involved 
in this operation of adding phase angles. The pivot point can be held 
at the r\ point by lightly pressing on the Spirule at the point with the 
right thumb. The index finger of the right hand is then in position to 
press the disk against the paper to keep it from moving while the arm is 
rotated with the left hand until the radial edge is horizontal, as shown in 
Fig. C.26. 

Note that the arm is thus rotated through the angle <f> 0 with respect to 
the disk; the angle may be read on the disk at the radial edge of the arm 
as being about 240°, or —120°, the minus sign due to the angle being a 

1 The Spirule can be obtained from the Spirule Company, 9728 El Venado, Whittier, 
Calif. 

* The idea of building the principles of the Spirule into a plastic device was con¬ 
ceived by J. F. Schmidt, and the first model was built by him. The name “Spirule ” 
was coined by W. D. Lyon as a contraction of “spiral” and “slide rule.” Both men 
are engineers in the Electromechanical Division, North American Aviation, Inc., 
Downey, Calif. 
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lag angle. The index finger is then removed from the disk while the 
arm is rotated counterclockwise until the radial edge is in line with the 
pole at —1/7\. Note that the friction between the arm and the disk 
must be sufficient to make the disk move with the arm, because the dial 

reading should not change in this 
motion. 

For adding the angle <t> 1 , the index 
finger again is used to press the disk 
against the paper while the arm is 
rotated until the radial edge is hori¬ 
zontal. The procedure is repeated 
for the last angle fa- The edge of 
the arm is now approximately oppo¬ 
site its starting position with respect 
to the disk. The sum of the phase 
angles is read on the disk at the edge 
of the arm. The difference between 
this sum and the desired sum of 
180° can be marked on the plot. 
A second trial point should be 
selected slightly to the left of the point ri because all the phase angles are 
thus increased. If this point is still in error, the true point should be 
located by interpolation between the two trial points. 





(b) 


Fig. C.2. Use of Spirule for adding angles: (o) initial position; (6) after rotation 
through # 0 . 


All the vector lengths which vary with s have one end at the s point. 
The product of these lengths is proportional to the gain needed to make 
that s point a root, and such a product is conveniently obtained by adding 
the logarithms of the lengths. The Spirule has provision for adding 
angles; it could serve also to obtain the product of the lengths if a con¬ 
version from a vector length to a logarithm in the form of an angle were 
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provided. This conversion is achieved by use of the logarithmic spiral 
curve, as will be demonstrated for the plot in Fig. C.l. 

The scale of the logarithmic spiral curve on the Spirule is such that 
unity, the distance from the pivot point to the point where the curve 
intersects the radial edge, is 5 in. The radial distance to this scale from 
the pivot point to the curve is marked on the curve as shown. The angle 
between the radial edge and the line from the pivot point to a point on 
the curve is proportional to the logarithm of the radial distance to that 
point on the curve. Note that the logarithm of 0.1 is —1, which is 
represented by an angle of 90°. 



(a) (6) 

Fig. C.3. Use of Spirule for multiplying vector lengths: (a) initial position; (6) after 
rotation through 90° logio |rj|. 

The Spirule, pivoted at r h is initially set with the edge of the arm in line 
with the first pole and the arrow on the disk in line with the edge, as 
shown in Fig. C.3a. The disk is held with the index finger while the arm 
is rotated until the spiral curve meets the pole, as shown in Fig. C.36. 

The length of this vector is read, on the logarithmic spiral scale on the 
arm at the arrow marked on the disk, as 0.30. The scale of the plot is 
changed in printing this figure, and therefore a check cannot be made by 
using a Spirule with this plot. The angle through which the arm rotated 
with respect to the disk is the logarithm of this length to the scale factor 
for angle given by 

*0° _ logio N , ru 

90° logic 0.1 K } 

The disk is now released while the arm is rotated until the edge is in 
line with the pole at — 1/7Y Note that the disk moves with the arm 
during this motion, and the reading does not change. The disk is held 
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with the index finger, however, while the arm is rotated until the spiral 
curve meets the pole at —1/7\. The arm is thus rotated with respect to 
the disk through the angle ti, which is the logarithm of the vector length 
\1/Ti + *|. The arm has now rotated with respect to the disk through 
the sum of the angles and ipi. The operation is repeated for the pole 
-1 /Tt. 

This value on the scale is, then, the product of the vector lengths in the 
numerator of the equation for gain K given by 


K \s\\l/Ti + fljl/T, + «| 
\1/Ti\\l/T t \ 


(C.2) 


The product of lengths in the denominator can be found by using the 
Spirule in a similar fashion, using the origin as the pivot point and con¬ 
sidering length to the poles at —1/7\ and — I/T 2 . The quotient, giving 
the value of K, may be found as a separate slide-rule operation or by 
using the Spirule as discussed at the end of this article. Note that any 
difference in scale factor between the plot and the Spirule would not be 
important for ratios; it does have to be considered for the vector s itself. 
Here one should multiply the previously obtained value of gain by the 
numerical value on the plot corresponding to unity on the Spirule, or 5 in. 

In solving any problem, the gain for several points along the locus is 
usually desired. Hence it is convenient to note all the corrections for 
base values and scale factor as a single angle of rotation of the disk with 
respect to the arm. This angle can be marked on the disk and reset 
before making the calculations at any s point. The gain K can then be 
read directly on the scale after all rotations with the Spirule at the s 
point. 

If the transfer function contains a zero as well as poles, the logarithm 
of the vector length to the zero should be subtracted rather than added. 
Subtraction can be accomplished conveniently by originally lining up the 
zero on the spiral curve and rotating the arm until the radial edge meets 
the zero. 

If a length is greater than 1, the spiral curve would normally go off 
the plastic arm, but the curve is folded back as shown by the dotted 
curve. This folding is done in such a way that the angle between the 
curve and the radial edge is still the logarithm of the radial length. The 
direction of rotation should be reversed, however, having the pole move 
from the curve to the edge. This rotation corresponds to the fact that 
the logarithm of a number greater than 1 is positive, whereas the log¬ 
arithm of a number less than 1 is negative. 

The accuracy in using the Spirule becomes less for points close to the 
pivot point, which is a natural characteristic of the plot itself. Again 
it is well to note that any distorted scale of the plot itself would not 
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permit the basic operation of adding two vectors, such as l/T and s to 
obtain l/T + s, which is essential to the given use of the plot. 

The Spirule can be used as a slide rule with the use of a single straight 
line, rather than a root-locus plot. To multiply two numbers, the disk 
is set with the XI arrow of the disk aligned with the radial edge of the 
arm and the pivot point of the Spirule placed at any point at least 5 in. 
to the right of the end of the line. The arm is then rotated with the disk 
held fixed until the spiral curve on the arm intersects the line at the 
numerical value of the first number. The disk is then released while the 
edge of the arm is again aligned with the straight line. The disk is held 
fixed again while the arm is rotated until the curve intersects the line 
at the second number. The product is read on the arm in line with an 
arrow of the disk. To divide by a number, the rotation of the arm, with 
respect to the disk, should be in the opposite direction. 
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APPENDIX D 


ROUTH’S CRITERION 


Routh’s criterion determines the number of roots having a positive 
real part by simple calculations using the coefficients of the charac¬ 
teristic equation. An equivalent circuit provides direct analogies 
and a short proof. 

Routh’s criterion is perhaps the oldest and, for some problems, still 
the best method of determining the stability of a system. It requires 
only simple calculations starting from the coefficients of the characteristic 
equation, as will be demonstrated for the case of a fourth-degree system. 

a 4 8 4 + 038 s + a 2 s 2 + ais 4- a 0 = 0 (D.l) 

The coefficients of the even powers of s are placed in the first row and 
those of the odd powers of s in the second row. 


&4 d 2 do 
dz d\ 


Elements of a third row are calculated from the above two rows accord¬ 
ing to the pattern 


2 dzd2 — d\d4 , d zdo 

b 2 — - bo — - 

dz d 3 


(D.2) 


Similarly, elements for successive rows are formed until a complete 
triangular array of numbers is formed: 


d\ d2 do 
dz di 

b 2 b 0 (D.3) 

Ci 

do 

where c t = (b 2 a\ — boaz)/b 2 and do = Cib 0 /ci. 

The number of roots having positive real parts can be shown to be 
equal to the number of sign changes occurring in the left-hand column 
of the array. 

The simplicity of the pattern suggests that a correspondingly simple 
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proof should exist. The key idea is to set up an equivalent form of the 
characteristic equation which permits successive simplifications. 

M ‘ + , a f* + na + 1 = Z(.) + 1 - 0 (D.4) 

a 3 s 8 + «is 

This form of the equation can represent the voltage drop around a 
circuit containing a resistance of 1 ohm and an impedance Z(s). The 
impedance Z(s ) can be simplified by dividing numerator by denominator, 
giving 

ZOO - + l — - + °° _ LiS + Z,(.) (D.5) 

a 3 a 3 s s + ais 

The first term corresponds to an inductance. Note that the coefficients 
in the numerator of the second term correspond to the elements in the 



Fig. D.l. Equivalent circuit for a system established by Routh’s criterion calculations, 
third row of the array (D;3) used in Routh’s criterion; that is, 


0,10,4 , 

CL 2 — - = 0 2 

dz 

and do = bo. 

A similar process of division can be carried out if the reciprocal of 
Zi(s), the admittance Fi(s), is considered. 


Yi(s) = 


1 

Zi(s) 


a 3 s 3 + 01 S 
b 2 s* + bo 


03 . [ai — (a 3 bo/b 2 )]s 

i >2 S + b 2 s 2 + 60 


= CiS + Y 2 (s ) 


(D.6) 


The first term CiS is now a capacitance, and the coefficients in the numer¬ 
ator of the second term now correspond to the element Ci = 01 — b 0 a 3 /b 2 
in the fourth row of Routh’s array. Considering the reciprocal of F 2 (s) 
in turn gives 


Z 2 (s) 


1 

Yt(8) 


b 2 s 2 + bo b 2 . bo 
- = — s -|- 

CiS Cl CiS 



(D.7) 


The impedance Z(s) is now completely determined as a ladder network, 
shown in Fig. D.l. 

Note that each element of the circuit has a numerical value which 
is the ratio of the successive elements in the left column of Routh’s array. 
A circuit element is therefore negative for each sign change which appears 
in this column. The pattern of calculation of the array thus corresponds 
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directly to division of one function by another, and the elements in the 
left-hand column take on definite significance in terms of circuit elements. 

The remainder of the proof is to show that the number of roots having 
a positive real part is equal to the number of circuit elements having 


a negative sign. A circuit element 



Fia. D.2. Typical plot illustrating a root 
crossing the j axis when the sign of a 
capacitor changes. 


pedance will have zeros and poles, 
R ; therefore, the impedance can b< 


th a negative sign is unusual in that 
the voltage across the element will 
tend to aid rather than oppose a 
current flow. A positive capaci¬ 
tance, for example, builds up a volt¬ 
age proportional to the integral of 
current into the capacitor in a sense 
such as to oppose further current 
flow in the same direction. A nega¬ 
tive capacitance, on the other hand, 
would have the corresponding volt¬ 
age aid further current flow. If one 
circuit element changes from posi¬ 
tive to negative, then one root must 
shift from the left half plane to the 
right half plane for Routh’s criterion 
to be valid. To study the special 
case when Cz in Fig. D.l changes 
sign, consider the rest of the circuit 
as seen from the terminals of Cz to 
be an impedance Zcz ■ This im- 
but its value for d-c signals is simply 
1 expressed as 


„ = R{ 1 - s/gx)(l - s/<? 2 ) • ’ ; 

02 (1 - s/pi) (1 - s/p 2 ) • • • 


(D. 8 ) 


The equation for roots of the complete circuit can now be expressed as 


— 1 — ZczC 28 — 


RCzsjl — s/gi)(l — s/g 2 ) • • • 
(1 - s/pi)(l - s/p 2 ) • • • 


(D.9) 


If the absolute value of Cz is very large, one root must be near the 
origin and the other roots near the zeros of Zcz- 

For s near the origin, however, the impedance Zcz is essentially just R] 
therefore, the locus of roots simply passes through the origin when Cz 
changes from +00 to — ». The other roots remain near the zeros of 
Zcz(s ) when Cz changes sign at infinity (Fig. D. 2 ). 

The effect of changing the sign of an inductance can be studied in 
similar fashion. The impedance of the circuit seen from an inductance 
such as Lz is of the form R' + 1 /C's for values of s near zero. The equa- 
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m 


tion for roots near the origin is thus 

R'C's + 1 1 
C's L 2 s 


(D.10) 


The two possible plots using all combinations of signs for C' and L 2 
are shown in Fig. D.3. Note that one more root has a positive real part 
if the sign of L2 is negative rather than positive. 

The above special cases show that the number of roots in the right 
half plane is increased by 1 if any circuit element changes from positive 
to negative. Some additional arguments are needed to show that these 
are the only conditions for a root to shift to the right half plane. First, 



positive 

negative 


Y 






\ r'c y 


C r negative 


(a) (6) 

Fig. D.3. Examples of shift of roots across the j axis when the sign of an inductance is 
changed. 


with all circuit elements positive, the system is stable because no energy 
source is present in the system, whereas one resistance is present to dissi¬ 
pate energy. This argument does not depend upon the magnitude of any 
inductance or capacitance. In a general case some of the circuit elements 
are negative, and thus some of the roots are in the right half plane. It 
remains to be shown that none of the roots will cross the j axis for any 
magnitude of an inductance or capacitance with a given sign. The argu¬ 
ment here is that, for a root to cross the j axis, the impedance as seen 
from the capacitance or inductance must be purely reactive. This imped¬ 
ance will always have a real part, however, owing to the one resistance 
which cannot be canceled by any other element in the circuit. A nega¬ 
tive resistance would be necessary, but the manner in which the equiv¬ 
alent circuit is set up permits only the single resistive element to be 
present. 

The picture presented by an equivalent circuit shows more information 
than is usually stated in Routh’s criterion itself. The circuit shows the 
manner in which the roots cross from the left to the right half plane. A 
capacitance going through infinity, for example, corresponds to a real root 
passing through the origin as in Fig. D.2. Other possibilities not previ- 
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ously considered are roots at infinity corresponding to values of C near 
zero or values of L near infinity. The special cases of C or L being zero 
or infinite correspond to open circuits or short circuits in branches of the 
equivalent circuit, so that a simpler solution is possible for the other roots 
of the system. All the results given here in terms of an equivalent elec¬ 
trical circuit could, of course, be restated in terms of an equivalent 
mechanical system if desired. 

An extension of Routh’s criterion determines the position of the roots 
with respect to some other line in the complex plane parallel to the j axis. 
Thus, if the variable c\ + s' is substituted for the original variable s, 
the jw axis of the s' plane corresponds to the a\ + jw axis of the original 
plane. Routh’s criterion then determines the numbers of roots having 
less than the specified damping for a, a negative number. 
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APPENDIX E 


ANALOGY BETWEEN FLUX PLOTS AND 
ROOT-LOCUS PLOTS 


m 


A complete root-locus plot is a grid of curvilinear squares similar 
to that formed by an electrostatic field. The analogy is useful in 
sketching a root-locus plot and permits a machine solution. 

The concepts associated with electrostatic flux plots and root-locus 
plots are completely different; yet each can be shown to involve the same 



Fig. E.l. Curvilinear square grid for a system having two poles. 

pattern of curvilinear squares (Fig. E.l). The dotted lines are always 
normal to the solid lines. If any curvilinear square were sufficiently 
subdivided, the basic units would be true squares. 

For the electric field the solid lines are lines of equipotential, and the 
dotted lines are lines of flux. The field is formed by two long wires; 
perpendicular to the plane of the figure, at A and B, equally charged to 
the same density per unit length. The field intensity at point s due 
to the wire at A varies inversely with the distance a; the total work to 
bring a unit charge from large distance to point s varies as log a. The 
potential at s due to the charged wire at B varies as log b ; therefore, the 
total potential at point s is 

Potential = constant + log a + log b (E.l) 
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The lines of flux indicate the direction of the field intensity; therefore 
they cross lines of constant potential at right angles. The strength 
of the field varies as the density of the flux lines; doubling the strength of 
the field would halve the spacing between flux lines and would halve the 
distance between lines of constant potential. The electric field thus 
fulfills all the requirements of a grid of curvilinear squares. 

For the root-locus plot, the solid lines will be shown to correspond to 
constant magnitude of the function F(s), and the dotted fines to constant 
phase angle. Consider first the logarithm of a general function: 

log F(s) = log Re 1 * = log R + j<j> (E.2) 

The locus of roots is the path of values of s which hold <f> constant 
at ir radians while log R varies. Another path in the s plane exists 
which will keep log R constant while <f> varies. The plot in Fig. E.l 
corresponds to the function F(s) = |a|e , * 1 j6|e , * , > for which log F(s) has a 
constant real part if 

(R log F(s) = (R[log ab + j(«f > x + <fo)] = log a + log b = constant (E.3) 

The condition that the sum of the logarithms of the lengths be constant 
is the same as that for constant potential of the electrostatic field; there¬ 
fore, the solid lines in the plot are for constant magnitude of the function 
log F(s). 

The fines of constant phase angle can be shown to cross the fines of 
constant magnitude at right angles by considering a small increment in 
log F(s). 

d log F(s) = ^ [log F(s)] ds (E.4) 

For a particular value of s, the derivative has a definite value. For 
d log F(s) to be real, ds must have some phase angle, say \p°. For the 
increment d log F(s) to have a j component only, then the increment ds 
must be at right angles to the previous increment or have an angle 
90° + xf/°. For equal magnitudes of ds, the increments in log F(s) are 
likewise equal in magnitude; therefore, all the requirements for curvi¬ 
linear squares are satisfied by the plot of log F(s) in the s plane. 

The analogy between the complete root-locus plot and an electro¬ 
static field is useful in sketching the root-locus plot. After the start 
of the locus is established near a pole, the remainder of the locus is the 
path which a charged particle would take in an electrostatic field, being 
repelled from the poles and attracted toward the zeros. The mid-point 
between points A and B in Fig. E.l is unusual in that the field intensity 
of the field plot is zero at this point. The derivative of log F(s) is also 
zero; therefore, a large increment in s is needed to produce a given change 
in the function log F(s) in this region. 
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APPENDIX F 


NOISE IN TERMS OF FREQUENCY COMPONENTS 


Noise can be treated as the sum of specific frequency components 
in which only the mean-square amplitudes are significant. The 
transfer function of the servo must, in general, be selected as a 
compromise between transmission of noise and failure to transmit 
signal. The procedure described in this section requires that the 
optimum function be determined by a trial-and-error process. 

Noise can be defined as unwanted signal. In a new experimental 
setup it will, of course, be recognized that many causes of noise voltages 
between signal terminals can be eliminated by reasonable care. Thus a 
ground-wire return, which is common to other circuits, should be avoided 
because the IR drops in the common wire appear as part of the signal. 
Similarly, shielding of the signal wire will reduce pickup due to capacitive 
coupling. Even after these precautions are taken, however, some other 
effect, such as vibration in a position pick-off, may continue to produce a 
noise signal which cannot be directly separated from the true signal. 
The reduction of this noise in the output of the system must then be 
based upon the difference in characteristics of the noise and the signal. 

The description of noise in terms of frequency components is desirable 
because of the convenience of describing the transmission characteristics 
of the system on the same basis. A given sample of noise record can be 
described by a Fourier series: 

f(t) = Ai sin ut + A 2 sin 2 cot + • • • + Bt cos «<+••• (F.l) 

The amplitude of a particular component is determined by multiply¬ 
ing the above function of time by a sine wave of the frequency of that 
particular component and integrating over the interval T: 

Ai = % [ T f(t) sin utdt T = — (F.2) 

* Jo « 

The above integral determines the fundamental component of the series 
in that one cycle of the sine wave is contained in the interval considered. 

If an adjacent interval of the noise record, of equal length, were 
expressed as a Fourier series, the series would be different from the first 
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one because the actual function of time is different. A common feature 
of all intervals of noise records, however, is that the mean-square values 
of the amplitudes are equal. The mean-square value of a Fourier series 
is the sum of the mean-square values of the individual amplitudes: 

l[AS + AS + • • • + B l * + BS + • • •] (F.3) 

This result can be verified by multiplying the series given in (F.l) by 
itself and noting that all the products involving different frequencies will 
have a mean value of zero. The factor * arises in finding the average 
value of either a sin 2 or cos 2 term. 

Consider now the description of the complete record of two adjacent 
intervals by a single Fourier series. The integral for a single term is 



Fig. F.l. Noise in terms of frequency components. 


split into two integrals; treating the A values as positive numbers, they 
may either add or subtract. 

A'l = ^ (sin cot) dt + (sin cot) dt J (F.4) 

= *(Ai°+ ADariCAi- A[) 

The mean value of the squares of the two possible results, however, is 
equal to the sum of the individual squares: 

av - * - M] _ (F .5) 

The sum (F.3) of all the terms for the specific frequencies previously 
considered will be only half of that for the complete interval. But the 
double interval has a fundamental frequency which is half that of the 
original interval, and therefore the Fourier series will have twice as many 
terms. The mean-square amplitude of the noise record, as obtained by 
the sum of the squares of the amplitudes of all frequency components 
present, will therefore be the same for the double interval as for the 
original interval. 

An extension of the concept of doubling the interval of noise record 
and thus doubling the number of frequency components present leads to 
the picture of noise distribution shown in Fig. F.l. The mean-square 

value of noise is the area under the curve, J q °° C n dco. The abscissa is 
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frequency plotted in a linear scale. The noise A i 2 /2 at a particular fre¬ 
quency o>i must specify a band width dco, such as 1 cps, to obtain a 
definite area. The ordinate to such a curve C» has the dimensions of 
(noise amplitude) 2 /cps. 

If the transmission characteristic of the servo could be selected for a 
given frequency independently of the transmission at an adjacent fre¬ 
quency, then the choice of each value would be relatively simple. Thus 
let C„ dco be the noise input at a particular frequency band and IF be the 
transmission factor for that band; then C„ dco W 2 is the noise in the out¬ 
put. Similarly if C f dco is the signal content at that frequency band, then 



Fig. F.2. Frequency spectra of signal and noise. 


Cfdus (1 — IF) 2 is the error due to failure to transmit the signal. Note 
that W should be a real number with no phase angle in order for the 
value of 1 — IF to be a minimum for a given magnitude of IF. The value 
of IF for minimum error in the output is then determined from the 
condition 

[c» dco W 2 + C { dw (1 - IF) 2 ] = 0 (F.6) 


Solving for IF gives 


IF = 


C f 

C n + Cf 


(F.7) 


Consider the special case of a system for which the frequency spectra 
of the signal C f and noise C„ are as shown in Fig. F.2. The desired 
transfer function of the servo for minimum over-all error is, from (F.7), 
essentially unity up to the frequency co c for which the signal drops 
to the level of the noise. Above this frequency, the transfer function IF 
should drop off as (o> c /a>) 2 . An approximate value of the over-all error 
in the output is simply the noise C n times the frequency co c at which the 
signal and noise amplitudes are equal. 

Unfortunately the transfer function at one frequency cannot be made 
independent of that at an adjacent frequency. Even the phase angle 
of the transfer function is correlated with the rate of change of amplitude 
with frequency. In the given problem, therefore, the choice of the func- 


Digitized by 


Google 


Original from 

UNIVERSITY OF MICHIGAN 



Generated on 2028-07-23 03:56 GMT / https://hdl.handle.net/2027/mdp.39015802933185 

Public Domain, Google-digitized / http://www.hathitrust. 0 rg/access_use#pd-g 00 gle 


252 


CONTROL-SYSTEM DYNAMICS 


tion to obtain minimum total error is a difficult one. The form of the 
function is often determined from other considerations, however, and the 
choice of some parameters is the only problem. Moreover, the accuracy 
of the data regarding frequency spectrum of either noise or signal is 
often not great, and therefore high accuracy in determining optimum 
transfer functions is not justified. Consider again the case of the system 
whose inputs are shown in Fig. F.2. The transfer function is simply 
1/(1 Ts), in which T is selected to be l/o> c . The transfer function 
involved in failure to transmit the true signal is then 

1 - "w - 1 - ttt; = rrV, (F - 8) 

The corresponding frequency spectra of the error signal are then as 
shown in Fig. F.3. The plots are made with each axis logarithmic for 



Fig. F.3. Transmission of signal and noise. 


convenience in showing decreases of amplitude proportional to frequency 
squared. The area evaluation of total noise would require that the 
scales be Unear on both axes. Calculations can be readily made, how¬ 
ever, for simple cases Uke the one shown. Thus the noise content above 
the frequency w e is 

/ C n ^\do3 = C n 03 2 f —1 " = C n 03 c (F.9) 

« [ « J<* 

The use of a transfer function 1/(1 + Ts) 2 , as indicated by the result 
in (F.7), would be a definite improvement, in that noise content above 
o)c would then be approximately 

/; c - fey *• - c -‘ [rUi - s 

the error due to failure to transmit the signal, however, would be 
increased. The determination of the optimum transfer function would 
be a trial-and-error process as here presented. 
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APPENDIX G 


AUTOCORRELATION FUNCTIONS 


The response of a system can he expressed in terms of the input 
signal and the weighting function of the system by a convolution 
integral. A product of such integrals gives the mean-square value 
of the response, which depends upon the autocorrelation function 
of the signal. 

The problem of servo design considered in the main portion of this 
book is to make the error of the system as small as possible for the 
expected input signals, consistent with the general limitations of stability 
and complexity. In general, however, the input signal is mixed with a 
noise signal, and therefore the servo must also act to filter out the noise. 
The initial developments in this appendix apply to any such problem 
but will later be applied specifically to the problem of selecting a param¬ 
eter of a servo function which will have the minimum over-all error from 
transmission of noise and failure to 
transmit signal. 

As explained in Art. 11.8, the out¬ 
put of a system whose response to a 
unit impulse is w(t) can be expressed 
by a convolution integral: 

x (t) = f* f(t 1 — t)w(t) dt (G.l) 

This integral expresses the total 
response as the sum of the transients 
due to each impulse of the input, as shown in Fig. G.l. The time t is 
the age of the impulse, or the time between the occurrence of the impulse 
and the present time £j. The square of the output of a system is the 
product of two such convolution integrals. 

x 2 (ti) = f‘f(ti — u)w(u ) du J‘ l f(t 1 — v)w{v) dv (G.2) 

The independent variables u and v are used to represent age of the signal 
in the two integrals for convenience in later manipulations. The time 
function f(ti — t ) is not known; the object is to determine the probable 
value of x 2 (ti) in terms of some characteristic of f(ti — t). 
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Fig. G.l. Convolution integral. 
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One way to picture this produet of integrals is shown in Fig. G.2. 
Time zero is shown in the upper left-hand corner. The weighting func¬ 
tion w(u ) is plotted to the right; the weighting function w(v) is plotted 
down. Along any one column, as at time u, the impulse of the signal 
times the ordinate of the weighting function is the part of the response 
due to that impulse. Similarly, for any one row, the product of the 
input impulse and weighting-function ordinate is part of the response. 
At the intersection of each row and column is a product of four numbers, 



which is one element of the total response squared. The total response 
squared is the sum of the elements in the entire square array. The time 
increment du or dv can be associated with the weighting function in each 
case rather than with the input signal. At any element along the prin¬ 
cipal diagonal from upper left to lower right, the input signal, at any 
time, is multiplied by itself. The probable value of this product is, 
therefore, simply the root-mean-square value of the signal, denoted by 
<£(0). Along any diagonal parallel to the principal diagonal, an input 
will always be multiplied by an input which is offset by fixed time inter¬ 
val. The probable value of this product will always be less than that 
for which no offset is present and is a function of the offset time. The 
curve plotted along the section across these diagonals has the offset time 
identified as u — v because u is the age of one input signal and v is the 
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age of the other input signal. The curve is symmetrical about zero 
offset time. This curve is called the autocorrelation function of the 
signal, because it describes the correlation of the input with itself as a 
function of offset time. One way of finding the total probable error is 
to sum, or integrate, along columns and then along rows. The integral 
for the shaded column in Fig. G.2 is 

J Q U (t>(u — v)w(v) dv (G.3) 

The variable u is constant along this column, and the integration is 
carried out from v = 0 at the top to v = u at the diagonal. Each of the 
column integrals should then be multiplied by the corresponding weight¬ 
ing impulse w(u ) du at the time u and the integration carried out from 
u = 0 at the left to u = t at the right: 

x 2 (t) =2 j* w(u ) du f* <f>(u — v) w(v) dv (G.4) 

For a specific value t = t\ the probable value of the error squared for 
that length of input signal is calculated. If t is allowed to approach 
infinity, then the probable value x 2 (°o) is determined; this is a finite 
/alue if the system is one with damping present for all modes. 



Fig. G.4. Block diagram for mean error squared. 


The factor 2 appears in (G.4) because the integration below the diag¬ 
onal will yield the same result as the integration above the diagonal 
because of the symmetry throughout. Another picture of the integral 
given in (G.4) is obtained by recognizing that the integral in (G.3) 
represents a standard convolution integral for a system whose transfer 
function is 4>(s)TF(s) in response to a unit impulse, as shown by the block 
diagram in Fig. G.3. The unit impulse acting on JF(s) produces the 
weighting function w(v), which in turn produces the output given in 
Eq. (G.3) after transmission through 4>(s). The double integral in (G.4) 
involves multiplying the output of the block diagram in Fig. G.3 by 
w(u), as indicated by the symbol ® in Fig. G.4. 
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The evaluation of the output of this block diagram can be made in 
any of several ways, depending upon the problem. Consider first the 
case in which the system is an undamped resonant one: 


“ r+W OT “ (,) = on sin uit (G.5) 

The input is a noise signal whose root-mean-square amplitude of the 
noise is 1, but the fluctuations are so rapid that the value at one instant 
is not related to the value at an adjacent instant. The autocorrelation 
function <t>(w — v) is then a unit impulse, and the transfer function $>(s) 
is simply 1. The function fi(t) is therefore equal to / 2 (<), which is 
wi sin o)it. The expression for/ 4 (<) is therefore 

/«(<) = 2o>i 2 sin 2 wit dt = o»i H — you sin 2o>it (G.6) 

A graph of this function in Fig. G.5 shows the pattern in which the 

square of the output, which is error 
in this case, will probably build up 
with time. Initially the rate of 
change of the error squared is zero, 
but after «it = 2t, the error squared 
builds up approximately linearly 
with time. This transient solution 
for the error-squared function is one 
of the advantages of the autocorrela¬ 
tion-function type of approach. 
Consider now the problem of 
selecting a parameter of a transfer function to have minimum over-all 
error squared due to transmission of noise and failure to transmit signal. 
Assume that the transforms of the autocorrelation functions of the noise 
and signal are 

*„(.) - -4=22- *,(.) - M!L (g.7) 

S — 8n s — Sf 



Fig. G.5. Transient build-up of mean 
error squared for resonant system with 
$(s) - 1 . 


The transfer function from input to output will be selected to be 
simply 


W(») = 


1 

1 + Ts 


1 /T _ -Sc 
l/T + 8 S — S e 


(G.8) 


The problem is simplified to choosing merely the value of the time 
constant T or the pole s e . Any noise present in the output will be part 
of the error and can be evaluated from the block diagram in Fig. G.6. 
The function fi(t) of time is 


m = 


— 3c0n(O) 
»c - S„ 


(e*** — e tat ) 


(G.9) 
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(G.10) 


(G-11) 


Multiplication by f 2 (t) = — s e e’ ,t gives f 3 (t ): 

f 3 {t) = l ( e 2M _ e (-+..) t ) 

Sc 8n 

Integration determines / 4 (<): 

.. = 2s c 2 <ft n (0) f e 2,<t _ T 

' S c - 5„ L 2s e S» + Scjo 

Evaluation of the limiting value of / 4 (<) for the case in which s c and s n 
are both negative real numbers gives 

2s c 2 0»(O) I" 1 1 1 _ <t>n{0)s c /p io\ 

W ” > = Is-sm:J-^+i; (ai2) 

Any problem could be carried through by this process of multiplica¬ 
tion, and integration, but some theorems from Laplace transform theory 




-s c e 8 ct 

^n(O) 

1 A (JL* 

* /3«)J 

2_ 

/ 4 (0, 


8-8 e 

\ r 

s ~ 8 « 

1 s® n 

8 



|/ 2 (0 


Fig. G.6. Block diagram for system with simple filter. 

permit simplification of the calculations. The first of these is the complex 
convolution theorem: 

F 3 (s) = = j-. r Fi(s)F 2 (s' - s) ds 

J c—j 00 


(G.13) 


Note that f 3 (t ) in Fig. G.6, for example, is expressed as the instan¬ 
taneous product of two time functions. Therefore, Eq. (G.13) is a means 
of obtaining the transform of this function, or F 3 (s). The functions 
Fi(s) and F 3 (s) are the transfer functions for which a unit-impulse input 
will produce fi(t) and f 2 (t), respectively. Each side of (G.13) can be 
easily calculated for the simple case of 

flit) = Aie*>‘ f 2 (t) = A#*' 1 (G.14) 

The direct evaluation of the transform of the product gives 

A\A 3 


F 3 (s) = £Aie’ lt A 2 e ,,t — £AiA 2 e < - ,l+,t)i = 


(G.15) 


S - (Si + S 2 ) 

The integral in the complex plane, given in the right side of (G.13), is 


to be evaluated for the case of 


Fi(s) = 


- Si 


and F 2 (s) = 


F 3 (s) = ~ p--A 1 -r -A* 

2wj J c—j *0 s Sis s 


s — s 2 
ds 


s 2 


(G.16) 


Digitized by 


Goggle 


Original from 

UNIVERSITY OF MICHIGAN 





Generated on 2028-07-23 03:57 GMT / https://hdl.handle.net/2027/mdp.3901580293318 

Public Domain, Google-digitized / http://www.hathitrust. 0 rg/access_use#pd-g 00 gle 


m 


Digitized! by 


258 


CONTROL-SYSTEM DYNAMICS 


The poles of the functions are shown in Fig. G.7; the path of integra¬ 
tion specified in this theorem must be such as to separate the poles of 
the F 2 (s' — s ) function from those of the F x (s) function. The j axis is 
usually acceptable (c = 0), because the poles of the original functions 
are all in the left half plane, making the poles of the F 2 (s' — s ) function 

lie in the right half plane. The integral can be 
completed around the right half plane at infi¬ 
nite radius without changing its value if the 
value of the function is zero along this path. 
The integral can then be calculated simply as 
i the residue at the enclosed pole. The sign is 
j changed because the encirclement is clockwise 
1 rather than counterclockwise as for the left 
half plane. 


X 


s-s. 


y 


Ft(s) 


= - — -1 A 2 = , 


s 2 

(G.17) 


Fig. G.7. Integration in the 
complex plane. 


Note that this result checks the value ob¬ 
tained in (G.15). The variable s' in (G.17) has 
the same meaning as s in (G.15), because s' was introduced in (G.13) only 
for convenience in expressing the complex convolution integral. 

In the general case, fi(t) and f 2 (t) are both a series of terms of the form 
Ae H . The evaluation of F 3 (s) could then be made by either of the 
methods just described in exactly the same manner. The result in each 
case would be a series of terms of the form of (G.15) involving every 
combination of the terms in the Fi(s) series with those of the F 2 (s) series. 

The final part of the evaluation of f t (t) is to let time go to infinity. 
This result can be obtained in most cases simply by letting s go to zero in 
F 3 (s), as can be shown by the following reasoning: The transform F 4 (s) 
is (2 /s)F 3 (s). The constant term in / 4 (<) is found by omitting the s 
factor from the denominator of F 4 (s) and letting s = 0 in the rest of the 
function. For a stable system all terms in fi(t) other than the constant 
term go to zero for an infinite value of time. The final value of / 4 (<) 
is found simply by letting s = 0 in 2F 3 (s). An exception is for F 3 (s) 
to have the factor s. 

The evaluation of the error resulting from failure to transmit the 
signal properly can now be readily calculated. The transfer function 
IF(s) of the system from input to output has been specified in (G.8) to 
be —s c /(s — s c ). The proper transfer function for no error between 
input and output would be 1. The evaluation technique just developed 
requires, however, that 1 be approximated as — Sd/(s — s d ) in order that 
the function may have a zero value at s = 00 , as required by the contour 
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integration. After F 3 (s ) is obtained, s d can be allowed to approach infin¬ 
ity. The block diagram for error due to failure to transmit signal 
properly then is given in Fig. G.8. 

Evaluating the Fi(s) function [— s d /(s — s d ) + s c /(s — s c )]<t>/(0 )/(s — s/) 
at the poles of the F 2 (s' — s ) function, 

F,W = [Fi(s)],_,'_, d ( —s d ) - [F 1 (s)U,^(sc) (G.18) 


Let s' be zero in F 3 (s ) to find / 4 (°°). 



Let Sd approach infinity, which permits simplification to 


/.(») = 2 {(i + 0 ) [*,(0)] - (l - i) [Jfi]} - (G.20, 

Note the result in (G.20) is of the same form as that in (G.12) for the 
noise transmission except that the numerator is S/ rather than s e . This 



Fig. G.8. Block diagram for error in transmission of signal. 


difference is very significant, however, as can be seen from an approxi¬ 
mate plot of the total error squared as a function of the choice of s„, as 
shown in Fig. G.9. Both axes are plotted with logarithmic scales to 
permit straight-line approximations for the value of the functions versus 
s c . The minimum value of the sum of the two sources of error squared 
is at the point of intersection of the two lines. The optimum value of 
s c = s m can thus be determined from 

0 /( 0 ) ~ — <t>n( 0 ) 

Orn ^n 

or 

=S/Sn (g ' 2i) 

Solving for the minimum value of the sum gives twice the value of 
either term: 

<t> m = 2 = 2 L(0)<*>„(0) *-L (G. 22 ) 

Sn \ 
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Note that the plot shown in Fig. G.9 is a special case with the result 
given in (G.21) applicable only for this case. The intersection would 
occur for 8 m greater than s„ if <j> n (0)/<f>/(0) is less than 8//s„. 

A comparison of the result of this 
analysis with those obtained from 
the frequency-response analysis of 
the same problem in Appendix F 
shows that the results are essentially 
the same. Thus the frequency band 
of the noise was assumed to be high 
in Appendix F, corresponding to s„ 
being very high. The noise level C„ 
in Fig. F.2 is proportional to </>„(0)/s„ 
in autocorrelation-function termi¬ 
nology. Similarly the signal level in 
C/ in Fig. F.2 is proportional to 
The signal drops off to noise level C n = <t>n/s n at the frequency u e 



Fig. G.9. Choice of parameter s e for 
minimum over-all error squared. 



or 




= [+L 

Y </> n 


4>/(0) 
( 0 ) 


S n Sf 


(G.23) 


Note that this value of o> c corresponds to the value of s m determined in 
(G.21). 

The autocorrelation-function method of analysis can be correlated with 
the frequency-response method in more general terms by proper interpre¬ 
tation of the convolution integral (G.13). Thus if the integration is 
carried out along thej axis and if the value of s' is set equal to 0 (in G.13), 
the steady-state value of error squared due to transmission of noise is 

/_* *n (-ju)W(j<a)W(-ji*) dju (G.24) 

The function W(ju ) is the conjugate of W(—ju), and therefore 

W(ju)W(-ju) = |JF(j w )| 2 

^ \W(ju)\^ n (-ju) dju (G.25) 

The evaluation of the integral for <h n ( —ju) is now seen to give the same 
value as for d>„(-f-jco), and therefore the integral can be expressed as 


2 ( 00) ~ —i— 

V ' 2wj 


f + * 

I I IF (ju)\ 2 [<t>n(ju) + <!>„(- jw)] dju 


(G.26) 


The quantity in brackets is now a real number. The integral now 
has the form used in Appendix F, in which the noise at each frequency 
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is transmitted according to the square of the absolute magnitude of the 
transfer function at that frequency. The integral from —j » to 0 is the 
same as that from 0 to j °o, and therefore (G.26) simplifies to: 

= - / I W(jo,) 1 2 (R<b n (jw) do, (G.27) 

A different description of the noise function can be obtained by keeping 
the convolution integral (G.13) in more general form than (G.24). 
Although s' is again zero for the steady-state evaluation, the variable s 
can be complex as long as the path of integration separates the poles of 
Fi(s) from those of F 2 (—s). 

[ C+3 W(8)M*W(-») ds (G.28) 

J C—j « 

Fi(s ) and F 2 (s) can be interchanged, which makes the integral the 
same as (G.28) except that <£»(s) is replaced by <$„( — s). The factor 
W(8)W(—s) is present in both integrands, and therefore the integral 
can be expressed as 

i r +J W(s)W (-«)[*.(«) + *,(-*)] <fe (G.29) 

J c—j 00 

The sum in brackets can be replaced by a product M r „(s)'I r n ( — s) in 
which symmetry with respect to the sign of s is preserved. 

fT(s)lT(- S )[^ n (s)^ n (-s)]ds (G.30) 

^3 J c—j « 

The poles of ^ n (s) must be the same as those of 4>„(s). The zeros of 
'kn(s) can be found by a root-locus plot which makes the ratio 

Ms) _ 

*.(-•) 


The plot has some unique features of symmetry as will be illustrated for 
the case 

$n(s) _ (* - ?l) (-S-p 1 )(-S-p 2 ) _ . , r9U 

M-s) (s-p 1 )(s-p 2 ) (-s-q ,) “ 

The coefficient of s must be +1 for each factor to be treated as a vector 
to the s point in the plot. This modification results in a net change in 
sign on the right side of (G.31) and therefore the locus is for a net angle 
of 0° in Fig. G.10. 

The amplitude factor is always 1 for this type of plot, a condition which 
is always satisfied for points along the j axis or at infinity. The only 
measurement needed on Fig. G.10 is the determination of the frequency 
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at which the net angle of the vectors is zero. In general, roots of an 
equation of the form of (G.31) can be complex numbers, but the values 
need be determined only in one quadrant. The usual symmetry of the 
functions about the real axis makes the roots oocur as conjugates; the 


Pi* 

ju> 


-9, 

p z \ 


V, 

r / 


~ r i 


Fig. G.10. Root locus of /<£„(— s) = — 1. 


special symmetry about the,; axis makes the roots symmetrical about this 
axis. 

Knowing \k(s) in factored form in (G.30) can be helpful in selecting the 
transfer function IF(s) which will produce a minimum error squared for a 
given noise function and a given signal to be transmitted. In evaluating 
(G.30) along the j axis, the phase angles are not required as they are in 
(G.27) to find the real part of <£„(s). Note, however, that the only zero 
of Sk„(s) determined in Fig. G.10 is ja>i and therefore 'F(—jan) is not the 
conjugate oi'i'nijo}) even though '$r n (s)'t n ( — s) is a real number. 
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PROBLEMS 


CHAPTER 1 

1.1. Sketch a control system to maintain the water level in a reservoir at a fixed 
level for an arbitrary output rate but a controllable input rate. 

1.2. Sketch a system for maintaining the total flow rate and temperature of a 
liquid with hot and cold sources of the liquid available. 

1.3. Given the torsional pendulum shown in Fig. 3.16, what is the error due to a 
velocity 0,. What is the additional error for an acceleration Si? 

1.4. Given a system in which the input and output are related by the equation 

0 + 8 s) * " 0 + T < a) (‘ + Tt a) *• 

What is the error required to maintain a constant output velocity S Q ? What is the 
additional error to cause the output to accelerate at the rate 6 0 ? 

♦1.6. 1 For the system given in Prob. 1.4, what is the error required to maintain a 
sinusoidal oscillation sin at? 


CHAPTER 2 

2.1. Given the synchro system described in Art. 2.1, why does reversing the con¬ 
nection of two wires on either stator reverse the direction of rotation of the output 
with respect to the input? 

2.2. For the pick-off shown in Fig. 2.4 sketch the approximate shape of the curve 
of output voltage versus angle of the coil when the coil makes a full pass through the 
field of the C cores. 

2.3. Sketch the output of a 400-cycle demodulator due to a 60-cycle input. 

2.4. Some small d-c servo motors have a series field rather than a shunt field so 
that the flux is proportional to the armature current. Sketch the approximate shape 
of the speed-torque curves for full voltage and one-half voltage. 

*2.5. An induction motor has an approximate input impedance of the form 

(?) +* 

in which X is the reactance, numerically equal to R , and 5 is the slip, which varies 
from 1 for stall to 0 for top speed. If the output resistance of the amplifier is also 
equal to R , the voltage impressed on the motor is appreciably affected by motor 
speed. Sketch the approximate speed-torque curve and compare with the curve 
given in Fig. 2.14. 

2.6. Sketch the approximate curves of force versus gap for the solenoid in Fig. 2.16 
when an a-c voltage rather than a d-c voltage is impressed across the coil. 

*2.7. Making all the approximations necessary to achieve a simple result, draw 

1 A star is used to identify problems which are more difficult, in that some exten¬ 
sion of the theory presented in the text is required for their solution. 
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the circuit diagram which is equivalent to the hydraulic system shown in Fig. 2.17. 
Assume that the load on the actuator is an inertia only. 

* 2 . 8 . Include the effects of coulomb friction in (2.13) and solve for the optimum 
gear ratio. What is the result for the limiting case of mp being very large? 

2 . 9 . Assume that the tangential force per square inch of rotor surface remains 
constant when the dimensions of a motor are reduced. If a small motor is made 
with each dimension one-half that of a large motor, what is the torque of the small 
motor compared to that of the large motor? What is the maximum acceleration 
of the small motor compared to that of the large motor? 

2 . 10 . The a-c induction-motor characteristics of Fig. 2.14 are shown in Fig. P2.1 

with typical values given. The motor 
rotor inertia J = 3 g-cm 2 . Find the 
following: 

(а) Maximum acceleration in radians 
per second per second. 

(б) Damping constant D = Am/An for 
line B ; for line C. 

( c ) “Time constant” of the motor, 
here defined as J/D for line B \ for line C. 

( d ) What is the approximate value of 
the maximum power output of this motor 
in watts? At approximately what speed 
is this power developed? 

* 2 . 11 . A motor with a 2-in.-oz maxi¬ 
mum torque and a rotor inertia of 3 g-cm* 
is to be used for the purpose of acceler¬ 
ating a load of 30,000 g-cm 2 as rapidly as possible. 

(a) Neglecting static friction and assuming perfect gears, what gear ratio should be 
used, and what is the acceleration of the load which is possible? 

( b ) If double the optimum gear ratio were used, what would be the maximum 
acceleration? 

(c) If static friction at the load were 50 in.-oz and the gear efficiency 75 per 
cent, and if the gear ratio selected in part a were used, what would be the maximum 
acceleration? 

(i d ) For the conditions given in part c, except for the gear ratio, what gear ratio 
should be used, as judged from the curve in Fig. 2.20, and what would be the maximum 
acceleration? 

CHAPTER 8 

8 . 1 . A block diagram can be drawn for any system by following the sequence of 
cause and effect. Demonstrate by making a block diagram of the sort in Fig. 3.1a 
for the spring-mass system shown in Fig. 3.16. 

8 . 2 . Draw a figure similar to Fig. 3.3 for an electrical system and for a thermal 
system, each having a single form of energy storage. In each case identify the time 
constant. 

* 8 . 3 . The value of e is often specified in calculus books as lim (1 + x) 1/x as x 
approaches 0. Show that this definition agrees with the definition that e is the value 
such that e v has a slope numerically equal to its value at any point. 

8 . 4 . How many time constants are needed for an exponential to decay to the 
following fractions of its original value: ■%, and yp? 

8 . 6 . What is the value of y/j? 

3.6. The advantage of using the polar form of complex numbers for multiplication 



Fig. P2.1. Torque-speed characteristics 
of an a-c induction motor with linear 
approximations. 
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can be demonstrated by solving a particular example each way. Evaluate the 
product (1 + j'0.1)(l + ,;0.5)(1 +jl)(l + j*2) by conversion of each factor to polar 
form and by direct complex algebra. The conversion to polar form may be made by 
direct plotting and measurement if desired. 

3.7. Find the output of the system in Fig. 3.14 for the initial conditions that B 0 = 0 
and ddo/dt = v Q . 

*3.8. Draw the vectors to represent the force involved in (3.47) and show that the 
value of s given in (3.51) is correct because the vector sum of the forces is zero. 

CHAPTER 4 

4.1. The block diagram for the system in Fig. 4.1 can be developed in complete 
detail by showing individual loading effects as separate feedback signals, as shown in 
Fig. P4.1 for the generator field. Complete the diagram in Fig. 4.3 for the system in 
Fig. 4.1 including identification of motor 
torque as a separate variable. Motor 
inertia is J m and load inertia is Jl- 

4.2. The transfer function from input 

Bi to output Bo is 1/(1 + Ts ). Find the 
input needed to produce the output e at sin 
{cot ). What is the condition for the phase 
shift from input to output to be 90°? Fig - P41 - Block diagram including the 

*4.3. The transfer function from input effect of output impedance of an amplifier. 

Bi to output B 0 is 1/(1 + Ts). The input 

is an impulse of unit area starting at t = 0 but with finite width At. Solve for the 
exact expression for the output after the impulse. The effect of a finite width is to 
change the amplitude of the transient by a fixed factor compared to the transient for 
an instantaneous impulse. What is the numerical value of this factor for At = T ? 

*4.4. Devise another argument to show that the output for a given input is inde¬ 
pendent of the order of the blocks in series. 

4.5. Write the transient output for a unit-impulse input acting on a system for 
which the transfer function is 

h m _ 1 ~ _ 

Oi W (1 - 8/r,)( 1 - 8/rO(l - 8/r,) 

♦4.6. What is the transfer function needed to generate a unit sine wave from a 
unit impulse? 

4.7. Modify Fig. 7.11 to include initial conditions of dB 0 /dt = t/(0) and 0/ = B/{ 0). 

4.8. Solve for the output of the system in Fig. 4.9 due to the initial conditions 
shown. 

4.9. Set up a block diagram showing the relationship between v , i, m, and n using 
Eqs. (2.1) and (2.5) for a load having an inertia J . 

4.10. Set up a block diagram showing the signals v , i, dx/dt y and / using Eqs. (2.8) 
and (2.9). 

CHAPTER 5 

6.1. Apply Routh’s criterion to Eq. (5.7) and determine the limiting condition for 
the system to be stable. What is the natural frequency of the roots? 

5.2. Sketch the phase-shift and attenuation characteristics of 1/(1 + Ts) for 
s = jco from co = 0 to <o = 5 /T. 

*5.3. The inverse transfer function for a quadratic system in dimensionless form is 
l + 2fs/o>o + s 2 /a>o*, in which f is the damping ratio and co 0 is the undamped natural 
frequency. 
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(a) Solve for the ratio o>„/w 0 as a function of f, where w n is the natural frequency 
of the roots. 

(b) Solve for the ratio o> m /o> 0 as a function of f, where is the frequency at which 
the magnitude of the direct transfer function is a maximum. 

♦6.4. Show that the vector plot of the frequency response of the function 

1 +aTs 
1 + Ts 

is a circle with a diameter between a and 1 on the real axis. The result can be achieved 
simply either by dividing numerator by denominator or by establishing first the 
locus of 1/(1 + Ts) and then constructing the given function. 

6 . 6 . (a) Show the point on the inverse vector plot and the direct vector plot for the 
closed-loop response to be 1.4 in magnitude and 60° in phase shift. 

(6) If this point is to be the maximum magnification, show the tangent to the open- 
loop curve in each plot. 

6 . 6 . For active compensation, the desired inverse function of a loop is simply equal 
to the direct transfer function of the feedback path. Figure 5.15 shows the actual, 
as well as the desired, inverse function. Sketch the ratio of (0i/0<>) (joy) to (0//0 o ) 0*w)- 

6.7. The conversion from numbers to logarithms to the base 10 has many con¬ 
venient approximations based on the one fact that logio 2 = 0.3. (a) Find the 

values of logio of 2*, 2, 2 2 , Ap and 10/2*. (6) Plot the curve of logio a versus a for 

values of a from 1 to 10, using the points determined in (a). 

6 . 8 . Using approximations of the type used in Fig. 5.18, sketch the transfer func¬ 
tion (0i/0«)O‘o>) from the plot of (0 o /0 e )(ja>) shown in Fig. 5.18. 

♦6.9. An optional method of obtaining the closed-loop function from the open- 
loop function makes use of the polar plot with logarithmically spaced circles shown in 



Fig. P5.1. Logarithmic-polar conversion chart. 

Fig. P5.1. The inverse open-loop function is plotted from the logarithmic diagram 
on a transparent sheet. Shifting the sheet to the right by an amount proportional 
to the gain K then gives the values of the inverse closed-loop plot, which can be read 
in logarithmic terms versus frequency. Use this method to obtain a more accurate 
plot of the closed-loop function in Fig. 5.18. 

6.10. A lead network is frequently needed to obtain a given phase lead at a par¬ 
ticular frequency, but the corresponding amplification of a high-frequency signal 
compared to that for a d-c signal should be minimized. 

(a) If a single lead network is used, what is the amplification needed to obtain 
1 rad phase lead? 
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(b) What amplification is needed if an infinite number of lead networks in series 
are allowed in obtaining 1 rad phase lead? 

5 . 11 . Given a system like that shown in Fig. 5.1 with T i = 1 sec and T 2 = sec. 

(а) What is the value of the gain factor K which would cause the system to main¬ 
tain a continuous oscillation? 

( б ) What is the value of K which will make the maximum value of ( 0 o / 0 i)O‘a>) 
equal to 1.4 for any frequency? 

* 5 . 12 . Given the system in Prob. 5.11, the frequency for a maximum (Q 0 /Qi)(jo>) 
is to be raised. 

(a) What can be achieved by use of a single lead network having an a factor of 3 ^? 

( b ) If the system in Prob. 5.11 could take a sudden change in 0 , of 0.1 rad without 
saturation of the output stage of the amplifier, what step change in 0 , will produce 
saturation after the lead network is added and the gain adjusted? 

CHAPTER 6 

6 . 1 . The inverse vector plots for the quadratic function 1 + 2 fs/o > 0 + s 2 / a > 0 2 are 
readily calculated and plotted as a complex number. Sketch these curves for f = 0.1, 
0.3, 0.5, 0.7, and 1 with values of a? up to 2w 0 . 

6 . 2 . Sketch the frequency response of the system whose open-loop transfer function 
is K( 1 - Ts)/(1 + Ts)s. 

(а) Use both a direct and inverse plot, and use gain values which make the curves 
cross the negative axis both inside and outside the —1 
point. 

( б ) Identify which curve corresponds to a stable system 
in each case, and justify the conclusion on the basis of net 
rotations of a vector pivoted at the — 1 point. 

* 6 . 3 . Sketch the frequency response of the system whose 
open-loop transfer function is —K( 1 + Ts)/( 1 — Ts)s. 

(а) Use both direct and inverse plots with values of gain 
which cause the curves to cross the negative real axis both 
inside and outside the — 1 point. 

( б ) Identify which curve corresponds to a stable system, 
and justify the conclusion on the basis of net rotations of a 
vector pivoted at the — 1 point. 

6 . 4 . Sketch the conformal map of the function 
(1 — s/ri)( 1 — s/r 2 ) for the grid of lines in the s plane 
shown in Fig. P6.1. 

6 . 6 . (a) Plot the vector curve for 

0 e/ 0 oQ*w) = (1 + s)(l + s/S)s/K 

for K = 2. ( 6 ) Find the dominant roots by sketching a 

conformal map. (c) Cancel out the transfer function cor¬ 
responding to the assumed quadratic and determine the remaining part of the transfer 
function. 

6 . 6 . Given the conformal map shown in Fig. 6 . 8 , find the amplitude of the transient 
terms represented by these roots for a unit-step input. 

* 6 . 7 . By successive approximations obtain the approximate values of the roots of 
the system shown in Fig. 6.12. 

*6.8. A square grid of lines in the s plane will map into a curvilinear square grid 
in the F(s ) plane. Justify or prove that a square grid of lines in the F(s) plane will 
map into a curvilinear square grid in the s plane. 


-- 


r 2 * 


30) 


Fig. P6.1. Square 
in the s plane. 


grid 
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CHAPTER 7 

7.1. The zeros and poles of several transfer functions are shown along the real axis 
in Fig. P7.1. 

(а) Denote the portions of the locus of roots along the real axis by dotted lines 
just above the axis. 

(б) Estimate the positions at which the loci break away from the real axis. 

★7.2. A root-locus plot frequently has points widely separated, as for the equation 
K( 1 +s/2)/$*(l + s/40)(l +$/100)(l + s/200) — — 1. Two separate plots are 

convenient, one for the region for |s| <10 
and the other for \s\ > 10. For |s| < 10 
what single pole is approximately equiva¬ 
lent to the poles at — 40, —100, and —200? 
For |s| > 10, what single pole is approxi¬ 
mately equivalent to the pair of poles at 
the origin and the zero at —2. Sketch 
each plot. 

7.3. Sketch the locus of roots for the 

1 


4 -3 -1 


Fig. P7.1. Examples of poles and zeros Fig. P7.2. A special problem for sketch- 
along the real axis. ing a root-locus plot. 

system shown in Fig. P7.2. Identify the angles of the asymptotes and any special 
points useful in establishing the locus. 

7.4. The value of gain needed to make a particular point on a locus be a root can 
be estimated by inspection of line lengths. 

(а) Estimate the numerical value of K i, K 2 , K 8 , Ka for T 1 = 1 sec and T 2 = t sec 
in Fig. 7.8. 

( б ) Give these values of gain for T 1 = -nr sec and T 2 =* sec * 

7.6. The logarithmic scale in Fig. 7.16 can be used to compute the gain needed for a 
given point on a root-locus plot even if unity on the plot is not the same as unity on 
the scale. The magnitude of a term 1 + Ts is the ratio of lengths (1 /T\ + s)/(l/Ti) f 
and the decibel value of 1 + T\s is the difference of the decibel values of these lengths. 
The numerical value of s is the ratio of the length of the 8 vector to the length on the 
plot equal to 1. Use the scale shown in Fig. 7.16 to compute the gain K 2 for 7\ = 1, 
T 2 — -j- sec for the system with poles shown in Fig. 7.8. 

7.6. Prove that the locus shown in Fig. 7.12 is a circle about the point — 1/7 T as a 
center. 

7.7. Compute the gain K h K 2 , K Zy and Ka needed for the roots to be at the points 
shown in Fig. 7.8 for T 1 = 1 sec and T 2 = 4 sec. 

7.8. The transfer functions below correspond to the block diagram in Fig. 7.19. 
Assume that the roots of the characteristic equation are known and denote them as 
ri, r 2 , r 3 , . . . . Write the expression for the over-all transfer function in each case: 
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(a) (0o/e«)« = K/8*\ (0,/0 o )(s) = (1 + Ts)/{ 1 + ctTs) 

(b) (0 O /0 O )W = Xi/(1 + T x s); (0//0o)W = 

(c) (0 o /0a)(s) = (0//0o) (s) = # 2 $ 

★7.9. The integral network in Art. 7.10 is effective in reducing the steady-state 
error required to cause the output to have a constant velocity. Estimate the effect 
of the network upon the error required for the output to have a constant acceleration. 

7.10. (a) Estimate the value of gain K which will make the root in Fig. 7.26 be at 
the point r x for T i = 1 sec. 

(b) Estimate the amplitude of the transient term e r «* for a unit-step input to the 
system. 

7.11. Sketch the frequency-response curve in inverse vector form (such as Fig. 5.13) 
for the system whose zeros and poles are given in Fig. 7.27. 

7.12. Given the system with the transfer function K/( 1 + Tis)( 1 + T 2 s)s in which 
Ti = yji and T 2 = iV For this system having a lead network (1 + 7 7 3 «)/( 1 + aTzs), 
in which a = Yfr, sketch the root-locus plot for the following values of TV (a) T% = T h 
( 6 ) Tz = ?Ti 9 and ( c ) Tz = 27\. ( d) What is the gain factor for the best of the 
preceding plots for the root having a damping ratio of 0.4? 

7.13. Given the same basic system as in Prob. 7 . 12 . A double lead network 
(1 + 2V) 2 /(1 + aTV ) 2 is to be used in order to obtain more phase lead for a given 
attenuation factor, « # = TU- 

(a) Sketch several plots to determine approximately the best value of Tz for the 
highest possible natural-frequency root having a damping ratio of 0.4. 

★( 6 ) Describe a procedure to obtain the result desired in (a) directly rather than 
by trial and error. 

(c) What is the gain factor for the best plot in (a) for the root having a damping 
ratio of 0.4? 

*7.14. Show that a lead network should be (1 + «/Vaw 0 )/( 1 + * \/a/uo) to obtain 
maximum phase lead for any root at a distance lo> 0 from the origin for a given value 
of a . 

CHAPTER 8 

8.1. The block diagram in Fig. 8.1 can be solved either by closing the inner loop 
and then closing the outer loop as in Fig. 8.2 or by combining the two feedback signals 
as indicated in Eq. (8.2). Solve the system in Fig. 8.1 for ( 0 o / 0 »)($) in both ways 
for the following values: T 2 = 1 sec, T\ = sec, K = 3/sec, and B = 3 sec. 

8.2. Article 8.2 shows the procedure to obtain a root-locus plot versus the amplifier 
time constant T \. Solve the same system with the final root-locus plot having the 
motor time constant T 2 as the variable. The fixed values are T\ = -j- sec and 
K = 2/sec. 

8.3. Solve for the roots r\ and r 2 of the system in Fig. 7.11 for Ti = 1 sec and 
K — 1/sec. Plot the locus using the values determined above versus the increase in 
gain A K. Solve for the derivative As/A K ^t s = n. 

8.4. The constant sum of roots applied to the plot in Fig. 7.8 for K z requires that 
the shift of the real root, r 8 + 1 /T 2 , must be equal in magnitude to the net shift of 
the roots r\ and r 2 , which is 1 /T\. Confirm this by showing that the value of gain is 
consistent for this entire set of roots. 

8 . 6 . The characteristic equation of a damped spring-mass system is 

K + Ds + /s 2 = 0 

in which K is the spring constant, D is the damping constant, and J is the inertia. 
Sketch the root-locus plot with (a) K variable, (b) D variable, and (c) J variable. In 
each plot take the numerical value of the other parameters to be 1. As a check, note 
that the position of the roots in each plot for all parameters unity must be the same. 
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8 .6. Add a dashpot with a damping constant D\ across the spring K\ in Fig. 8.9. 
Modify the block diagrams in Figs. 8.10 and 8.11 to include this effect. 

*8.7. A combined electrical and mechanical system is involved in a voice coil 
driving a loud speaker or in a solenoid driving a hydraulic valve. In each case the 
voltage equation is of the form V = iR + L di/dt + Blv, in which v is the velocity 
of the movable element. The force on the element is Bli, and it causes a motion 
limited by mass M , damping D, and spring constant K, so that 

f-BU-M£ + D% + Kx 

(а) Set up the block diagram for such a system, showing each individual parameter 
separately. 

( б ) Modify the block diagram as necessary to obtain a single loop involving the 
feedback of the voltage Blv. 

8 . 8 . Consider a system similar to that in Fig. 8.13, except that the resonant com¬ 
ponent has some damping; the pair of poles in Fig. 8.15 are then to the left of the 
jo) axis. 

(a) Sketch root-locus plots for the system for the poles having damping ratios of 
f = 0.1, 0.3, 0.5, and 0.7 and for G(s) = 1 in the servo function. 

*(b) What damping ratio must these poles have in order that the use of lag circuits 
will not increase the allowable loop gain for a stable system? 

8.9. An alternate method of stabilizing the roll autopilot system is to use rate gyro 
feedback. Specifically another feedback loop is closed in Fig. 8.21 from 0 O through the 
function Bs to 0 *. The plot in Fig. 8.22 for (?($) = 1 determines the position of the 
roots before rate feedback. Raise the value of gain in this plot until one pair of roots 
is along the jio axis. Make a separate plot to show the effect of rate feedback. 

8.10. Alternate methods of solution of the system in Fig. 8.29 involve making 
separate plots of attitude feedback K y G y and altitude feedback K v G y . Assume that 
the servo function is simply 1 in all plots. 

(а) Sketch the root-locus plot versus K y with G y = 8 and G y = 0, and select 
such that the roots are critically damped. 

( б ) Starting from the roots determined in (a), sketch the locus versus K y with 
G y — (1 -f Ts)/{ 1 + otTs), in which T = 2MV /Cl and a = 0 . 1 . 

★8.11. Find the relationship between transfer functions in Fig. 8.32 such that the 
numerator of the transfer function from B x to 0 3 is zero. Explain the method by 
which this result is obtained. 

CHAPTER 9 

9.1. The circuit in Fig. 9.1c is set up in block-diagram form in Fig. 9.2, and the root 
locus versus 1/RiC 2 is shown in Fig. 9.3. The problem is to study the effect of the 
output resistance of the source as shown in Fig. P9.1. 



Fig. P9.1. A standard lag-lead network with impedance of the source considered. 
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(а) Modify Fig. 9.2 to include the effect of R 0 . 

(б) Sketch the root-locus plot with R 0 variable. 

9.2. Assume that the source for the circuit in Fig. 9.16 has a resistance R 0 as in 
Fig. P9.1. The over-all problem is to determine the transfer function from v 0 to 
V 2 by inspection. 

(a) What is the zero of the function and why? 

(b) What is the pole of the function and why? 

(c) Write the transfer function from v 0 to v 2 . 



Fig. P9.2. A standard lead network with impedance of the source and the load con¬ 
sidered. 

9.3. (a) Find the impedance of the circuit in Fig. 9.4 as seen from the terminals 
of Rz. 

(6) Sketch the root-locus plot with Rz variable. 

*9.4. Show that, if any resistance or any capacitance in an RC network is increased, 
the time constants of all natural transients of the circuit increase. 

9.5. The system in Fig. 9.17 can be studied for the effect of an output impedance 
of the amplifier driving the network or the input impedance of the amplifier being 
driven (Fig. P9.2). Note that the d-c value of impedance might be a capacitance or 
inductance as well as a resistance. 

(a) What is the impedance Z 0 of the system as seen from the terminals of R 0 ? 

( b ) Sketch the root locus versus R 0 . 

(c) What is the impedance Zz of the system as seen from the terminals of i? 3 ? 

(d) Sketch the root locus versus Rz . 

9.6. The root-locus plot in Fig. 8.17 is plotted versus loop gain for the system shown 
in Fig. P9.3. The purpose is to determine the optimum value of the time constant 
T = RC. 



Fig. P9.3. Block diagram of a system in which the effect of capacitance C is to be 
determined. 

(а) Plot the zeros and poles of the impedance of the system as seen from the ter¬ 
minals of the capacitor for the value K = 0.2w n . 

(б) Plot the locus of roots versus C. 

(c) Locate the position of the roots on the locus for 1 /RC = a>„/2, the value used 
in the variable-gain plot (Fig. 8.17). 

9.7. Construct a plot similar to that in Fig. 9.22 for the system shown in Fig. P9.4 
with T i = 1 sec, K = 1/sec. 
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Fig. P9.4. Block diagram of system in which the effects of two capacitors are to be 
determined. 

*9.8. The servo system in Fig. 9.23 can be studied for another spring effect, one 
directly connected between the load and a fixed reference. Assume that the shaft is 
perfectly rigid. 

(o) Find the mechanical impedance of the system as seen from the spring. 

(6) Plot the locus of roots versus the load spring constant K. 

(c) If the load is an aileron, the spring constant K may be negative under certain 
conditions; therefore sketch the locus for negative values of K. 

9.9. (a) Draw a complete block diagram for the system in Fig. 9.17 in which the 
capacitor C\ appears as an isolated parameter in one path. 

(6) Write a set of equations for the system in Fig. 9.17 such that the parameter C\ 
appears only once in the entire set of equations. 

CHAPTER 10 

10.1. Any of the systems previously studied can be set up in the form shown in 
Fig. 10.2. Set up each of the following systems with the order of the variables in the 
sequence given: 

(а) Figure 9.11: Vi, i\, i 2) v 2 . 

(б) Figure 9.11: Add to the array developed in (a) above the elements necessary 
to describe the effect of current n which can flow through a load resistance R 3 across 
v 2 around the loop which includes C\ and R 2 . 

(c) Figure 9.25: Oi, 0l, rriL. 

10.2. Reduce the system given in Fig. 10.1 to a form in which the variable in the 
last column does not affect the system (a) by manipulation of rows only; ( b ) by 
manipulation of columns only. In each case indicate the significance of the result. 

10.8. An array of coefficients can be considered to be a block diagram, as shown in 
Fig. 10.2. A particular transfer function around a closed loop is shown in Fig. 10.7. 

(а) Write all the loop transfer functions for the array in Fig. 10.7 for the special 
case of a 3 i and a% 2 equal to zero. 

(б) Write the additional functions introduced by a 3 i. 

(c) Write the additional terms introduced by a 32 . 

(< d) Give a minus sign to each term which involves the principal diagonal an odd 
number of times. Add — 1 to the sum of the terms in (a), (6), and (c), and show that 
the result is the same as that obtained by expansion of a determinant by any method. 

10.4. (a) Solve for the transfer function from A<, to T for the array of coefficients 
in Fig. 10.1 by use of Cramer’s rule. 

(6) Solve for the same transfer function by treatment of the system in block- 
diagram form. 

10.5. The pattern of solution using transfer functions, as indicated in Fig. 10.12, can 
be set up for more complicated systems by using equations of the form of (10.23) or 
(10.24). 

(a) Set up the equations to determine the roots for the system in Fig. 10.12 includ¬ 
ing the coefficient Cn. 
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( 6 ) Set up the equations of the system in Fig. 10.12 with C* 1 =• 0 but C 42 present. 
10.6. Given the system defined by the set of equations in Fig. P10.1, in which C 
identifies fixed functions and F identifies adjustable functions. 



e, 

e 2 

e 3 

*1 

Cu 

*12 

*13 

x 2 

-1 

c 22 

*23 

x 3 

-1 

*32 

C33 


Fig. P10.1. Determinant with given function denoted by Cand adjustable functions 
by F. 

(а) What conditions must be satisfied in order that the input Xi may not produce 
any output 0 3 ? 

(б) What conditions need be satisfied in order that neither X\ nor X 2 may produce 
any output 0 3 ? 

(c) What is the transfer function from X 2 to 0 3 if conditions in ( b ) are satisfied? 
10.7. Given the system shown in Fig. 10.12. 

(a) What is the addition to the determinant due to the addition of the coefficient 

Cii? 

(b) What is the addition to the determinant if the coefficient C 51 is added with the 
product CifiCsi neglected? 

(c) What is the addition to the determinant involving the product CuCu? 

*10.8. Given a very complicated system whose characteristic equation is known 

in the form Fi(s) + CF 2 (s) = 0, where Fi(s) and F 2 (s) are known polynomials in s. 
Describe the procedure by which a small change in the position of the known root 
(8 = jon) can be determined for a small change in C. 

CHAPTER 11 

11.1. Given the system whose open-loop transfer function is 

0o / v _ _ K( 1 + 8) _ 

0e W 8(1 +8/ 2)(1 + s/10) 2 

Find the amplitude A 1 of the transient term A ie r i t , in which n is the root between the 
origin and —1, for the following values of gain K : (a) 0.1; (b) 0.5; ( c) 2.5. 

11.2. Given the quadratic system shown in Fig. 11.5. Plot the transient response 
of the system for a unit-step input for the following values of roots: 

(a) n = r 2 = —0.5. 

(b) n = —0.6, 7*2 = —0.4. Use the general formula for nonrepeated roots. 

(c) 7*1 = —0.6, 7*2 = —0.4. Use a series type of formula, such as (11.17). 

11.3. The vector plot shown in Fig. 11.7 can be modified by first fixing the projec¬ 
tion axis for amplitude as the positive real axis and then locating the vector whose 
projection represents the transient. 

(a) Show the locus of points for the head of the vector such that the initial ampli¬ 
tude is A. 

(b) Locate the position of the vector such that the initial amplitude of the oscilla¬ 
tion is A and the initial velocity is B. 

11.4. Plot the transient response given in (11.8). 
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*11.5. Approximate the transfer function needed to create the transient in Fig. 
Pi 1.1 for a unit-step input. 



Fig. PI 1.1. A transient produced by a unit step on a linear system. 


11.6. Sketch the transient response for a unit-step input using the method of Art. 

11.7 for the system given in Prob. 11.2. (a) 1/(1 + s/0.5) 2 , (6) 1/(1 + s/0.4) 

(1 + s/0.6). 

11.7. Given the arbitrary input shown in Fig. PI 1.2 for a system whose transfer 
function is 1/(1 + s 2 /co n 2 ). 



Fig. Pi 1.2. An arbitrary function of time. 


(а) Draw the output of the system using approximately five step inputs to approxi¬ 
mate the curve up to t = t\. 

(б) Draw the output using ramps to approximate the curve as closely as the step 
inputs in (a). 

11.8. Using graphical convolution, solve for the output at t — h in Fig. Pi 1.2 for a 
system transfer function l/(s 2 + o> n 2 ). 

*11.9. Solve the problem stated in Prob. 11.7 using numerical convolution with 
the following approximations of the sine-wave weighting function: (a) 0, 1, 0, — 1, 0, 
1 . . . ; ( 6 ) 0 , 1 , 1 , 0 , - 1 , - 1 , 0 , 1 ... . 

CHAPTER 12 

12.1. Sketch the remainder of Fig. 12.3 until an equilibrium condition is reached. 

12.2. Phase-plane curves can be sketched by knowing the slope of the curve, 
dv/dd f as a function of v and 0. The time variable must, of course, be eliminated by a 
substitution, such as v = dO/dt. In each case, solve for dv/dd and then sketch the 
phase-plane curve. 

(а) (1 + s 2 )0 = 0. 

(б) (1 + 2f s + s*)d = 0; r = 0.5. 

12.3. Sketch the family of curves which show the period of oscillation of the system 
in Fig. 12.8 as a function of the ratio F/K and the amplitude 0„. 

12.4. Sketch the velocity-displacement curves for the system in Fig. 12.16 with 
the function K/( 1 + Ts)s replaced by K/s 2 . 

12.5. Sketch the attenuation characteristic versus amplitude for a nonlinear function 
of the form (a) 0„ = 0 t 2 ; (6) 0„ = 0 t * 


Goggle 


Original from 

UNIVERSITY OF MICHIGAN 




Generated on 2028-07-23 04:05 GMT / https://hdl.handle.net/2027/mdp.39015002933185 

Public Domain, Google-digitized / http://www.hathitrust. 0 rg/access_use#pd-g 00 gle 


BIBLIOGRAPHY 


The following references are listed according to the chapter in which the material 

is most applicable. 

Chapter 1 

Bollay, Wm. E.: Aerodynamic Stability and Automatic Control, J. Aeronaut . Sci. } 
September, 1951. 

Hazen, H. L.: Theory of Servomechanisms, J. Franklin Inst ., Vol. 218, pp. 279-331, 
September, 1934. 

Moore, J. R.: Application of Servo Systems to Aircraft, Aeronaut. Eng. Rev. y Vol. 8, 
pp. 32-43, January, 1949. 

Chapter 2 

Greenwood, Ivan A., Jr., J. Vance Holdam, Jr., and Duncan MacRae, Jr., eds.: 
“ Electronic Instruments,” Vol. 21, MIT Radiation Laboratory Series, McGraw- 
Hill Book Company, Inc., New York, 1948. 

Chapter 3 

Johnson, Walter C.: “ Mathematical and Physical Principles of Engineering Analy¬ 
sis,” McGraw-Hill Book Company, Inc., New York, 1944. 

Lauer, Henri, Robert Lesnick, and Leslie E. Matson: '‘Servomechanism Funda¬ 
mentals,” McGraw-Hill Book Company, Inc., New York, 1947. 

Skilling, Hugh H.: “Transient Electric Currents,” 2d ed., McGraw-Hill Book Com¬ 
pany, Inc., New York, 1952. 

Chapter 4 

Gardner, Murray F., and John L. Barnes: “Transients in Linear Systems,” John 
Wiley & Sons, Inc., New York, 1942. 

Churchill, Ruel V.: “Modern Operational Mathematics in Engineering,” McGraw-Hill 
Book Company, Inc., New York, 1944. 

Chapter 5 

Ahrendt, W. R., and John F. Taplin: “Automatic Feedback Control,” McGraw-Hill 
Book Company, Inc., New York, 1951. 

Bode, H. W.: “Network Analysis and Feedback Amplifier Design,” D. Van Nostrand 
Company, Inc., New York, 1945. 

Brown, G. S., and D. P. Campbell: “Principles of Servomechanisms,” John Wiley & 
Sons, Inc., New York, 1948. 

Chestnut, Harold, and Robert W. Mayer: “Servomechanisms and Regulating System 
Design,” John Wiley & Sons, Inc., New York, 1951. 

James, Hubert M., Nathaniel B. Nichols, and Ralph S. Phillips: “Theory of Servo¬ 
mechanisms,” McGraw-Hill Book Company, Inc., New York, 1947. 

Marcy, H. Tyler: “Parallel Circuits in Servomechanisms,” Trans . AIEE , Vol. 65, 
pp. 539-545, 1946. 

275 


Digitized by 


Goggle 


Original from 

UNIVERSITY OF MICHIGAN 



Generated on 2028-07-23 04:05 GMT / https://hdl.handle.net/2027/mdp.39015002933185 

Public Domain, Google-digitized / http://www.hathitrust. 0 rg/access_use#pd-g 00 gle 


276 CONTROL-SYSTEM DYNAMICS 

Smith, Ed S.: '‘Automatic Control Engineering,” McGraw-Hill Book Company, 
Inc., New York, 1944. 

Chapter 6 

Chestnut, Harold, and Robert W. Mayer: “Comparison of Steady-state and Transient 
Performance of Servomechanisms/ 1 Trans. AI EE, Vol. 68, pp. 765-777, 1949. 

Evans, Walter R.: “Graphical Analysis of Control Systems,” Trans. AIEE , Vol. 67, 
pp. 547-551, 1948. 

Harris, H., Jr., M. J. Kirby, and E. F. von Arx: “Servomechanism Transient Perform¬ 
ance from Decibel-Log Frequency Plots,” AIEE Tech. Paper 51-269, 1951. 

Profos, P.: “A New Method of Regulating System Design,” Sulzer Tech. Rev. ( Switz .), 
No. 2, 1945. 

Chapter 7 

Chu, Yaohan: Feedback Control Systems with Dead-time Lag or Distributed Lag 
by the Root Locus Method, Trans . AIEE , Vol. 71, Part II, pp. 291-296, 1952. 

Evans, Walter R.: “Control System Synthesis by the Root Locus Method,” Trans. 
AIEE , Vol. 69, pp. 66-69, 1950. 

Chapter 8 

Aaron, M. R.: “Synthesis of Feedback Control Systems by Means of Pole and Zero 
Location of the Closed Loop Function,” AIEE Tech. Paper 51-267, 1951. 

Moore, J. R.: “Combination Open-Cycle Closed-Cycle Systems,” Proc. IRE , Vol. 39, 
No. 11, pp. 1421-1432, 1951. 

Chapter 9 

Evans, Walter R.: “Application of Root Locus Method to Multicoupled Systems,” 
thesis, University of California, 1951. 

Chapter 10 

Chu, Yaohan: Correlation between Frequency and Transient Response of Feedback 
Control Systems, Trans. AIEE , Vol. 72, Part II, pp. 81-92, 1953. 

Doherty, Robert E., and Ernest G. Keller: “Mathematics of Modern Engineering,” 
John Wiley <fe Sons, Inc., New York, 1944. 

Chapter 11 

Bubb, Frank W.: “Cardinal Spectrum Analysis of Physical Systems,” Office of Air 
Research Report, Wright Field, Ohio, 1951. 

Chapter 12 

Jackson, Kenneth R.: “Investigation of the Effect of Error plus Error-rate Equaliza¬ 
tion of Shunt Motor Relay Servomechanisms,” thesis, University of California 
at Los Angeles, 1951. 

Kochenburger, R. J.: “ A Frequency Response Method of Analyzing and Synthesizing 
Contactor Servomechanisms,” Trans. AIEE, Vol. 69, pp. 270-283, 1950. 

McCann, G. D., F. C. Lindvall, and C. H. Wilts: “The Effect of Coulomb Friction 
on the Performance of Servomechanisms,” Trans. AIEE, Vol. 67, 1948. 

Rogers, T. A., and W. C. Hurty: “Relay Servomechanisms, the Shunt Motor Servo 
with an Inertia Load,” Trans. ASME, Vol. 72, pp. 1163-1172, 1950. 

Weiss, H. K.: “Analysis of Relay Servomechanisms,” J. Aeronaut. Set ., Vol. 13, 
No. 7, pp. 364-376, July, 1946. 


Digitized by 


Goggle 


Original from 

UNIVERSITY OF MICHIGAN 



Generated on 2028-07-23 04:05 GMT / https://hdl.handle.net/2027/mdp.39015002933185 

Public Domain, Google-digitized / http://www.hathitrust. 0 rg/access_use#pd-g 00 gle 


BIBLIOGRAPHY 


277 


Appendix A 

Gardner, Murray F., and John L. Barnes: “Transients in Linear Systems,” John 
Wiley A Sons, Inc., New York, 1942. 

Appendix B 

Chu, Yaohan: Synthesis of Feedback Control Systems by Phase Angle Loci, Trans. 
AIEE , Vol. 71, Part II, pp. 330-339, 1952. 

Yeh, Victor C. M.: The Study of Transients in Linear Feedback Systems by Conformal 
Mapping and the Root Locus Method, Trans. ASME , Vol. 76, No. 3, pp 349- 
361, 1954. 

Appendix D 

Guillemin, Ernest A.: “Mathematics of Circuit Analysis,” John Wiley A Sons, Inc., 
New York, 1949. 

Routh, E. J.: “Dynamics of a System of Rigid Bodies,” 3d ed., Macmillan A Co., 
Ltd., London, 1877. 

Appendix £ 

Bewley, L. V.: “Two-dimensional Fields in Electrical Engineering,” The Macmillan 
Company, New York, 1948. 

Appendix G 

James, Hubert M., Nathaniel B. Nichols, and Ralph S. Phillips: “Theory of Servo¬ 
mechanisms” McGraw-Hill Book Company, Inc., New York, 1947. 


Digitized by 


Goggle 


Original from 

UNIVERSITY OF MICHIGAN 



Generated on 2028-07-23 04:05 GMT / https://hdl.handle.net/2027/mdp.39015002933185 

Public Domain, Google-digitized / http://www.hathitrust. 0 rg/access_use#pd-g 00 gle 


Digitized by 


Goggle 


Original from 

UNIVERSITY OF MICHIGAN 



Generated on 2028-07-23 04:05 GMT / https://hdl.handle.net/2027/mdp.39015002933185 

Public Domain, Google-digitized / http://www.hathitrust. 0 rg/access_use#pd-g 00 gle 


INDEX 


Aaron, M. R., 275 
Accuracy, pick-offs, 16 
standard inputs, 7 
Ahrendt, W. R., 275 
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for nearly equal roots, 190 
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Back-emf constant, 21 
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elimination of variables, 142-145 
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Break frequency, 74 
Bridge circuit, phase-shifting, 134 
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Closed-loop frequency response, 70-72 
Closed-loop transfer function, 110-113 
zero of, 112 

Compensation, active, 135 

(See also specific types of networks) 
Complex convolution, 257, 258 
Complex numbers, 41, 42 
derivative of, 248 
(See also Vectors) 

Compliance, effect on roots, 165 
Conditional stability, 69 
Conformal mapping, 88-90 
derivative from F(s) plot, 91 
of electric field, 247 
in the s plane, 248 
Conjugate terms, 188 
Control systems, types of, 2 
Conversion charts, 76-78 
Convolution, 199 
complex, 257, 258 
graphical, 228 
inverse, 203 
numerical, 201 
Cramer's rule, 174-177 
Curve fitting, 82 


Damping, of motor, 31 
position of roots, 45 
(See also Quadratic functions) 
Damping ratio, 46 
Decibels, 73 
Demodulators, 19-21 
Derivative of complex number, 248 
Derivative circuit (see Lead network) 
Determinants, 170-185 
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Determinants, addition of rows and 
columns, 172 

compared to block diagrams. 170 
Cramer’s rule, 174-177 
minors, 176 
nth-order, 183 
simplified expansion, 181 
Dickensen, W. E., 236n. 

Differential equations, 61, 90-99 
graphical solution, 198 
(See also Transfer functions) 

Doherty, R. E., 276 


e f numerical value of, 34 
E pick-offs, 16 

Electric-field analogy, 247, 248 
Equalization, 135 

(See also specific types of networks) 
Error, 1 
dynamic, 8 

mean square (see Mean square error) 
Euler’s equation, 43 
Evans, W. R., 276 
Exponential functions, 33, 34 


Feedback functions, 59 
effect of, on frequency response, 72 
on roots, 110-113 
tachometer, 122-124 
Flux plot (see Conformal mapping) 
Foster’s theorem, 155 
Fourier series, 249 
Frequency response, 10, 63 
closed-loop, 70-72 
effect of feedback functions on, 72 
inverse vector plot, 71 
logarithmic plots, 73-80 
nonlinear, 217-220 
open-loop, 67, 68 
transfer functions from, 82 
zeros and poles, 120 


Gain, effect on roots, 102-105 
logarithmic plots, 75, 77 
small variations in, 125-127 
Gardner, M. F., 275, 277 
Gear ratio, choice of, 27-29 


Graphical solution, of differential equa¬ 
tion, 198 

of polynomial, 183, 184 , 

(See also Conformal mapping; Fre¬ 
quency response; Root-locus plots) 
Greenwood, I. A., Jr., 275 
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Hunting (see Stability) 
Hurty, V. C., 276 
Hydraulic components, 26 


Impedance, 146-148 
of complete systems, 161 
of LC networks, 155 
of RC networks, 153-155 
Induction-motor characteristic, 23 
Initial conditions, 57, 192 
Integral network, 78 
effect of, on logarithmic plot, 79 
on root-locus plot, 115 
on transient, 117 
effect on, of resistance load, 150 
Integration in the complex plane, 228 
Inverse Laplace transform, 226 
Inverse transfer function, 71 
Inverse vector plot, 71 
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Lag-lead network, 147, 148 
effect of load on, 151-153 
Laplace transform, 225-229 
complex convolution, 257 
inverse, 226 

physical concept of, 229 
Lauer, H., 275 


Digitized by 


Goggle 


Original from 

UNIVERSITY OF MICHIGAN 



Generated on 2028-07-23 04:06 GMT / https://hdl.handle.net/2027/mdp.39015002933185 

Public Domain, Google-digitized / http://www.hathitrust. 0 rg/access_use#pd-g 00 gle 


INDEX 


281 


Lead network, 79 

effect of, on logarithmic plot, 80 
on root-locus plot, 105, 119 
90° locus in 8 plane, 118 
Lesnick, R., 275 
Limit cycle, 213 
Lindvall, R. C., 276 
Locked controls, 140, 141 
Locus (see Frequency response; Root- 
locus plots) 

Logarithm of a complex function, 248 
Logarithmic plots, 73-80 
effect of lead network on, 80 
Logarithmic scale of vector lengths, 110 

M circles, 71 
McCann, G. D., 276 
Maclaurin series for e , 34 
MacRae, D., Jr., 275 
Magnification factor, 71 
Mapping (see Conformal mapping) 
Marcy, H. T., 275 
Matson, L. E., 275 
Mayer, R. W., 275, 276 
Mean square error, 249, 250 
as double convolution integral, 253 
minimum value of, 259 
transient build-up of, 256 
Mechanical analogies, 30-32 
Minors, 76 

Modulated carrier signal, 158-160 
Modulators, 19-21 
Moore, J. R., 275, 276 
Motor, a-c, 22 
d-c, 21 

Multicoupling, 142 

(See also Determinants) 

Multiple-loop systems, 122-142 

x^epers, 94 

Networks (see specific types of networks) 
Nichols, N. B., 275, 277 
Nichols chart, 76-78 
Noise, frequency components of, 249- 
253 

(See also Autocorrelation functions) 
Notch network (see Bridged-T networks) 
Nyquist’s criterion of stability, 69, 85- 
88 


Open cycle-closed cycle system, 8 
Open-loop response, 67, 68 
Over-all transfer function, 110-113 


Phase-plane diagrams, 207-216 
Phase-shifting bridge circuit, 134 
Phillips, R. S., 275, 277 
Pick-offs, 15-17 

Pitch autopilot, 139-145, 178, 179 
Pneumatic components, 27 
Pole, 103 

by inspection, 148-150 


Quadratic functions, frequency-response, 
83 

frequency-response curves, 65 
transient-response curve, 46 

RC networks (see Integral network; Lag- 
lead network; Lead network) 
Regulator, 2 

Relay time delay, 212, 213 
Resonant system, inner-loop, 133 
phase-plane diagram, 208-210 
spring-mass, 36-38 
RLC network, 135, 136 
Roger, T. A., 276 
Roll-yaw coupling, 180-182 
Root-locus plots, 100-108 
aids in sketching, 230-238 
amplitude of transient terms from, 188 
asymptote of, 19, 129 
effect on, integral network, 115 
of lead network, 105, 119 
use of spirule, 239-242 
Roots, classical method, 96-99 
characteristic equation, 61-63 
effect of, on transients, 104 
effect on, of compliance, 165 
of feedback functions, 110-113 
of gain, 102-105 

graphically on logarithmic plots, 183- 
185 

position in damping, 45 
vector sum constant, 127, 128 
(See also Root-locus plots) 

Routh, E. J., 277 

Routh’s criterion, 63, 242-246 
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Servomechanisms, 2 

Sinusoidal response (see Frequency re¬ 
sponse) 

Skilling, H. H., 275 
Small variation in gain, 125-127 
Smith, E. S., 276 
Solenoid, 24 
Spirule, 110, 237-242 
use of, in root-locus plots, 239-242 
Spring-mass system, 30-32, 36-38, 43-45 
Stability, 1 
conditional, 69 

criterion of, Nyquist’s, 69, 85-88 
Routh’s, 63, 242-247 
Steady-state analysis (see Frequency 
response) 

Superposition, of feedback signals, 59, 60 
simplification allowed, 9, 10 
in Th^venin’s theorem, 150, 151 
in weighing function, 199-201 


Tachometer feedback, 122-124 
Taplin, J. F., 275 
Th^venin’s theorem, 150, 151 
for choice, of capacitance, 160 
of compliance, 165 
Time constant, 32, 33 
Torque-speed characteristics, 22, 23, 31 
Transfer functions, 50 
closed-loop, 110-113 
from frequency response, 82 
by inspection, 140-150 
inverse, 71 

from transient response, 195 


Transform (see Laplace transform) 
Transient response, 30 
from frequency response, 82 
due to impulse input, 52 
sketching aids for, 193-195 
transfer functions from, 195 
(See also Amplitude of transient terms), 


Undamped natural frequency, w 0 , 67 
Unit impulse, 52 
Unit step, 53 


Vectors, and complex numbers, 41, 42 
derivative of, 39 
plot of open-loop function, 99 
for sine waves, 38 
sum of roots, 127, 128 
Vibration absorber, 130-132 
von Arx, E. F., 276 


Weighing function, 199 
Weiss, H. K., 276 
Wilts, C. H., 276 


Yeh, V. C. M., 277 


Zero, 105 

of closed-loop function, 112 
by inspection, 148-150 
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